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primordial plasma, we illustrate the current upper bountsh® magnetic field amplitude and
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inflation with a red spectrum seems to be favoured as a seatidanagnetic fields observed
today in structures.
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1. Introduction

The observational evidence of large scale magnetic fieldsiter structures covers nowadays
an impressive range of length-scales and redshift: froraxigd to regions around high redshift
guasars, from clusters and superclusters to low densitnditeary regions [1]. Recently, Fermi
and HESS data have been used to put a lower bound on the tptehiie magnetic field in the
inter-galactic mediumB > 10~1° G [2]. Observations show that magnetic fieldsus® intensity
are universally present in galaxies and clusters, and thega@related on scales of the order of
the galaxy or cluster size; they must have grown in a religtisieort time, since they are observed
also at high redshift; they seem to be present also in filasreamd voids although presumably with
lower intensity. These characteristics make it extremdlycdlt to find an explanation for their
origin, which remains to date an open problem. One of theilplessxplanations is that they have
been generated in the primordial universe, and this is tbe waated in this paper. Magnetogenesis
mechanisms operating in the early universe have the adyambaprovide magnetic seeds filling
the entire universe: this goes in the right direction to akpboth the ubiquity of the observed
fields and the uniformity of the measured amplitudes. Tha&lnhagnetic seed is amplified during
the process of structure formation: to explain th@ fields observed today in clusters, a seed of the
order of the nG (redshifted to today) is probably enoughlf8the case of galaxies, the mean field
dynamo can amplify an initial seed of the order of #0G (redshifted to today) tpG level [3].

It is usually required that these primordial seed amplisugle present on a scale of abdut- 100
kpc, corresponding to the minimal scale that survives dagipy photon viscosity, as given in [4]
There have been many proposals in the literature up to dat®wrto generate the seeds for the
observed magnetic fields. Primordial generation mechangperating before the epoch of recom-
bination can be divided in two classes (for a review, see [Zgusal mechanisms take place when
the universe has a finite causal horizon; they are based @itheharge separation arising at the
bubble walls during a first order electroweak (EW) or QCD phiaansition, or on the properties
of the Lagrangian of the EW interaction. Non-causal mednanilike inflation operate when the
causal horizon of the universe diverges; they are based mstamdard Lagrangians which break
the conformal invariance of electromagnetism. Both clagsee rise to a stochastic magnetic field,
statistically homogeneous and isotropic: in section 2 weere how to model such a magnetic
field and how it evolves in time. If a primordial magnetic figddoresent in the early universe, it is
possible to use observables such as the Cosmic MicrowaveBamd (CMB) or Nucleosynthesis
to infer limits on its intensity: in sections 3 and 4 we revithe current observational and theoret-
ical constraints that can be put on the magnetic field anggiitn correlation with its generation
mechanism, both using the CMB and gravitational waves (GAWBJucleosynthesis.

2. Magnetic field model and time evolution

The power spectrum of a primordial stochastic magnetic feghtistically homogeneous and
isotropic, is given by two terms, one representing the magrield energy density, the other

LAccording to [5], helical primordial fields can survive daimgp by photon viscosity on smaller scales, of the order
of 10 kpc, and in principle this could also be sufficient todstee observed fields. In general, assessing at which scale
A the magnetic field should be present before structure foomat order to explain the observations is a complicated
matter, which can be addressed only with numerical sinarat[6].
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representing the helicity density:
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whereA(x) denotes the vector potential. The helicity is a measure efittks and twists of the
magnetic field lines; a magnetic field is said to be maximaé{idal when the conditior§(k) =
|A(K)| is satisfied [8]. The helical part of the spectrum does notrdmrte to the energy density, but

it influences the time evolution of the magnetic fields, as vilesge. At sufficiently large scales,
the magnetic field power spectrum is not expected to havetamgtisre, and can be approximated
by a simple power lawS(k — 0) O k". In order for the energy density to remain finite, one has then
n > —3. This power law behaviour is in general maintained up tostheenumber corresponding
to the correlation scalle. = 277/L. The correlation scale depends on the process that generated
the magnetic field: for a causal generation mechanism, byitefi it must be smaller or equal to
the cosmological horizon at the moment of generationd n.., wheren denotes conformal time.
Causality also puts a constraint on the spectral index g¢ Iacales: since the correlation function
of a causal magnetic field has compact suppicet, it decays to zero on scales larger than the
correlation scale, its Fourier transform (the power speajrmust be analytic. From Eq. 2.1 one
sees that analyticity of the power spectrum imphies 2 and an even integer [9]

