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The kinetic decoupling of weakly interacting massive particles (WIMPs) in the early universe sets

a scale that can directly be translated into a small-scale cutoff in the spectrum of matter density

fluctuations. I present a formalism which allows to describethis decoupling process in great de-

tail and to determine the cutoff scale to a high accuracy; with decoupling temperatures of several

MeV to a few GeV, depending on the details of the underlying WIMP microphysics, the smallest

protohalos to be formed range between 10−11 and almost 10−3 solar masses. Observational con-

sequences and prospects to probe this small-scale cutoff, which would provide a fascinating new

window into the particle nature of dark matter, are briefly discussed.
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1. Introduction

Weakly interacting massive particles (WIMPs) arise in manyextensions to the standard model
of particle physics (SM) and provide a very well-motivated class of candidates for the so far still
elusive nature of the dark matter (DM). The reason for this isthe well known fact that WIMPs
can be thermally produced in the early universe; the resulting relic density will then generically be
of the required order of magnitude if new physics is introduced at the electroweak scale, aiming
to solve the shortcomings of the SM from a purely particle physics point of view. Another very
appealing consequence of WIMPs is of course that such DM candidates would not only interact
gravitationally but could, in principle, also be detected in collider, direct or indirect DM searches.

The basis for the thermal production of DM in the early universe are (co-)annihilations of
WIMPs into SM particles and the reverse process of WIMP creation from the annihilation of SM
particles. Beforechemical freezeout, these processes ensure that the WIMP number density is given
by its value in thermal equilibrium, i.e. the Maxwell-Boltzman distribution; once the annihilation
rate falls behind the expansion rate of the universe, however, the co-moving WIMP number density
stays essentially constant ("freezes out") until today – which makes it straightforward to calculate
the resulting DM relic density.

A less often appreciated fact is that WIMPs actually stay in thermal contact with the heat bath
of SM particles quite long after these number density changing processes have ceased [1, 2] : scat-
tering events between WIMPs and SM particles are much more frequent than WIMP annihilations
simply because SM particles are much more abundant (SM particle annihilations to WIMPs, on the
other hand, are kinematically possible only in the heavily suppressed tail of the energy distribution).
Only when even these processes stop to be efficient afterkinetic decoupling, there are no longer
any interactions between WIMPs and SM particles and the former have completely decoupled from
the thermal bath.

Before kinetic decoupling, any density perturbation in theDM component is tightly bound
to density perturbations in the radiation component; only afterwards can DM perturbations freely
develop, with free streaming effects setting a lower bound to the size of over-dense regions that will
eventually collapse under the influence of gravitation [3, 4, 5]. Since the time of kinetic decoupling
critically depends on the detailed DM particle physics properties, the low-mass cutoff in the power
spectrum of matter density perturbations provides – at least in principle – a very interesting window
into the nature of DM which is quite complementary to other means of DM detection.

2. Kinetic freeze-out in detail

The evolution of the WIMP phase-space densityf in the early universe is governed by the
Boltzmann equation which in a flat Friedmann-Robertson-Walker spacetime reads

E(∂t −H p ·∇p) f = C[ f ] , (2.1)

whereH = ȧ/a is the Hubble parameter,a the scale factor andC[ f ] the source term (which de-
scribes any changes inf that is not only due to the expansion of the universe). Integration over the
WIMP momentap brings it into the familiar form

∂tnχ +3Hnχ = a−3∂t
(

a3nχ
)

= −〈σv〉
(

n2
χ −n2

eq

)

, (2.2)
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wherenχ denotes the WIMP number density,neq its value in chemical equilibrium and〈σv〉 the
thermally averaged annihilation rate. This equation describes the chemical freeze-out process; the
resulting asymptotic value of the co-moving number number density a3nχ is therefore directly
related to the DM relic density.

As was found in [6], the process of kinetic decoupling, on theother hand, can be described to
a high accuracy by defining a WIMP "temperature"

Tχ ≡
1

3mχnχ

∫

d3p
(2π)3 p2 f (p) . (2.3)

and considering the second moment of the Boltzmann equation(2.1) – instead of the first moment
as for the derivation of Eq. (2.2). Note that this definition does not make any assumptions about
the WIMP distribution f ; for the case of athermaldistribution, however, of course it agrees with
the temperature of the system. The difference betweenTχ and the temperatureT thus gives an
indication of how well the WIMPs are kept in thermal equilibrium.

Multiplying Eq. (2.1) byp2/E, integrating it overp and keeping only the leading order terms
in p2/m2

χ leads, after a lengthy calculation [7], to

dy
dx

= 2
mχ c(T)

Hg̃1/2

(

1−
Tχ

T

)

, (2.4)

where

x ≡ mχ/T , (2.5)

y ≡ mχg−1/2
eff Tχ/T2 , (2.6)

g̃1/2 ≡ g1/2
eff /(1+

1
4

g′eff

geff
T) , (2.7)

and
c(T) = ∑

i

gSM

6(2π)3m4
χT

∫

dkk5ω−1g±
(

1∓g±
)

|M |
2
t→0
s→m2

χ +2mχ ω+m2
ℓ

. (2.8)

is obtained by summing over all SM scattering partnersi.
Inspection of Eq. (2.4) shows the expected asymptotic behaviour for the WIMP temperature:

at early times, or largeT, the term in front of the right-hand side is much larger than unity and the
solution Tχ = T provides a strong attractor of the differential equation, i.e. the system is very
efficiently kept in thermal equilibrium. WhenT becomes small, the WIMPs finally decouple
completely from the thermal bath: the pre-factor becomes negligibly small andy stays constant,
i.e. Tχ ∝ T2g1/2

eff ∝ a−2. Since the transition between the two regimes happens on a rather short
timescale, thekinetic decoupling temperatureis naturally defined by equating these two asymptotic
behaviours, as if the decoupling process were indeed to occur instantaneously:

xkd =
mχ

Tkd
≡ g1/2

eff (Tkd) y|x→∞ . (2.9)

