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We study the twist-induced deformation procedure of a torusTn and of quantum mechanics of a
scalar charged quantum particle onTn in the presence of a magnetic fieldB.
We first summarize our recent results regarding the equivalence of the undeformed theory onTn

to the analogous one onRn subject to aquasiperiodicityconstraint: we describe the sections of
the associated hermitean line bundle onTn as wavefunctionsψ ∈C∞(Rn) periodic up to a suitable
phase factorV depending onB and require the covariant derivative components∇a to map the
spaceX V of suchψ ’s into itself. The∇a corresponding to a constantB generate a Lie algebra
gQ and together with the periodic functions the algebraOQ of observables. The non-abelian part
of gQ is a Heisenberg Lie algebra with the electric charge operator Q as the central generator;
the corresponding Lie groupGQ acts on the Hilbert space as the translation group up to phase
factors. The unitary irreducible representations ofOQ ,YQ corresponding to integer charges are
parametrized by a point in the reciprocal torus.

We then apply the⋆-deformation procedure induced by a Drinfel’d twistF ∈UgQ⊗UgQ , sticking

for simplicity to abelian twists, to the symmetry Hopf algebraUgQ , to the algebraX of functions

on Tn and toOQ in a gauge-independent way, toX V and to the action ofOQ on the latter in a

specific gauge.X V ,OQ are ‘rigid’, i.e. isomorphic toX V
⋆ ,OQ ⋆, althoughX andX⋆ arenot

isomorphic and thereforeX V
⋆ as aX⋆-bimodule is not isomorphic to theX -bimoduleX V .
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On twisted symmetries and magnetic fields on noncommutativetori Gaetano Fiore

1. Introduction

The formulation on noncommutative spaces of quantum field theories, especially of the gauge
type, is a major challenge in present research in mathematical and theoretical physics. A very
powerful tool at hand is deformation quantization byDrinfel’d twists F , which aims at building
at the same time noncommutative deformations of a space(time) manifoldX, of quantum theories
on X and of their symmetries. Here we apply it to quantum mechanics of a single scalar particle
on a manifold with nontrivial topology, an-torusT

n, in the presence of aU(1)-gauge fieldA with
nonvanishing integral Chern numbers (i.e. fluxes of the associated field strengthB). This can
be considered a necessary preliminary step towards quantumfield theory, independently of the
approach we choose to reach the latter (path-integral as e.g. in [6], second quantization [10], etc.).

Calling λ the deformation parameter, deformation quantization [1] of an algebraA (overC,
say) into a new oneA⋆ means that the two have the same underlying vector space overthe ring
C[[λ ]] of power series inλ , V(A⋆) = V(A )[[λ ]], but the product⋆ of A⋆ is a deformation of the
product· of A . For instance, on the algebraX of smooth functions on a manifoldX, as well as
on the algebra of differential operators onX , f ⋆h can be defined by

f ⋆h := · ◦
[
F (⊲⊗⊲)( f⊗h)

]
, (1.1)

whereF is a bi-pseudodifferential operator depending on the deformation parameterλ so that⋆ is
associative and reduces to· whenλ = 0. If one replaces all· by ⋆’s in an equation of motion, e.g.
in the Schrödinger equation of a particle with electrical chargeq

H⋆ψ(x) = ih̄∂tψ(x), H⋆ :=
[

1
2m∇a⋆∇a+V

]
⋆, ∇a=−i∂a+qAa, (1.2)

one obtains a pseudodifferential equation and therefore introduces a (very special) non-locality in
the interactions. [Interest in the latter can motivate the reader to study the effect of⋆-products even
if he/she is not ready to interpret noncommutative coordinates as physical observables of position].
Here and in the sequel we use natural units, so thath̄= 1= c, and absorb the positron chargee in the
definition ofA; then the quantization of charge readsq∈ Z. The undeformed differential equation
Hψ = i∂tψ is recovered forλ = 0. One of the simplest examples is the Grönewold-Moyal-Weyl
⋆-product onRn, i.e. (1.1) with f ,h∈ C ∞(Rn) and