Before neutrino decoupling and electron-positron anaildh (T = 1 MeV), the viscosity of
the primordial plasma is low: the universe is in a turbuldateswith very high Reynolds number.
Therefore, at scales smaller than the correlation dcalee magnetic power spectrum develops a
turbulent tail and decays as a power law that could be, fange, of the Kolmogorov typk1%/3,

The power law decay extends up to the damping skgledetermined by the kinetic viscosity:
at smaller scales, the Reynolds number becomes smallerotiarand the magnetic energy is
dissipatedkp is therefore the upper cutoff of the magnetic power spectidast importantly, the
magnetohydrodynamic (MHD) turbulent cascade influencastale time evolution of the magnetic
field, beyond the decay due to the expansion of the uni@iSea2(n) (wherea(n) is the scale
factor). The free decay of the MHD turbulence has been duttieoretically, experimentally and
by numerical simulations [11, 5]. The resulting time evintof the magnetic spectrum is such
that both the correlation and the damping scales grow in eimpower laws, while the magnetic
energy density decays, also as a power law. There is no caussen the actual value of the power
law exponents, but both analytical analyses and numeiiallations so far do agree on one point:
while a non-helical magnetic field evolves following a direascade, in which the large scale part
of the magnetic spectrum is constant in time, a helical fieldeugoes an inverse cascade, meaning
that the magnetic energy is transferred to larger and lasgades [11, 12]. This kind of evolution
can be very important for primordial magnetic fields: the that the magnetic energy is dissipated
at a slow rate, and that it can be transferred to large, pigleaien galactic scales, goes in the right
direction to favour the primordial origin of the presentlpserved fields. In the following, we
assume that the time dependence of the magnetic field erssogyr )L"+3(n) = constant for the
direct cascade, whilpg(n)L(n) = constant for the inverse cascade; the time dependence of the

2Although it seems that the time evolution can modify the séidex on scaleg; ! < k < L1 [10].



Limits for primordial magnetic fields Chiara Caprini

dissipation scalé&p (1) follows, once the kinetic viscosity is known (for detaileeg12]; note that
all quantities are comoving - we eliminate the scaling wétghift). The free decay of the MHD
turbulent cascade stops when the entire turbulent randie ahignetic field spectrum is dissipated,
i.e. whenL(nsin) ~ 1/ko (nsin) [12]. Afterwards, forT < 1 MeV, the kinetic viscosity of the plasma
has a sudden increase, and the universe enters a viscoes gifetime evolution of the magnetic
field is ruled by the formation of MHD waves in a viscous pladfioa details, see [4, 5]).

The (comoving) magnetic field energy density parameterfiseld by Qg = pg/pc, wherep.
is the critical energy density today. Related to this, isvlweance of the magnetic field amplitude
on a given scald :
(B*(10))

(no) ~10 " A==220 0 (2.2)
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To derive the second equality we have neglected the turbtdérof the spectrum and identified
L~ 1/kp [12]. Qp(n) depends on time solely via the dissipation of the magnetrggndue to
the MHD cascade or to viscous effects [12]. The third equaditobtained by a straightforward
numerical estimate, witjyag(1o) ~ 2- 10-51GeV*; no denotes comoving time today.

