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We develop a model of gravitational lensing in plasma. We show that the gravitaional deflection

angle by point mass in the homogeneous plasma differs from the vacuum deflection angle and

depends on frequency of the photon. The dependence of the lensing angle on the photon fre-

quency in the homogeneous plasma resembles the properties of a refractive prism spectrometer,

the strongest action of which is for very long radio waves. Wealso derive the photon deflection

by point mass in the non-homogeneous plasma. Then we consider more general case of the pho-

ton deflection by mass distibution in non-homogeneous plasma. Our approach allows us consider

two effects simultaneously: the gravitational deflection in plasma which differs from the vacuum

case, and the non-relativistic effect (refraction) connected with the plasma inhomogeneity.
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Gravitational Lensing in Plasma

1. Introduction

The photon deflection angle in vacuum, in the Schwarzschild metric with a givenmassM, is
determined, for small deflection anglesα̂ ≪ 1, by a formula

α̂ =
4GM
c2b

=
2RS

b
, (1.1)

whereb is the impact parameter, andb ≫ RS, RS = 2GM/c2 is the Schwarzschild radius [1, 2]. On
basis of Einstein deflection angle ordinary gravitational lensing theory is developed [2, 3, 4]. Angle
(1.1) does not depend on frequency of the photon, so gravitational lensing in vacuum is achromatic.

The photon deflection in a non-homogeneous plasma, in presence of gravity, has been consid-
ered by different authors [4, 5, 6]. The consideration was done in a linear approximation. Total
photon deflection was considered as a sum of the two effects: the vacuumdeflection due to the
gravitation, and the deflection due to the non-homogeneity of the medium (refraction). In this
works these two effects were considered separately. The first effect is achromatic, the second one
depends on the photon frequency if the medium is dispersive, but equalsto zero if the medium is
homogeneous. So in this approximation the deflection angle in the homogeneousplasma did not
differ from the Einstein deflection angle.

A general theory of the geometrical optic in the curved space-time, in arbitrary medium, is
presented in the book of Synge [7]. On the basis of his general approach we have developed the
model of gravitational lensing in plasma. In our work [8] we have shown for the first time, that
in a nonlinear approach a new effect appears. Due to dispersive properties of plasma even in the
homogeneous plasma the gravitational deflection angle differs from the vacuum deflection angle
and depends on frequency of the photon. In next work [9] we derive the deflection angle for the
photon moving in a weak gravitational field, in the arbitrary inhomogeneous plasma. Our approach
allows us consider two effects simultaneously for different gravitational lens model: the gravita-
tional deflection in plasma and the non-relativistic effect (refraction) connected with the plasma
inhomogeneity. Self-consistent approach for the light deflection in presence of the gravitation and
the plasma is also developed in book of Perlick [10].

2. Gravitational deflection by point mass in homogeneous plasma. Gravitational
radiospectrometer.

Let us consider a static space-time with the Schwarzschild metric of the point mass M and
assume that the gravitational field is weak. Let us consider, in this gravitational field, a static
inhomogeneous spherically-symmetric plasma, with the concentrationN = N(r), and we do not
assume thatN(∞) = 0. A refraction indexn of plasma is:

n2 = 1−
ω2

e

[ω(r)]2
, ω2

e =
4πe2N(r)

m
= KeN(r). (2.1)

Here ω(r) is the frequency of the photon, which in spherically symmetric case dependson the
space coordinater due to the presence of the gravitational field (gravitational red shift). We denote
ω(∞) ≡ ω , e is the charge of the electron,m is the electron mass,ωe is the electron plasma fre-
quency. The impact parameterb remains constant in the null approximation for the photon moving
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along the axisz. The position of the photon is characterized byb andz, and the absolute value of
the radius-vector isr =

√
b2 + z2. In this model the plasma is just the medium with given refraction

index, we neglect the self-gravitation of the plasma particles, compared to thegravity of a central
massive object.

We have derived the expression for the deflection angle of the photon moving in a weak gravi-
tational field with the Schwarzschild metric, in a homogeneous plasma with constant N andωe [8],
[9]:

α̂ =
RS

b

(

1+
1

1− (ω2
e /ω2)

)

, (2.2)

which turns into the expression (1.1), whenω → ∞. The effect of difference in the gravitational
deflection angles is significant for longer wavelengths, whenω is approachingωe, what is pos-
sible only for the radio waves. Therefore, the gravitational lens in plasma acts as a gravitational
radiospectrometer [8], [9].

