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The Jackiw-Teitelboim model (JT) describes gravity with a cosmological constant in bidimen-
sional spacetime. This model can be equivalently described by a topological action, the BF
model. With the aim of studying the bidimensional gravity from the point of view of Loop Quan-
tum Gravity, coupled to matter, we propose a supersymmetric extension of the BF model. We
make a canonical analysis of super BF theory and show that the theory is invariant under super-
symmetry gauge transformations; determine the constraints and their algebra, showing that they
form a closed Lie algebra, allowing us to conclude that these are first class constraints, and as
such, are the generators of the gauge transformations of the theory. Our gauge symmetry group
is the supergroup OSP(1 | 2), and its Lie superalgebra, osp(1 | 2), has three bosonic generators Ji,
and two fermionic generators Qα .

4th International Conference on Fundamental Interactions -ICFI2010,
August 1-7, 2010
Viçosa, Brazil

∗Speaker.
†FAPES, UFES

c© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

mailto:mblivan@gmail.com
mailto:cpconstantinidis@gmail.com@gmail.com
mailto:opiguet@yahoo.br


P
o
S
(
I
C
F
I
 
2
0
1
0
)
0
2
1

BF Supersymmetric, Gravity 2D Luis Ivan M. Bautista

1. The Jackiw-Teitelboim Model

Since the Hilbert-Einstein action for the bidimensional gravity is topological, the equation of
motion is zero identicaly, Jackiw and Teitelboim propose the Liouville equation, R−2K = 0, as an
alternative to the Einstein equation of motion, that be can derived from the action,

SJT =
1
2

∫
d2x
√
−gψ(R−2K), (1.1)

here ψ is a scalar field, known as the dilaton, that acts as a Lagrange multiplier, R the scalar
curvature and K the cosmological constant[1]. This action is known as the Jackiw-Teitelboim
action and is invariant under the diffeomorphisms of spacetime.

2. The 2-Dimensional BF Model

In the metric formalism the pure gravitation action is given by (1.1). This action can be ob-
tained from a topological action of the BF type[2].

We study the gravitation from the point of view of the first order formalism, where the fun-
damental fields are the 2-bein or zweibein eI

µ and the spin connection ω IJ
µ , (µ,ν , · · · = t,x; the

spacetime coordinates, I,J, · · ·= 0,1; the tangent spacetime coordinates in the base defined by the
zweibien eI

µ ). The BF model corresponding to the bidimensional gravity has as base the connection
1-form A, with the generators of group given by the spacetime translations, PI , (I = 0,1) and the
Lorentz boost generators Λ: A(x) = eI(x)PI +ω(x)Λ . Considering the cosmological constant K
nonzero, the generators of the group, PI and Λ, satisfy the (anti-)deSitter algebra (A)dS, SO(2,1)
(or SO(1,2)),

[Λ,PI] = εI
JPJ, [PI,PJ] = KεIJΛ, (εIJ =−εJI, ε12 = 1, ε

J
I = η

JK
εIK)

and be can written in a general form as [Ji,Ji] = fi j
kJk , defining the generators of the Ad(S) alge-

bra, as {Ji} = {J0,J1,J2} = {P0,P1,Λ} , where lowercase indices of the half of the Latin alphabet
i, j = 0,1,2, represent the indices of the Ad(S) group, ηIJ = diag(σ ,1), with the nonzero structure
constants fi j

k given by f01
2 = K, f12

0 = σ and f20
1 = 1, (σ=1(-1) for the Riemann(Minkowski)

space). This algebra is equipped with a Killing metric ki j =−σ

2 fik
l f j l

k.