3. Constraints on a primordial magnetic field from the CMB

The most convincing way to establish whether a magnetic, foialdable to seed those observed
today in the structures, has been generated in the priniantiizerse, would be to detect its trace
in the CMB. The phenomenology of the imprint of a primordiaagnetic field in the CMB is
extremely rich; to date there is no detection, but upper dsum the field intensity of the order of
the nG have been established using CMB data. A primordiahetigfield induces scalar, vector
and tensor perturbations in the metric, leading to both @watpre anisotropies and polarisation
signals. Analytical estimates of the CMB temperature spectat low multipoles/ < 60 give
a scaling with the magnetic field parameters’3& O (Qs/Qrad)? [¢/ (ko (Nrec)No)] "™ [13, 14].
The value of the damping scale at recombination is suchKkh@iec)no > 1, and the spectral
dependencé (n) is f(n) = 2n+6 forn < —3/2, and always a positive power for> —3/2 : from
Eq. 2.2, we can therefore expect a constraint of the orden@f for red spectral indexes— —3.
This is indeed what found in more refined numerical analyses.

The most relevant contribution to the CMB turns out to be ftbevector modes due to Alfvén
waves, which do not suffer Silk damping and can thereforeamrae, at high multipoles, both the
primary temperature spectrum and the B polarisation signalto lensing [15]. There have been
several numerical and analytical studies of the CMB spesiiato a primordial magnetic field,
e.g.[16, 17, 18]. To date, CMB data only (WMAP7 + QUAD + ACBAR, marglised over the
other cosmological parameters) constrain the magnetit &ielplitude smoothed over a scale of
1 Mpc to Byvpe < 5 NG, and favour a red magnetic field spectral index —0.12 [17]. Since
the magnetic field effect is mainly at small scales, it alsangfes the shape of the matter power
spectrum: consequently, the constraints improve inclutie SZ effect from South Pole Telescope
data and Lymamr data from SDSS, constraining the amplitude dowBig,c < 1.3 nG [18].

Other interesting effects of a primordial magnetic field be CMB are non-gaussianities
[19, 14], Faraday rotation of the primordial polarizatid®0], and parity-odd cross correlations
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(TB and EB) [13]. These latter are identically zero in a paiilvariant universe, and would be a
very distinctive signal of a helical magnetic field. Howewie constraints on the magnetic field
amplitude derived up to now from these processes are natylarty significant compared to those
discussed above.

4. Constraints from gravitational waves at Nucleosynthesi

Any extra radiation-like component present in the univgydger to Nucleosynthesis is con-
strained to beQ < 0.1Q5¢. This can be used to infer an upper bound on the magnetic field
amplitude: since the magnetic field is radiation-like, B&ivone would apply the bound directly
to the magnetic field energy density at Nucleosynthesis fd@€)n.c). However, more stringent
constraints arise considering that a primordial magnegid fisince the moment of its formation
N, sources GWSs through its anisotropic stresses [12, 21]e@roerated, GWSs propagate freely
in the universe, while the magnetic field energy is subjecligsipation due to the turbulent MHD
cascade and to plasma viscosity. Therefore, part of the etiadiield energy can be "stored" into
GW energy before being dissipated into heat. Denof¥igthe magnetic field energy density at
generation timed.g. inflation, the EW or QCD phase transitions), the GW energysiteioday
can be written afgw = @@(Qg)?/grad, where Q54 denotes the radiation energy density today,
and & is an efficiency factor that can be quite bi§,< 1: a sizable fraction of the magnetic field
energy is converted to GWs before dissipation [21]. Setlag, < 0.1Q.,54 one therefore obtains
Qf < /0.1/& Qrag, While settingQg(Nnuc) < 0.1Q4q, the constraint oM is weakened by a fac-
tor v0.16 [Qg/Q8(Nnuc)] = v0.16 [K5 /Ko (Nnuc)™*2 [B} /Bx (Mnuc)]? > 1. For the first equality
we have used Eg. 2.2; the second inequality comes from thetlgtia time of the damping scale
and the decay of the magnetic energy; moreaver,—3. Depending on the details of the magnetic
field evolution in time, on its spectral index and on the edficly &, this factor can become of
several orders of magnitude [23]

The conditionQj < 1/0.1/& Qraqg can be converted into a constraint®n(cf. Eq. 2.2), which
for non-helical fields becomeB, < [0.1/&]Y4 \/pcQraq/ [k A]M3)/2 [21, 12]. In the case of
helical fields, the inverse cascade weakens the bound bya fag,/n;]"2/2, whereny, is the
final time of the cascade, angf the initial eddy turnover time on the scale of energy inci
[12]. Note that the bound oB, depends on the modeling of the MHD turbulent cascade: in the
present analysis, based on [12], a particular model forakeade has been assumefddection 2),
and applied to a maximally helical field. The results By are shown in Fig. 1: we see that
the bound on helical magnetic fields is generically lesaigtmt because of the inverse cascade.
Moreover, the dependence ois such that magnetic fields with blue spectra are more ainstf.