F ≡ ∑
I

F
(1)
I ⊗F

(2)
I := exp

[
i
2

θab∂a⊗∂b

]
, θab := λϑab, (1.3)

wherea,b = 1, ...,n, ∂a = ∂/∂xa), andϑab is a fixed real antisymmetric matrix. Given a lattice
Λ ⊂R

n of rankn, (1.1) & (1.3) can be used also to deform the product in the algebraX = C ∞(Tn)

of smooth functions on the torusTn = R
n/Λ, which can be identified with that of functionsf

on R
n periodic under translation by aλ ∈ Λ. For simplicity we shall assumeΛ = 2πZ

n, i.e.
f (x+2π l) = f (x) for all l := (l1, ..., lm) ∈ Z

n, or equivalently f is a function (Laurent series) of
u≡ (u1, ...,un) ≡ (eix1

, ...,eixn
) only; so the reciprocal lattice isZn 1. Then (1.1) is Connes-Rieffel

1SinceΛ = 2πZn can be always be obtained by a linear transformation ofRn [x 7→ gx, g∈ GL(n)], this is no loss
of generality, as we are not concerned with holomorphic algebra of functions, holomorphic line bundles, etc; in fact,
if n = 2m and we regardTn = Rn/Λ as a complexm-torus then the holomorphic structure w.r.t. complex variables
zj = x j +ixm+j is not invariant underx 7→ gx for genericg∈ GL(n). See also the end of section 2.2.
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On twisted symmetries and magnetic fields on noncommutativetori Gaetano Fiore

⋆-product. Better definitions of⋆ involve the Fourier transforms/series off ,h and will be recalled
later. In either case the∂a generate translations and belong to the Lie algebrag0 of the group
G0 of symmetries ofX. As the twistF ≡ F

−1
belongs toUg0⊗Ug0[[λ ]], it determines also a

deformationH  Ĥ of the Hopf algebraH = Ug0, so that X̂ ≡ X⋆ is a Ĥ-module algebra, as
X was aH-module algebra: the space symmetries are preserved, although in a deformed form.

As known, ifB has non-vanishing integral Chern numbers the (smooth) states of a charged (for
simplicity scalar) particle onTn have to be represented by wavefunctions in the spaceΓ(Tn,E) of
sections of the associated hermitean line bundleE

π7→ T
n, rather than inX . But as the patches of

any trivialization ofE are not mapped into themselves by translations,Γ(Tn,E) and any isomorphic
(by the Serre-Swan theorem [14]) finitely generated projective X -moduleeX m [here m∈ N,
e∈ Mm(X ) is a projector] are notUg0-modules. Therefore we cannot apply the standard⋆-
deformation eX n

 e⋆X
n

⋆ choosingH = Ug0. The way out is based on our recent results
[11], which we summarize in section 2. DescribingΓ(Tn,E) as a subspaceX V of C∞(Rn) whose
elements are periodic up to a suitable phase factorV, we have shown thatΓ(Tn,E) is a module of a
central extensionof G0 that we call theprojective translation group GQ ; the central generator in the
Lie algebragQ is the electric charge operatorQ. This is the analog in the smooth framework of well-
known facts in the holomorphic one (see e.g. [2]). The∇a belongs to thealgebra of observables
OQ ⊃ X on X V ; OQ is a GQ -module transforming under the adjoint action ofGQ . The gauge
transformations ofΓ(Tn,E) are described by those ofX V . The irreducible unitary representations
of YQ ,OQ with Q=q∈Z are parametrized by a point on the reciprocal torusR

n/Z
n.

In the remaining sections we deformH = UgQ ,X ,X V ,OQ , ... by a twistF ∈ UgQ ⊗UgQ .
For simplicity we stick to twists ofReshetikhin(i.e. abelian) type; the corresponding deformations
X⋆ are only a subset of the possible Connes-Rieffel noncommutative tori. We describe the twist-
induced deformationsH  Ĥ of a cocommutative Hopf∗-algebra in section 3.1, of its modules
and module∗-algebras in section 3.2. In section 4 we apply them toX ,OQ ,X V , ... and obtainĤ-
module∗-algebrasX⋆,OQ ⋆, ... and aĤ-equivariantX⋆-bimodule and leftOQ ⋆-moduleX V