(ki j) =

(
KηIJ 0

0 1

)
. (2.1)

Then, the classical action for the BF theory is:

SBF [A,φ ] =
∫
〈φ ,F〉 (2.2)

where φ is a scalar – “the dilaton”, A is the connection, and F = dA+A∧A the curvature, all being,
in the adjoint representation, written as, A = AiJi, φ = φ iJi, and F = F iJi. The quadratic form is
defined by

〈
Ji,J j

〉
= Tr(ad(Ji)ad(Jj)) =

−σ

2 kij. The equations of motion are δSBF
δA = Dφ = 0 and

δSBF
δφ

= F = 0, where D = d+[A, ] is the covariant derivative. In order to couple matter we propose
a supersymmetric extension of (2.2).
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3. Supersymmetric Extension of the BF Model

Let gs be a super Lie algebra, and X ,Y,Z, · · · its elements. The super Lie bracket denoted by
[ , }, satisfy graded commutation relations and a super Jacobi identity

[X ,Y}= XY − (−1)|X ||Y |Y X , [X ,Y}=−(−1)|X ||Y | [Y,X} ,
[X , [Y,Z}}(−1)|X ||Z|+[Y, [Z,X}}(−1)|Y ||X |+[Z, [X ,Y}}(−1)|Z||Y | = 0.

Here X , Y and Z are elements that have a definite parity |X |= 0(1) for even(odd) elements.
Making a supersymmetric extension of the (A)dS group, we choose, as basis of the Lie super-

algebra gs, the generators TA = {Ti,Qα}, where Ti are even and Qα odd elements,

[TA,TB}= fAB
CTC ,

where uppercase latin letters (A,B, ..) represent superalgebra indices, A,B, .. = i, j, ..;α,β , .., low-
ercase latin letters i, j, .. = 0,1,2, are indices of the bosonic generator and lowercase letters of the
beginning of the Greek alphabet α,β , ..= 1,2, label indices of the fermionic generators. Thus,

[Ti,Tj] = fi j
kTk, [Ti,Qα ] = fiα

β Qβ ,
{

Qα ,Qβ

}
= fαβ

iTi, (3.1)

with structure constants given by fi j
k = fi j

k, fiα
β =−(Ji)α

β , fαβ
i =−(Ji)α β , (Ji)α

β are elements
of matrix of the generators of (A)dS algebra, in the fundamental representation,

J0 =−
i
2

√
Kτz , J1 =−

i
2
√

σ
√

Kτx , J2 =−
i
2
√

στy . (3.2)

where τx, τy and τz are Pauli matrices. The generators TA(= Ti,Qα), elements of the osp(1,2)
superalgebra [10, 11], written in the fundamental representation have the form:

(T0) =
−i
√

K
2

 0 0 0
0 1 0
0 0 −1

 ,(T1) =
−i
√

σ
√

K
2

 0 0 0
0 0 1
0 1 0

 ,(T2) =
−i
√

σ

2

 0 0 0
0 0 −i
0 i 0

 ,(3.3)

(Q1) = α

 0 1 0
0 0 0
1 0 0

 , (Q2) = α

 0 0 1
−1 0 0
0 0 0

 . (3.4)

The supersymmetric extension of the BF action (2.2), is then

S [Φ,A ] =
∫
〈Φ,F 〉 , (3.5)

where Φ is a scalar – “the superdilaton”, F [A ] is the curvature of the superconnetion A . Φ, A

and F [A ] are valued in the Lie superalgebra, A = AiJi +ψαQα , Φ = φ iJi +χαQα , here A and φ

are the connection and the dilaton respectively, bosonic fields, while, ψ and χ represent fermionic
fields. The curvature of the superconnection A is given by:

F = dA +A ∧A = F iJi +FαQα , (3.6)
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with F i = dAi + 1
2 A j ∧Ak f jk

i− 1
2 ψα ∧ψβ fαβ

i, Fα = dψα + 1
2 Ai∧ψβ fiβ

α . The quadratic form
〈 , 〉 defined by 〈TA,TB〉 = KAB = Str(ad(TA)ad(TB)), Str is the supertrace, KAB defines a Killing
form bilinear invariant [5],

(KAB) =

(
(Ki j) 0

0 (Kαβ )

)
; Ki j =

−3σ

2
ki j, Kαβ = 6α

2
εαβ , (εαβ ) =

(
0 1
−1 0

)
,

KAB, ki j and kαβ lower the indices: XB = XAKAB (so, Xi = X jk ji and Xα = Xβ kβα ).
From the action (3.5) we get the superfield equation

δS
δΦ

= F = 0,
δS

δA
= DΦ = 0, (3.7)

where, D = d + [A , ] are the extended covariant derivative corresponding to the superconnec-
tion A . As a theory of gravitation, the action (3.5) must be invariant under the diffeomorphism
transformations.