The above presented formalism allows to calculate the kinetic decoupling temperature to an
accuracy ofO(x−1

kd ) and is applicable toanyWIMP candidate that was non-relativistic at chemical
freeze-out and for which we havexcd ≪ xkd (while this is typically satisfied, the two freeze-out
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processes may not be so easily distinguishable if the annihilation rate is strongly velocity dependent
[8]). As revealed by a large scan over the supersymmetric parameter space, the kinetic decoupling
temperature for neutralino DM lies between a few MeV and a fewGeV, with xkd between 200
and almost 105 – a much larger range than forxcd which falls into the range 20. xcd . 28 for
neutralinos with the correct relic density [7]. This is a similar range to what was found earlier by
using an order-of-magnitude estimate for the kinetic decoupling temperature [9] and indicative of
the range of decoupling temperatures generally to be expected for WIMP DM.

3. The smallest protohalos

Before kinetic decoupling, WIMPs are tightly coupled to theheat bath, so any density per-
turbation in the DM component would decay rapidly. Afterwards, DM density perturbations can
freely grow under the influence of gravitation; close to kinetic decoupling, however, first a re-
maining viscous coupling between the DM and radiation fluidsand then the free-streaming of the
WIMPs generate an exponential cutoff in the power spectrum [3, 10]. The mass contained within
a region the size of the corresponding cutoff-scale is givenby

Mfs ≈ 2.9×10−6





1+ ln
(

g1/4
eff Tkd/50 MeV

)

/19.1
(

mχ/100 GeV
)1/2

g1/4
eff (Tkd/50 MeV)1/2





3

M⊙ . (3.1)

Acoustic oscillations lead to a similar exponential cutoffin the power spectrum [11, 12] and the
characteristic damping mass in this case is

Mao≈ 3.4×10−6

(

Tkdg1/4
eff

50MeV

)−3

M⊙ . (3.2)

Which of these two damping mechanisms is more efficient depends on the specific combina-
tion of mχ andTkd. The actual cutoff in the power spectrum is thus given by

Mcut = max[Mfs,Mao] , (3.3)

corresponding to the mass of the smallest gravitationally bound objects that will form much later,
during the matter-dominated era, when the primordial density fluctuations enter the non-linear
regime. For the neutralino, the mass of these smallest protohalos can be anything between 10−11

and almost 10−3 solar masses [7], depending on the supersymmetric model parameters. Another
interesting DM candidate is the lightest Kaluza-Klein particle (LKP) in theories with universal
extra dimensions, where most recent calculations indicatethat the LKP mass has to be∼ 1.4TeV
in order to satisfy the relic density constraint [13]. In this case, the range of the smallest protohalo
masses would be rather small, withMcut ∼ 10−6M⊙.

4. Observational prospects

An important implication of a clumpy halo for indirect DM searches is that the annihilation
signal will be enhanced with respect to a smooth halo since〈ρ2

χ〉 > 〈ρχ〉
2. This enhancement,

4



P
o
S
(
C
R
F
 
2
0
1
0
)
0
1
5

Thermal decoupling of WIMPs Torsten BRINGMANN

or "boost factor", receives roughly the same contribution from each decade in the distribution of
subhalo masses. Even though a reliable calculation of the boost factor goes beyond our current
understanding of structure formation, one will eventuallyneed a good estimate for the subhalo
cutoff mass in order to perform this task.

Even more interesting is of course the question whether there are ways todirectly probe the
cutoff. Even though the smallest clumps should in principleappear as gamma-ray point sources,
however, these are unlikely to be resolved [14] – even when looking for signatures connected to the
proper motion of these objects [15, 16]. Gravitational lensing seems to be extremely challenging
due to the small size of these objects and the fact that their virial radius is much larger than the
Einstein radius. However, it has been proposed that multiple images of time-varying sources in
strong lensing systems may probe also very small objects [17]. In fact, even sub-solar objects
could create observable strong gravitational lensing events and be used to detect small subhalos
close to the cutoff mass[18]. Another promising idea could be to focus on the one-point probability
function of the diffuse gamma-ray flux [19]; anisotropy probes like angular correlations in the
extra-galactic gamma-ray background, on the other hand, are only sensitive to masses considerably
larger than what is expected forMcut [20, 21, 22].

For all these considerations, one should keep in mind that numerical N-body simulations
presently cannot resolve the small scales we are interestedin here, so relatively little is known
about what happens to the smallest protohalos during structure formation and until today. The
most likely scenario, however, seems to be that even though they lose some of their material due to
tidal interactions in merger processes or encounters with stars, most of the mass resides in a dense
and compact central core that remains intact [23].

5. Conclusions

The kinetic decoupling of WIMPs leaves an imprint on the spectrum of matter density fluctu-
ations in the form of a small-scale cutoff that strongly depends on the DM particle properties and
falls into the range between 10−11 and almost 10−3 solar masses. This cutoff scale can be deter-
mined to a high accuracy and provides a fascinating link between structures of cosmic size and the
specific characteristics of the DM particle. While there arecurrently still many unknowns, such as
the late-time evolution and survival probabilities of the smallest protohalos, there are interesting
proposals how one could probe this cutoff – which would, indeed, constitute a new window into
the nature of DM.
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