⋆ , which
is completed into a Hilbert space. We also determine thedeforming map DF : OQ ⋆ ↔OQ [[λ ]],
a Ĥ-module∗-algebra isomorphism, which simplifies the study of the deformed representation
theory: X V ,OQ are ‘rigid’ (their deformation boils down to a change of generators on the same
representation space), i.e. there are isomorphismsX V

⋆ ≃X V , OQ ⋆ ≃OQ , althoughX andX⋆ are
not isomorphic and thereforeX V

⋆ as aX⋆-bimodule is not isomorphic to theX -bimoduleX V.
We shall use the following abbreviations.N0 = N∪{0}; X ≡ T

n; Mt stands for the transpose
of matrix M; elementsh,k ∈ C

n are considered as columns;h · k := htk (at the rhs the product is
row by column);ul :=eil ·x; U(1) :={z∈ C | |z|=1}; we denote asV(A ),Z (A ) resp. the vector
space underlying an algebraA , the center ofA ; [a ⋆, b] := a⋆ b− b⋆ a; a∧ b := a⊗b− b⊗a.
We stick to linear spaces and algebras overC or the ringC[[λ ]] of formal power series inλ with
coefficients inC. We shall often change notation:A⋆ 7→ Â , X⋆ 7→ X̂ , OQ ⋆ 7→ ÔQ , X V

⋆ 7→ X̂ V

xa⋆ 7→ x̂a, ua⋆ 7→ ûa, ∂a⋆ 7→ ∂̂a, pa⋆ 7→ p̂a, a+
i ⋆ 7→ â+

i , etc (‘hat notation’). In the new notation e.g.
(1.2) becomes { 1

2m[−i∂̂a+qÂa(x̂)][−i∂̂a+qÂa(x̂)]+V̂(û)}ψ̂(x̂) = Eψ̂(x̂);

hereV̂ = ∧(V), Âa = ∧(Aa), ψ̂ = ∧(ψ) and∧ is the generalized Weyl map(section 4). The
pseudodifferential eq. (1.2) has thus become a noncommutative differential equation of second
order (i.e. of second degree in∂̂a). Solving the latter may be considerably simpler.
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2. The undeformed theory

2.1 Quasiperiodic wavefunctions and related connections on R
n

The particle probability density|ψ |2 is periodic, i.e. invariant under discrete translationsλ ∈Λ,
if ψ is quasiperiodic, i.e. invariant up to a phase factorV. A set of quasiperiodicity conditions of
the form

ψ(x+2π l) = V(l ,x)ψ(x) ∀x∈ R
n, l ∈ Z

n (2.1)

relates the values ofψ in any two pointsx,x+2π l of the latticex+2πZ
n through a phase factor

V(l ,x). Nontrivial solutionsψ of (2.1) may exist only if the factors relating three genericpoints
x,x+2π l ,x+2π(l+l ′) of the lattice are consistent with each other, i.e.

V(l+l ′,x) = V(l ,x+2π l ′)V(l ′,x), ∀ l , l ′ ∈ Z
n. (2.2)

Note that this impliesV(0,x) ≡ 1 and [V(l ,x)]−1 = V(−l ,x+2π l). We introduce an auxiliary
Hilbert spaceHQ with an orthonormal basis{|q〉}q∈Z and onHQ a self-adjoint operatorQ by
Q|q〉 = q|q〉. Given a smooth functionV : Z

n×R
n 7→U(1) fulfilling (2.2) we introduce the space

X
V := {ψ ∈C∞(Rn)⊗|q〉 | ψ(x+2π l) = V(l ,x)ψ(x) ∀x∈ R

n, l ∈ Z
n} (2.3)

as the space of smooth wavefunctions of a particle with electric chargeq (in e units), since it is an
eigenspace with eigenvalueq of 1⊗Q, which we adopt as the electric charge operator. We give the
covariant derivative a form independent ofq through∇ := (−i)d⊗1+A(x)⊗Q; hered stands for
the exterior derivative. We shall abbreviate∇ =−id+A(x)Q, ψ∈C∞(Rn)|q〉, etc. The components
of ∇ have to mapX V into itself,

∇a : X
V 7→ X

V . (2.4)

Given such a∇, also QBab(x)ψ(x) = { i
2[∇a,∇b]ψ}(x) fulfills (2.1), implying that all theBab =