The infinitesimal gauge transformations of the superfields A and Φ are given by:

δεΦ = [ε,Φ} −→ δεΦC = (−1)|C||A|εA
ΦB fCA

B,

δεA =−Dε −→ δεA
C =−dε

C− (−1)|A||B|A A
ε

B fAB
C

with ε = εATA = ε iJi +εαQα . The Lie derivative, Lξ , along the field ξ is defined by, Lξ := iξ d+
diξ , where i(.) is the interior derivative[12], so, the infinitesimal diffeomorphisms transformations
of A and Φ, are

Lξ A = iξ F +D(iξ A ) = iξ
δS
δΦ
−δiξ A A , Lξ Φ = iξ DΦ−

[
iξ A ,Φ

]
= iξ

δS
δA
−δiξ A Φ.

We recognize that these transformations are, modulo equations of motion, gauge transformation
with ε = iξ A as infinitesimal parameter. This means that the invariance under diffeomorphisms
follows from gauge invariance, on shell.

3.1 Canonical Formalism

As usual in canonical gravity[6], we assume that the manifold M of our spacetime, admits a
foliation: M = ℜ×Σ, so xµ = (t,x), with t ∈ℜ and x the coordinate of the 1-dimensional space
Σ. Under this foliation, we write, Aµ = (At ,Ax) (At = (At ,ψt), Ax = (Ax,ψx)). Thus, the action
(2.2) takes the form:

S = (−1)|A||B|
∫

dx2
Φ

A
(

∂tA
B

x −∂xA
B

t +(−1)|C||D|A C
t A D

x fCD
B
)
KAB, (3.8)

From the definition of the canonical momentum we get

Π
Ax
B (x) :=

∂L

∂∂tA B
x

= ΦB, Π
At
B (x) :=

∂L

∂∂tA B
t
≈ 0, (3.9)

see that we have a singular Lagrangian, “≈" indicates “weak equations” (becoming equality after
that all Poisson bracket algebra is performed), Π

At
B are primary constraints [7, 8, 9]. So are the

Π
Ax
B (x), but we directly reduce phase space by identifying ΦB as the conjugate momentum of Ax.
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The Poisson brackets for two superfunctions F and G, at equal time1 [8], are defined by

[F(x),G(y)}:=
∫

dz(−1)|F ||B|
(

δF(x)
δA B

µ (z)
δG(y)

δΠ
Aµ

B (z)
− (−1)|B|

δF(x)

δΠ
Aµ

B (z)

δG(y)
δA B

µ (z)

)
,

where [ , } represent the superpoisson brackets, |F | define the parity of F ; and by convention, we
take the left derivative. The nonzero superpoisson brackets of the fundamental fields are:[

A A
µ (x),ΠAν

B (y)
}
=(−1)|A||B|δ A

B δ
ν
µ δ (x−y)=−(−1)|A|

[
Π

Aν

B (y),A A
µ (x)

}
. (3.10)

The total Hamiltonian of the theory takes the form[7];

H = Hc +
∫

dxλ
B
t Π

At
B , where, Hc =−

∫
dzA A

t DzΦA (3.11)

Hc is the canonical Hamiltonian, λ A
t ’s the Lagrange multipliers, DxΦA = ∂xΦA+(−1)|A||B|A B

x ΦC fAB
C.