In an observation of two images of the lensing point source in presence ofhomogeneous
plasma, the following features may be observed: spectra of two images may bedifferent in the long
wave side due to different plasma properties along the trajectories of light rays forming the images,
the extended image may have different spectra in different parts of the image, with a maximum of
the spectrum shifting to the long wave side in the regions with a larger deflectionangle [9].

We have shown that in the homogeneous plasma gravitational deflection anglediffers from
vacuum deflection angle and depends on frequency of the photon. In the paper of Kulsrud & Loeb
[11] (see also [12], [13]) it was shown that in a homogeneous plasma thephoton wave packet moves
like a particle with a velocity equal to the group velocity of the wave packet, andwith a mass equal
to the plasma frequency. In work [9] we have shown that our result fora homogeneous plasma
follows also from this approach.

The difference of gravitational deflection in a homogeneous medium is only ifthe medium is
dispersive. Let us consider the homogeneous medium without dispersion, with the refraction index
n = const ≥ 1 not depending on the photon frequencyω . In paper [8] we have shown that in the case
of a non-dispersive medium, the constant refraction index is cancelled, and the photon trajectory
is the same as in vacuum, in the presence of a gravitational field, in spite of lower velocity of light
propagation in the medium. Note that the motion of photons in 4-space, in the medium,is not
described by the geodesic equation (neither massive nor zero-mass) because light propagation in a
medium with refraction is determined not only by the gravitational field but also by the medium.

3. Photon deflection by point mass in non-homogeneous plasma.

We derive the deflection angle for the photon moving in a weak gravitational field, in the
Schwarzschild metric of point mass, in the arbitrary inhomogeneous plasma:

α̂b =
RS

b
+

∞
∫

0

(

1
1− (ω2

e /ω2)

RS b
r3 +

Ke

ω2−ω2
e

b
r

dN(r)
dr

)

dz. (3.1)

Approximation is that the whole deflection angle, from the combined plasma and gravity effects,
remains small [9]. To demonstrate the physical meaning of different terms in (3.1), we write this
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expression under condition 1− n = ω2
e /ω2 ≪ 1. Carrying out the expansion of terms with the

plasma frequency, we obtain:

α̂b =
2RS

b
+

RS b
ω2

∞
∫

0

ω2
e

r3 dz +
Keb
ω2

∞
∫

0

1
r

dN(r)
dr

dz+
Keb
ω4

∞
∫

0

ω2
e

r
dN(r)

dr
dz. (3.2)

The first term is a vacuum gravitational deflection. The second term is an additive correction to the
gravitational deflection, due to the presence of the plasma. This term is present in the deflection
angle both in the inhomogeneous and in the homogeneous plasma, and depends on the photon
frequency. The third term is a non-relativistic deflection due to the plasma inhomogeneity (the
refraction). This term depends on the frequency, but it is absent if theplasma is homogeneous. The
forth term is a small additive correction to the third term.

4. Photon deflection by mass distibution in non-homogeneousplasma.

In case of gravitational lensing by mass distribution we have the formula:

α̂b =
4GM(b)

c2b
+

2GM(b)b
c2ω2

∞
∫

0

ω2
e dz
r3 +

Keb
ω2

∞
∫

0

dN(r)
dr

dz
r

+
Keb
ω4

∞
∫

0

dN(r)
dr

ω2
e dz
r

, (4.1)

whereM(b) is the projected mass enclosed by the circle of the radiusb [9]. In another words it is
the mass inside the cylinder with the radiusb.

We have carried out the calculations for models with the nonuniform plasma distribution:
singular and non-singular isothermal sphere; for hot gas inside the gravitational field of a black
hole, and of a cluster of galaxies. For different gravitational lens modelswe compare the corrections
to the vacuum lensing due to the gravity effect in plasma (second term in (4.1)), and due to the
plasma inhomogeneity (third term in (4.1)). We have shown that the gravitational effect could be
detected in the case of a hot gas in the gravitational field of a galaxy cluster [9].
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