1
2(∂aAb−∂bAa) are periodic functions. From the Fourier expansions it follows

Bab(x) = β A
ab+ ∑

l 6=0
β l

abe
il ·x

︸ ︷︷ ︸
B′

ab(x)

⇒ Aa(x) = xbβ A
ba+ αa+ ∑

l 6=0
α l

aeil ·x

︸ ︷︷ ︸
A′

a(x)

+gauge transf., (2.5)

where0 := (0, ..,0) ∈ Z
n and the periodic functionA′(x) is such thatB′ = dA′. We decompose the

covariant derivative in a gauge-independent partA′
aQ and a gauge-dependent partpa:

∇a :=−i∂a+AaQ = pa+A′
aQ, A′

a∈X . (2.6)

Going back to (2.4),∇aψ will fulfill (2.1) iff also paψ does, by the periodicity ofA′
a(x); up to a

gauge transformation this implies the first formula in

V(l ,x) ≡VβA
(l ,x) := e−iq2π l tβAx, pa=−i∂a+xbβ A

baQ+αaQ, (2.7)

which is consistent with (2.2) for all eigenvaluesq∈ Z of Q iff the quantization conditions

νab ∈ Z, νab := 2πβ A
ab (2.8)

4
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On twisted symmetries and magnetic fields on noncommutativetori Gaetano Fiore

for all a,b are satisfied. Forqβ A = 0 we findV ≡ 1 andX 1 = X ⊗|0〉 ≃ X . Otherwise (2.1),
(2.7)1 do not admit solutions of the formψ(x) = eik·x f (x), f ∈ X .

For all f ∈X Q, pa, f ·,∇a,H mapX V into itself; they belong to the∗-algebra of observables
OQ ≡ algebra of polynomials inQ, p1, ..., pm with coefficientsf in X , constrained by

[pa, pb] = −i2β A
abQ, [Q, · ] = 0, [pa, f ] = −i(∂a f ),

f ∗(x) = f (x), p∗a = pa, Q∗ = Q.
(2.9)

These relations definingOQ depend on theAa only through theβ A
ab of (2.8), in particular are gauge-

independent.Q, pa generate the real Lie algebragQ of a Lie groupGQ . OQ andX areUgQ -module
∗-algebras under the action

pa ⊲ pb = −i2β A
abQ, pa ⊲ f = −i(∂a f ), Q⊲ f = 0, Q⊲ pa = 0, (2.10)

for all f ∈X , andX V is a leftUgQ -equivariantOQ -module andX -bimodule (but not an algebra,
unlessV ≡1); this means that all these structures are compatible witheach other and the Leibniz
rule2. The Weyl forms ofxa∗ = xa, (2.9) and of their consequences[pa,xb] = −iδ b

a are easily
determined with the help of the Baker-Campbell-Hausdorff (BCH) formula and synthetically read

ei(h·x+p·y+Qy0)ei(k·x+p·z+Qz0) = ei[(h+k)·x+p·(y+z)+Q(y0+z0)]e−
i
2[k·y−h·z+2Qyt βAz]

[
ei(h·x+p·y+Qy0)

]∗
= e−i(h·x+p·y+Qy0)

(2.11)

for anyh,k∈ R
n and(y0,y),(z0,z) ∈ R

n+1. We defineGQ and other groupsCQ ,R,YQ ,T by

GQ :=
{

g(z0,z) :=ei(p·z+Qz0) | (z0,z) ∈ R
n+1
}

, “projective translation group”

R := {ei(h0+h·x) | (h0,h),(z0,z) ∈ R
n+1}, T := {ei(h0+l ·x) | h0 ∈ R, l ∈ Z

n},

YQ := {ei(h0+l ·x+p·z+Qz0) | h0 ∈ R, l ∈ Z
n, (z0,z) ∈ R

n+1}, “ observables’ group”

CQ := {ei(h0+h·x+p·z+Qz0) | (h0,h),(z0,z) ∈ R
n+1};

