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The QCD phase diagram as a function of temperature, T , and chemical potential for baryon
number, µB , is still unknown today, due to the sign problem, which prohibits direct Monte Carlo
simulations for non-vanishing baryon density. Investigations in models sharing chiral symmetry
with QCD predict a phase diagram, in which the transition corresponds to a smooth crossover at
zero density, but which is strengthened by chemical potential to turn into a first order transition
beyond some second order critical point. This contribution reviews the lattice evidence in favour
and against the existence of a critical point.
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1. Introduction
The QCD phase diagram determines the forms of nuclear matter under different conditions
given by temperature, T , and chemical potential for baryon number, µB = 3µ. Based on asymptotic
freedom, one expects at least three different regimes: hadronic (low µB , T ), quark gluon plasma
(high T ) and colour-superconducting (high µB , low T ). Whether and where these regions are separated by true phase transitions has to be determined by first principle calculations and experiments.
Since QCD is strongly coupled on nuclear scales, Monte Carlo simulations of lattice QCD are the
natural approach. Unfortunately, the so-called sign problem prohibits straightforward simulations
at finite baryon density. There are ways to circumvent this problem in an approximate way, all
of them valid for µ/T <
∼ 1 only [1]: reweighting, Taylor expansions in µ/T about zero and simulations at imaginary chemical potential, where there is no sign problem, followed by analytic
continuation. Within the range µ/T <
∼ 1, all give agreeing results for, e.g., the phase boundary
Tc (µ) [2]. Because of the costly finite size scaling analyses, determining the order of the transition,
and hence the existence of a chiral critical point, is a much harder task.
The order of the QCD phase transition at zero density depends on the quark masses, Fig. 1
(left). In the limits of zero and infinite masses, order parameters corresponding to the breaking of
a global symmetry can be defined, and one finds first order phase transitions at some finite temperatures Tc (mq ). On the other hand, one observes analytic crossovers for intermediate masses, separated from the first order regions by second order lines with Z(2) (3d Ising) universality [3, 4, 5].
These are called chiral and deconfinement critical lines, respectively. The former has been mapped
out on coarse Nt = 4 (a ∼ 0.3 fm) lattices [6] and puts the physical quark mass configuration in
the crossover region. The chiral critical line recedes strongly with decreasing lattice spacing [7, 8],
i.e. in the continuum the physical point is deeper in the crossover region, Fig. 1 (left).
When a chemical potential is switched on, the chiral critical line sweeps out a surface, as
shown in Fig. 1 (right). According to standard expectations [9], for small mu,d , the critical line
should continuously shift with µ to larger quark masses until it passes through the physical point at
µE , corresponding to the endpoint of the QCD phase diagram. This is depicted in Fig. 1 (middle),
where the critical point is part of the chiral critical surface. However, it is also possible for the
chiral critical surface to bend towards smaller quark masses, cf. Fig. 1 (right), in which case there
would be no chiral critical point or phase transition at moderate densities.
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Figure 1: Left: Schematic phase transition behaviour of N f = 2 + 1 QCD for different choices of quark
masses at µ = 0. On finer lattices (Nt = 6, a ∼ 0.2 fm), the chiral critical line moves towards smaller quark
masses. Middle and Right: Critical surface swept by the chiral critical line as µ is turned on. Depending on
its curvature, a QCD chiral critical point is present or absent.
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2. Critical point for fixed masses: reweighting and Taylor series
Reweighting methods at physical quark masses on Nt = 4 lattices get a signal for a critical
point at µBE ∼ 360 MeV [10]. A Lee-Yang zero analysis was employed, Fig. 2. For a crossover the
partition function has zeroes only off the real axis, whereas for a phase transition the zeroes accumulate and pinch the real axis when extrapolated to infinite volume. A caveat of this calculation is
the observation that the critical point is found in the immediate neighbourhood of the onset of pion
condensation in the phase quenched theory, which is where the sign problem becomes maximal
[11]. Therefore, a confirmation with an independent method is desired.
In principle the determination of a critical point is also possible via the Taylor expansion. In
this case true phase transitions will be signalled by an emerging non-analyticity, or a finite radius
of convergence for the pressure series about µ/T = 0, as the volume is increased. The radius
of convergence gives the distance between the expansion point and the nearest singularity of the
full function, and may be extracted from the high order behaviour of the series. Theorems ensure
that if the limit exists and asymptotically all coefficients of the series are positive, then there is
a singularity on the real axis. The current best attempt is based on four consecutive coefficients,
and a critical endpoint for the N f = 2 theory was reported in [12]. There are also difficulties in
this approach. Firstly, different definitions for the radius of convergence are only unique in the
asymptotic limit, but differ at finite order. Estimates at a given order are neither upper nor lower
bounds on an actual radius of convergence. Finally, one also obtains finite convergence radius
estimates from the Taylor coefficients of the hadron resonance gas model, even though that model
does not feature a non-analytic phase transition. This is illustrated in Fig. 2 (middle) [13].

3. The chiral critical surface
For definiteness, let us consider three degenerate quarks, represented by the diagonal in the
quark mass plane, Fig. 1 (left). The critical quark mass corresponding to the boundary point has
an expansion mc (µ)/mc (0) = 1 + c1 (µ/πT )2 + . . . Tuning to mc (0), one may evaluate the leading
coefficients of this expansion. In particular, the sign of c1 will tell us which of the scenarios is
realised. In order to guard against systematic errors, this derivative has been evaluated in two ways.
One is to fit the corresponding Taylor series to data generated at imaginary chemical potential, the
other to compute the derivative directly [6, 14], with compatible results. One finds on Nt = 4 that
c1 = −3.3(3), c2 = −47(20) [14]. The same behaviour is found for non-degenerate quark masses.
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Figure 2: Left: Imaginary part of the Lee-Yang zero closest to the real axis [10]. Right: Estimates for the
radius of convergence from different observables and at different order for N f = 2 + 1, Nt = 4. Dashed lines
correspond to hadron resonance gas values [13].
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For physical strange quark mass we calculated mu,d
c (µ) with c1 = −39(8) [15]. Hence, on coarse
lattices the region of chiral phase transitions shrinks with real chemical potential and there is no
chiral critical point for µB <
∼ 500 MeV, Fig. 1 (right). Note that one also observes a weakening of
the phase transition with µ in the heavy quark case [5] as well as a weakening of the transition with
isospin chemical potential [16].

4. Conclusions
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In summary, signals from reweighting and radius of convergence estimates are consistent with
a critical point, but their systematics does not yet allow a definite conclusion. On the other hand,
following the chiral critical surface with controlled systematics tells us the chiral phase transition
weakens with moderate µ, but leads us away from the physical point. Possible scenarios are: if
we mistrust the systematics of the former methods, we would conclude for either no critical point
at all, or a critical point at larger chemical potential µB >
∼ 600 MeV, where current methods break
down. If these calculations hold instead, their critical point at moderate densities would not belong
to the chiral phase transition, but to physics unrelated to chiral symmetry breaking.

