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1. Introduction

Despite the great success of the standard model there are some phenomena, such as small
mass for the neutrino, which can not be described by this model and ask for an extension. It is
our aim in this work to propose a mass generation mechanism without the need of introducing a
Higgs-type scalar field. From hidden directions of a higher-dimensional background: When we
fill this background with massless Majorana modes and break it into two parts, such that one of
the parts is the (1+3)-dimensional space-time, we naturally get mass and we obtain results which
resemble those appearing in the context of the See-Saw Mechanism. In the present contribution,
we extended this approach and the results obtained by Viollier et al some years ago [1], adopting a
model with D = (5+5) space-time dimensions as our higher-dimensional space-time. We consider
the possibility of applying this approach as a mechanism for neutrino mass generation. In particular,
our proposal fits into a series of works that review the potential use of models with extra time
dimensions [2, 3, 4, 5].

2. Building up the Space-Time: D = (5+5) Dimensions

Our background will be a space-time with five space and five time directions, that is D=(5+5),
with a pseudo-Euclidean metric as given below. The connection between a (5+5) and a (2+2)
space-time with string dynamics has been discussed by Ketov, Nishino and Gates in the work of
[6]. For another motivation, we can also recall that quantum consistency of the superstring requires
10 space-time dimensions, but not necessarily in the usual (1+9) signature. The signature is not
completely arbitrary, however, since spacetime supersymmetry allows only (1+9), (5+5) or (9+1).
Unfortunately, superstrings have as yet no answer to the question as of why our universe appears
to be four-dimensional, neither why it appears to have signature (1+3) [7].

As usual, (+) is related to time directions and (−) to space directions. The metric is given by

gµν = diag(1,−1,−1,−1,1,1,−1,1,−1,1) .

The gamma-matrices, in this space-time, obey the following Clifford algebra

{Γµ ,Γν} = 2gµν . (2.1)

We can write down a possible set of (25× 25) gamma-matrices, in the Weyl representation [8],
satisfying the Clifford algebra given in Eq. (2.1):

Γ1 = iσx⊗σx⊗σx⊗σx⊗ iσy,

Γ2 = iσx⊗σx⊗σx⊗σx⊗σx,

Γ3 = iσx⊗σx⊗σx⊗σx⊗σz,

Γ4 = iσx⊗σx⊗σx⊗σz⊗ I2,

Γ5 = iσx⊗σx⊗σx⊗ iσy⊗ I2,

Γ6 = iσx⊗σx⊗ iσy⊗ I2⊗ I2,

Γ7 = iσx⊗σx⊗σz⊗ I2⊗ I2,

Γ8 = iσx⊗ iσy⊗ I2⊗ I2⊗ I2,

Γ9 = iσx⊗σz⊗ I2⊗ I2⊗ I2,

Γ10 = −σy⊗ I2⊗ I2⊗ I2⊗ I2,

Γ11 = σz⊗ I2⊗ I2⊗ I2⊗ I2.

(2.2)
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The 32-component Majorana spinors will be denoted by Ψ. The 16-component Majorana-Weyl
spinors, that appear associated to one of the two off-diagonal block of the gamma-matrices, may be
distributed in four (4-components) spinors referred to as χN , N taking the values (1, 2, 3, 4). Look-
ing for five gammas-matrices associated to the Clifford algebra of the (1+3)-dimensional space-
time, we can find them as the last tensor product in each one of the fifth first equations of the
set given by Eq. (2.2). This gammas-matrices are organized as (γα ; γ5), α sweeping the values
(1,2,3,4) and

γ1 = iσx⊗ iσy,

γ2 = iσx⊗σx,

γ3 = iσx⊗σz, (2.3)

γ4 = iσz⊗ I2,

γ5 = iσy⊗ iI2 .

3. Filling up the Space-Time

The massless Dirac equation of a (5+5)-dimensional space-time reads as follows:

iΓµ∂ µΨ = 0 , µ = 1, . . . ,10 . (3.1)

In terms of the spinors χN and the 4-dimensional space-time matrices γµ , we can write one of the
off-diagonal blocks of Eq. (3.1) as

i











γα ∂ α − iI4∂ 6 + γ5∂ 5 −iI4∂ 7− iI4∂ 8 0 −iI4∂ 9 + iI4∂ 10

iI4∂ 7− iI4∂ 8 γα ∂ α + iI4∂ 6 + γ5∂ 5 −iI4∂ 9 + iI4∂ 10 0
0 iI4∂ 9 + iI4∂ 10 γα ∂ α − iI4∂ 6 + γ5∂ 5 −iI4∂ 7 + iI4∂ 8

iI4∂ 9 + iI4∂ 10 0 iI4∂ 7 + iI4∂ 8 γα ∂ α + iI4∂ 6 + γ5∂ 5





















χ1
χ2
χ3
χ4











= 0.