(2.12)

the group law can be read off (2.11) and depends onA only throughβ A. c∗ = c−1 for all c∈YQ ,R.
The inclusionsGQ ,T ⊂YQ andT ⊂ R hold as subgroup inclusions.R is isomorphic toRn×U(1).
T ∼ Z

n×U(1) is a normal subgroup ofYQ , andYQ = GQ×T. Moreover, we shall callYQ the group
algebra ofYQ ; it is aC∗-algebra. Ally∈YQ ando∈ OQ mapX V into itself. The f ∈ T,X act by
multiplication, while in the gauge (2.7)Q, pa ∈ gQ andg∈ GQ act as follows:

Q⊲ |q〉 = q|q〉, Q⊲ψ = qψ , pa ⊲ |q〉 = (qxt β A+qα)a|q〉, f ⊲ψ = f ψ ,

pa ⊲ψ = (−i∂ +qxtβ A+qα)aψ , [g(z0,z) ⊲ψ ](x) = eiq[z0+xtβAz+α tz]ψ(x+z);
(2.13)

gz̃ acts shifting the argument byz and by multiplication by a phase factor, whence the namepro-
jective translation group. Let r := 1

2rank(β A); it is r ∈ N0. By the Frobenius theorem∃ a matrix
Swith Sab ∈ Z, detS= ±1 such that after the change of generators

pa 7→ (St p)a, xa 7→ (S−1x)a, ⇒ ul 7→ u(S−1)t l , (2.14)

2Namely, for allc∈ OQ , ψ ∈ X V , f ∈ X , g∈ gQ g⊲ (cψ f ) = (g⊲c)ψ f +c(g⊲ψ) f +cψ(g⊲ f ).
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resp. ingQ , C∞(Rn) andX , the commutation relations[xa, pb] = iδ a
b remain true, while (2.9)1

become
[p j , pr+j ] = ib jQ j = 1, ..., r, [pa, pb] = 0 otherwise, (2.15)

whereν j :=2πb j ∈ Z and fulfill ν j+1/ν j ∈ N. This shows that

gQ ≃ hQ2r+1⊕R
n−2r , GQ ≃ HQ2r+1×R

n−2r . (2.16)

wherehQk,HQk denote the Heisenberg Lie algebra, group of dimensionk and central generatorQ.
Introducing fundamentalk-dimensional cellsCy

a1...ak for k≤ n anda1 < a2 < .... < ak by

Cy
a1...ak

:= {x∈ R
n | xah ∈ [yah,yah+2π[, h = 1, ...,k; xa = ya otherwise}, (2.17)

one easily finds that the fluxφab of B = Babdxadxb through a plaquetteCy
ab equals that ofβ̃ A =

β A
abdxadxb

φab =

∫

Cy
ab

B =

∫

Cy
ab

β̃ A = 2πνab (2.18)

and similarly for higher powersBm. By (2.1)ψ ′∗ψ is periodic for allψ ′,ψ ∈X V , and the formula

(ψ ′,ψ) :=
∫

Cy
1...n

dnx ψ ′(x)ψ(x), (2.19)

defines a hermitean structure inX V making the latter a pre-Hilbert space. (The results are inde-
pendent ofy.) As pa ⊲ (ψ ′∗ψ) ≡ pa(ψ ′∗ψ) = −i∂a(ψ ′∗ψ), which has a vanishing integral, by the
Leibniz rule thepa are essentially self-adjoint. If someψ0 ∈ X V vanishes nowhere, thenψψ−1

0

is well-defined and periodic, i.e. inX , for all ψ ∈ X V , whence the decompositionX V = X ψ0.
We shall callH V the Hilbert space completion ofX V. YQ extends as a group of unitary trans-
formations ofH V; f ∈T still act by multiplication,g(z0,z) ∈GQ in the above gauge still acts as in

(2.13)6. We shall call
(
ρβA

(OQ ),X βA)
and

(
ρβA

(YQ ),H βA)
the representations that we have used

so far, determined byρβA
(o)ψ := o⊲ψ with action⊲ defined by (2.7-2.13).