After an analysis of constraints, we conclude that the constraints Π
At
i can be considered zero

strongly; so the total Hamiltonian will be equivalent to H = Hc. For consistence, the constraints,
eq.(3.9), should not evolve in time, so must satisfy the relation,

Π̇
At
B =

[
Π

At
B ,H

]
≈ 0 , (3.12)

from which we obtain the secondary constraint [7], GA(x) := DxΦA ≈ 0 . We can see that the
Hamiltonian of the theory is completely constrained,

H =−
∫

dzA A
t GA(z), (3.13)

the constraints GA have even or odd parity depending if the index A is equal to i or α respectively.
For convenience we can smear the constraints in the form:

G (ε) =
∫

dxε
AGA(x),−→ GA(x) =

δG (ε)

δεA(x)
, (3.14)

where the εA’s are arbitrary smooth function. The algebra of constraints then are

[G (ε),G (η)} =
∫

dx [ε,η}A GA(x) = G ([ε,η}) (3.15)

with [ε,η}C = (−1)|A||B|εAηB fAB
C; we can see from (3.15) that the constraints GA are of first

class. Thus, since the Hamiltonian is a combination of them, this ensures that the constraints are
conserved in time.

4. Gauge Symmetries

Being GA first class constraints, they are the generators of the gauge transformations. On the
basis field, they give[

A A
x (x),G (ε)

}
= −∂xε

A− (−1)|D||CA C
x ε

D fCD
A =−Dxε

A = δεAA,

[ΦA(x),G (ε)} = (−1)|A||Cε
C

ΦD fAC
D = {ε,Ψ]A = δεΦA,

From these last expressions, we can see that indeed these constraints, GA , are the generators of
gauge transformations.

1All the operation with brackets are given at the same time t.
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5. Conclusion

We have studied classically the canonical formalism of the supersymmetric extension of the
BF theory in 2D. We have shown that the model is theoretically consistent. The next step will be
to quantize the theory, through the formalism of loops. In order to do this we have to construct the
superholonomies, after that, the cylindrical functions and the Hilbert space [13].

References

[1] C. Teitelboim, Phys. Lett. 126B (1983) 41, and in Quantum Theory of Gravity, S. Christensen, ed. (A.
Hilger, Bristol, UK, 1984); R. Jackiw, in Quantum Theory of Gravity, S. Christensen, ed. (A. Hilger,
Bristol, UK, 1984), Nucl. Phys. B252(1985) 343 , Diverse Topics in Theoretical and Mathematical
Physics (World Scientific , 1995).

[2] T. Fukuyama and K. Kamimura, Gauge Theory Two-Dimensions Gravities, Phys. Rev. Lett. B 160,
259(1985) ; K. Isler and C. Trugenberger, Gauge theory in Two-Dimensional Quantum Gravity, Phys.
Rev. Lett. 63, (1989)834 .

[3] D. Birmingham, M. Blau, M. Rakowski and G.T. Thompson; Topological Field Theory, Phys.Rept.
209 (1991) 129-340.

[4] Clisthenis P. Constantinidis, José André Lourenço, Ivan Morales, Olivier Piguet and Alex Rios
“Canonical analysis of the Jackiw−Teitelboim model in the temporal gauge: I. The classical theory”,
Class. Quantum Grav. 25 (2008) 125003.

[5] John F. Cornwell, Group theory in physic, Volume III Supersymmetries and infinite-Dimensional
Algebra (Techniques of Physics), Academic Press, 1992.

[6] R. M. Wald, General Relativity, Chicago, IL: University of Chicago Press, 1984.

[7] P.A.M. Dirac, “Lectures on Quantum Mechanics”, Belfer graduate School of Science, Yeshiva
University, 1964.

[8] M. Henneaux and C. Teitelboim, “Quantization of Gauge Systems”, Princeton University Press, 1991.

[9] D.M. Gitman and I.V. Tyutin, “Quantization of Fields with Constraints”, Springer-Verlang Series in
Nuclear and Particle Physics, Berlin Heidelberg, 1990.

[10] D Aragon-Ugon, R. Gambini, O. Obregon and J. Pullin, “Towards a Loop Representation for
Quantum Canonical Supergravity", Nucl. Phys. B 460(1996) 615-631.

[11] Yi Ling and Lee Smolin, “Supersymetric Spin Networks and Quantum Gravity", Phys. Rev. D 61
(2000) 044008.

[12] R. A. Bertlmann; Anomalies in Quantum Field Theory (International Series of Monographs on
Physics), Oxford University Press. Inc. Neu York, 1996.

[13] Luis Ivan M. Bautista, Clisthenis P. Constantinidis and O . Piguet, in progress.

6