3In principle the Nucleosynthesis bound should be applietthéatotal radiation-like energy density coming from
the magnetic field,e. not only Qgw < 0.1Qaq but Qaw + Qe (Nnuc) < 0.1Qy44, Where the part which has already been
dissipated into heat by Nucleosynthesis time must be iedudQ,,q, the total radiation energy density today (which is
a measured quantity). Howeveélg(nnuc) can be neglected with respect®g,y, as shown above.

4Much stronger constraints @ can be derived imposing that the magnetic energy cannotower 10% of the
total energy in radiation at generation ting < 0.1Q.54. However, accounting for GW production seems to us more
model independent: since GWSs do not interact with the reteofiniverse, GW energy sourced before Nucleosynthesis
is certainly present at Nucleosynthesis time. We can thezedpply to GWSs the Nucleosynthesis bound regardless of
the epoch of generation of the magnetic field, whether it isfition or during the radiation dominated universe [12].
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Figure 1: Upper bounds o, from GWs and Nucleosynthesis, for non-helical (solid Iinasd helical
(dashed lines) magnetic fields. Left plot: for a magnetidfigénerated at a phase transition (PT), with
causal spectral index= 2, as a function o ; red curves are for the QCDPT, and blue curves for the EWPT.
Right plot: for a magnetic field generated at inflation, as recfion of the spectral index, for A = 0.1
Mpc. In the helical case, only the part of the plot with- —2 is realistic, because there is no model for the
inverse cascade far< —2 [12] (note that for an inflationary helical magnetic fielcdgienerah = —1 [22]).

The solid, black lines indicate the minimal magnetic anuglé required to seed the fields observed today by
compression and by galactic dynamo.

5. Conclusions

We have briefly revised how to model a primordial magnetidfaid its time evolution. Two
properties can be inferred from this simple descriptionstFcausal generation mechanisms give
rise to blue spectra, which suppresses the magnetic fieltitadeat large scales: they are therefore
disfavoured as seeds for the large scale fields observed toddructures. Second, helical fields
might circumvent this problem because they undergo an $eveascade, transferring power to
large scales: they are therefore in principle preferreddg the role of seed fields.

Moreover, if a magnetic field is present in the early univeitsis possible to use observables
such as the CMB or Nucleosynthesis to infer limits on itsristty as a function of the parameters
describing the field. Recent analyses of the effect of a pdimbmagnetic field on the CMB show
that present CMB data constrain the amplitude of a (gerbripeoduced) primordial magnetic
field to be less than a few nG, and seem to prefer negative riagpectral indexes. At the same
time, GWSs at Nucleosynthesis can also be used to infer sttongtrains on the magnetic field
amplitude, and in turns on the proposed generation meahariscurring before Nucleosynthesis.
It results that a magnetic field generated at inflation witkeiy ved spectrum is poorly constrained,
and could be high enough to explain present observationsliapatic compression during struc-
ture formation. Conversely, a magnetic field generatedesE¥lV or QCD phase transitions is much
more constrained, and by no means it can explain presentvaltisas by simple adiabatic com-
pression. It could possibly act as a seed for the galactiamynif it is helical, and provided that
a smoothing scale of a few kpc is enough to seed the dynamaniciwsion, in order to explain
the magnetic fields observed today, limits for primordialgmetic fields from the CMB and from
GWs at Nucleosynthesis point towards a non-causal geopratechanism, occurring at inflation
and giving rise to a magnetic field with red spectrum.