Given a representation
(
ρ(OQ ),X V

)
of OQ as a∗-algebra of operators onX V , a unitary

equivalent one is obtained through a smooth gauge transformationU = eiqϕ , ϕ ∈C∞(Rn,R), acting
as a unitary transformation

(
ρ(OQ ),X V

)
7→
(
ρU(OQ ),X VU)

, with

ρU(o) = Uρ(o)U−1, ψU = Uψ , VU(l ,x)=U(x+2π l)V(l ,x)U−1(x). (2.20)

U is a unitary transformation
(
ρ(YQ ),H V

)
7→
(
ρU(YQ ),H VU )

also for the associated represen-
tatrion ofYQ as a group of unitary operators on the Hilbert space completion. All the relations
(2.1-2.6), (2.8-2.12), (2.14-2.19) remain valid. Starting from

(
ρβA

(OQ ),X βA)
, choosingU(x) =

ei q
2xt βSx and settingβ := β A+β S, we find an equivalent representation

(
ρU(OQ ),X VU)

character-
ized by

VU(l ,x) = e−iq2π l t β(x+lπ), pa = −i∂a+xbβbaQ+αaQ (2.21)

[for U(x)≡ 1, i.e.β = β A, we recover the original gauge (2.7)]. We shall adopt the shorter notations

X β ≡ X βAU

, H β ≡ H βAU

, etc. for the spaces of complex functions fulfilling (2.1) withV given
by (2.21). Performing a change (2.14) and choosingβ S so thatβ becomes lower-triangular we find

β A (2.14)7→ β̄ A :=




−b
b

0n−2r


 ⇒ β (2.14)7→ β̄ =




0r

2b
0n−2r


 (2.22)

6
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(0k is thek×k zero matrix; the missing blocks are zero matrices of the appropriate sizes), and (2.1)
becomes

ψ(x+2π l) = e−i2q∑r
j=1 ν j lr+j xj

ψ(x) ∀x∈ R
n, l ∈ Z

n. (2.23)

The most general solution of (2.23) reads [11]

ψ(x) = ∑
k∈K

∑
l∈Zr

ei ∑r
j=1(kj+2qν j l j )xj

ψk(x
r+1+2π l1, ...,x

2r+2π lr ,x
2r+1, ...,xn), (2.24)

where allψk belong resp. toS
(
R

r×T
n−2r
)
, L 2

(
R

r×T
n−2r
)

if ψ ∈ X β ,H β , and

K := {0,1, ..., |2qν1|−1}× ...×{0,1, ..., |2qνr |−1} ⊂ Z
r . (2.25)

The subspacesXk ⊂ X β , Hk ⊂ H β characterized byψs ≡ 0 for s∈ K \ {k} are orthogonal to
each other. In next subsection we present bases ofXk,X

β .

2.2 Physical representations ofYQ ,OQ

The physical representations ofYQ ,OQ are characterized by integer eigenvalues ofQ; so we
consider an irreducible one withQ = q∈Z and drop the subscriptQ: C,Y,G,g,O,hk,Hk. Let
C ,Y be the groupC∗-algebras ofC,Y. We abbreviateα̃ :=qα , β̃ A :=qβ A, ν̃ j :=qν j ∈N, etc. All
commutation relations depend only onβ̃ A. After the Frobenius transformation(x, p) 7→ (S−1x,St p)

we let
mr+j := exp[i(x j +π pr+j/ν̃ j)], mj := exp[i(xr+j−π p j/ν̃ j)]. (2.26)

Proposition 1. [11] Y decomposes into a product of commuting subgroups as follows

Y = M1 ...Mr H1
3 ...Hr

3Y2r+1 ...Yn, (2.27)

• M j is discrete, generated by mj ,mr+j ,e
iπ
ν̃ j ,m−1

j ,m−1
r+j , that fulfill mjmr+j = mr+jmje

iπ
ν̃ j ;

• H j
3 :={ei(h+wpj +zpr+j ) | (h,w,z)∈R

3} is isomorphic to the 3-dim Heisenberg Lie groupH3

• Ya :={ei(lxa+h+zpa) | l ∈Z, (h,z)∈R
2} is isomorphic to the observables’ group on a circle.

ζ j := (mj)
2ν̃ j , ζr+j := (mr+j)

2ν̃ j ( j = 1, ..., r) and their inverses are central;

with eih ∈U(1) they generate the subgroupZ (Y) ⊂Y and the subalgebraZ (Y ) ⊂ Y .

M :=M1...Mr commutes withH0=
n
∑

a=1
p2

a, so is themagnetic translation groupin the sense of [16].