(3.2)

Assuming a plane wave solution for the Majorana spinor in D=(5+5) dimensions,

Ψ = ue−iPµ xµ
, (3.3)

we have that the relativistic energy-momentum equation is PµPµ = 0. Constraining the invariant of
mass m to (1+3)-dimensional space-time, we have

(P1)2− (P2)2− (P3)2− (P4)2 = m2

and

(P5)2 +(P6)2− (P7)2 +(P8)2− (P9)2 +(P10)2 =−m2
.

From Eq. (3.2), we can read four coupled Dirac equations for D=(1+3) space-time,

(I4⊗ iγα∂ α +M)χN = 0; α = 1, . . . ,4; N = 1, . . . ,4 ,

where the mass matrix is given by M = M′ +M′′, where
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M′ =











γ5P5 0 0 0
0 γ5P5 0 0
0 0 γ5P5 0
0 0 0 γ5P5











(3.4)

and

M′′ =











−iI4P6 −iI4P7− iI4P8 0 −iI4P9 + iI4P10

iI4P7− iI4P8 iI4P6 −iI4P9 + iI4P10 0
0 iI4P9 + iI4P10 −iI4P6 −iI4P7 + iI4P8

iI4P9 + iI4∂ 10 0 iI4P7 + iI4P8 iI4P6











. (3.5)

Let us emphasize the fact that the mass matrix M has a diagonal pseudoscalar, M ′, and a non-
diagonal scalar mass, M′′.
We get the following eigenvalues for the mass matrix

m1 = P5 +
√

(P5)2 +m2
, (3.6)

m2 = P5−
√

(P5)2 +m2
, (3.7)

m3 = −P5 +
√

(P5)2 +m2
, (3.8)

m4 = −P5−
√

(P5)2 +m2
. (3.9)

It is useful to illustrate our discussion presenting a Table 1 with the eigenvalues of the mass matrix,
(3.6) - (3.9), and various choices for P5.

P5→ 0 P5→ ∞ P5À m
m1 m ∞ 2P5

m2 −m 0 − m2

2P5

m3 m 0 m2

2P5

m4 −m −∞ −2P5

Table 1: Eigenvalues of the mass matrix with different choices for P5

We notice that whenever P5→ 0, we get degenerate massive Dirac equations. P5→ ∞ gener-
ates masses of two types: one almost zero and a very massive one in (1+3)-dimensions.
Please notice that, in our Table, if P5À m, we have

m1 ≈ 2P5
, (3.10)

m3 ≈
m2

2P5 . (3.11)

This sets up a mechanism similar to the usual See-Saw Mechanism for neutrino masses [9], so that
this proposal could allow us to understand the generation of hierarchies for the fermion masses in
(1+3)-dimensions.
Finally, in Figure 1, we present the eigenvalues of the matrix mass as a function of the momentum
P5.
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Figure 1: The eigenvalues of the mass matrix in D=1+3 dimensions for a fixed m=4.

4. Conclusions

We have shown that the Dirac equation, if formulated for non-interacting Majorana-Weyl
spinors in D = 5 + 5, may lead to an interpretation of massive Majorana spinors in D = 1 + 3,
after a suitable dimensional reduction. We confirm the process of dimensional by reducing extra
dimensions as a mechanism to generate mass. The eigenvectors of the interaction or mass matrix
are two particles of opposite chiralities and different masses moving in (1+3)-dimensions.
The eigenvalues of the mass matrix depend on the energy P5 (associated the matrix of quiralidade
γ5) and the invariant mass m of the four-dimensional spacetime. Let us analyze the most important
results for the eigenvalues. First, when there is no interaction (P5 = 0), we have four particles
with degenerate masses. Second, taking the limit P5→ ∞, we obtain a massless along with heavy
chiral particles. Finally, when P5 À m, we have two Majorana particles of masses 2P5 and m2

2P5 ,
respectively. This result is in agreement with the See-Saw Mechanism for neutrinos masses. This
mechanism of dimensional reduction for the generation of Majorana mass can be used to obtain the
See-Saw masses for the fermions. Finally, we point out that this proposal allows us to understand
the generation of hierarchies for the fermionic masses in (1+3)-dimensions.
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