Limits for primordial magnetic fields Chiara Caprini

References

[1] See for example R. Beck, ASTRA 5, 43 (2009); P.P. Kronletrgl, Astrophys. J. 676, 7079 (2008);
M.L. Bernet et al, Nature 454, 302 (2008); L. Pentericci eA&lA Supp. Ser. 145, 121 (2000); M.
Thierbach et al, A&A 397, 53 (2003); F. Govoni and L. Ferdttt, J. Mod. Phys. D13, 1549 (2004);
C. Vogt and T.A. Ensslin, A&A 434, 67 (2005); D. Guidetti et ARA 483, 699 (2008); A. Bonafede
et al, A&A 513, A30 (2010); Y. Xu et al, Astrophys. J. 637, 1905)

[2] A. Neronov and I. Vovk, Science 328, 523 (2010); F. Tavgoet al, MNRAS Lett. 406, L70 (2010);
K. Dolag et al, Astrophys. J. Lett. 727, L4 (2011)

[3] D. Grasso and H. Rubinstein, Phys. Rept. 348, 163 (20@1%iovannini, Int. J. Mod. Phys. D 13,
391 (2004)

[4] K. Subramanian and J.D. Barrow, Phys. Rev. D58, 083502§]
[5] R. Banerjee and K. Jedamzik, Phys. Rev. D70, 123003 (2004
[6] K. Dolag, AN 327,575 (2006); J. Donnert et al, MNRAS 39208 (2009)
[7]1 A. Kandus et al, arXiv:1007.3891 [astro-ph.CO]
[8] A.Brandenburg and K. Subramanian, Phys. Rept. 417, QR0
[9] R. Durrer and C. Caprini, JCAP 0311, 010 (2003)
[10] T. Kahniashvili et al, Phys. Rev. D81, 123002 (2010)J€damzik and G. Sigl, arXiv:1012.4794

[11] P.A. Davidson, Turbulence (Oxford University Presgf@d, 2004); D.T. Son, Phys. Rev. D 59,
63008 (1999); M.R. Smith et al, Phys. Rev. Lett. 71, 2583 819D. Biskamp and W.C. Muller, Phys.
Rev. Lett. 83, 2195 (1999); M. Christensson et al, Phys. Ré4, 056405 (2001); L. Campanelli,
Phys. Rev. D 70, 083009 (2004); L. Campanelli, Phys. Re\. B8 251302 (2007)

[12] C. Caprinietal, JCAP 0911, 001 (2009)

[13] C. Caprini et al, Phys.Rev. D69, 063006 (2004)

[14] C. Caprini et al, JCAP 0906, 021 (2009)

[15] K. Subramanian et al, MNRAS 344, L31 (2003); A. LewisyBhRev. D70, 043011 (2004)

[16] M. Giovannini and K. Kunze, Phys. Rev. D77, 123001 (20@8G. Yamazaki et al, Phys. Rev. D77
043005 (2008); F. Finelli et al, Phys. Rev. D78, 023510 (30D8Paoletti et al, MNRAS 396, 523
(2009); R. Shaw and A. Lewis, Phys. Rev D82, 121302 (20103, Yamazaki et al, Phys. Rev. D81,
023008 (2010); K. Kunze, arXiv:1007.3163 [astro-ph.CO]

[17] D. Paoletti and F. Finelli, arXiv:1005.0148 [astro-0i0]
[18] R. Shaw and A. Lewis, arXiv:1006.4242 [astro-ph.CO]

[19] I. Brown and R. Crittenden, Phys. Rev. D72, 063002 (200R. Seshadri and K. Subramanian,
Phys. Rev. Lett. 103, 081303 (2009); P. Trivedi et al, arkd9.2724 [astro-ph.CO]; M. Shiraishi et
al, Phys. Rev. D82, 121302 (2010)

[20] A. Loeb and A. Kosowsky, Astrophys. J. 469, 1 (1996); Addwsky et al, Phys. Rev. D71, 043006
(2005); T. Kahniashvili et al, Phys. Rev. D82, 083005 (2010)

[21] C. Caprini and R. Durrer, Phys.Rev. D65, 023517 (20Q1)Caprini and R. Durrer, Phys. Rev. D72,
088301 (2005)

[22] R. Durrer et al, arXiv:1005.5322 [astro-ph.CO]