By Proposition 1 the irreducible unitary representations (briefly irreps) of Y,O for n≥3 are
obtained from tensor products of those forn=1,2. The irreps of theC∗-algebraY are those ofY.

n = 1 (quantum mechanics on a circleS1). The Casimir eigenvalueζ = ei2πα̃ (α̃ ∈ R/Z)
identifies the inequivalent irreps ofY,Y (ρα̃ ,L 2(S1)), with

ρα̃
[
eilx]ψ(x) = eilxψ(x), ρα̃(eizp)ψ(x) = eiα̃zψ(x+z). (2.28)

The associated irrep(ρα̃ ,C ∞(S1)) of O is defined by (2.28)1 andρα̃(p)ψ = (α̃−i∂x)ψ .

7
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{ eilx√
2π }l∈Z is an orthonormal basis consisting of eigenvectors ofp: ρα̃(p)eilx = (l+α̃)eilx .

n=2=2r. This impliesY = M H3. The Casimir eigenvaluesζa = ei2πα̃a (α̃ ∈R
2/Z

2) identify
the inequivalent irreps ofY,Y (ρα̃ ,H ), with

H =
2ν̃−1⊕

k=0

Hh,
ρα̃(m2)Hk = ei π

ν̃ (α̃2−k)Hk, ρα̃(m1)Hk = Hk′ , k′=k+1 mod 2̃ν
ρα̃(H3) is Schrödinger representation ofH3 on Hk≃L 2(R)

(2.29)
Setting a:= p1+ip2√

2b̃
, a∗ := p1−ip2√

2b̃
, n :=a∗a, we find [a,a∗] = 1. Defining

ψ0,0(x; α̃) = N ∑
k∈Z

eikx1− 1
2b̃(b̃x2+k+α̃1+iα̃2)

2

, ψn,k = ρα̃

[
(a∗)n
√

n!
(m1)

k
]

ψ0,0,

ρα̃(a∗) = −∂2−i∂1+b̃x2+α̃1−iα̃2√
2b̃

, m1 = e
1
b̃
(iα̃1+∂1), m2 = eix1+ 1

b̃
(iα̃2+∂2).

(2.30)

(N is a normalization factor) one finds that{ψn,k}n∈N0 is an orthonormal basis ofHk and
{ψn,k}(n,k)∈N0×K an orthonormal basis ofH , consisting of eigenvectors ofn,m2: nψn,k = nψn,k,
m2 ψn,k = ei π

ν̃ (α̃2−k) ψn,k. It is aψ0,k = 0. Up to a gaussian factor, theψn,k are Jacobi Theta
functions or their derivatives and are analytic inz= x1 + ix2 [11].

2.3 The line bundleE as a quotient and the isomorphismX V ≃ Γ(Tn,E)

As known, the formulaTl : x 7→ x+2π l (l ∈ Z
n) defines a free action of the abelian group

Z
n on R

n, and setting "x ∼ y iff y = Tl (x) for somel ∈ Z
n" defines an equivalence relation in

R
n. The elements of the quotientT

n = R
n/2πZ

n are the corresponding equivalence classes, i.e.
[x] = {Tl (x), l ∈ Z

n}. The universal cover map isP : x∈ R
n 7→ [x] ∈ T

n. Similarly, given a smooth
phase factorV : Z

n×R
n 7→U(1) fulfilling (2.2) we define [11] a free action of the abelian group

Z
n on R

n×C by

χV
l : (x,w) ∈ R

n×C 7→
(

x+2π l , V(l ,x)w
)
, l ∈ Z

n, (2.31)

an equivalence relation∼V in R
n ×C by setting "(x,w)∼V (x′,w′) iff (x′,w′) = χV

l [(x,w)] for
somel ∈ Z

n", andE by
E = (Rn×C)/∼V ; (2.32)

in other words, an element ofE is an equivalence class[(x,w)] = {χV
l [
(
x,w
)
], l ∈ Z

n}. E is trivial
(i.e. E = T

n×C) if V is [i.e. V(l ,x) ≡ 1]. Given a smooth functionψ : R
n 7→ C fulfilling (2.1) we

can define ãψ ∈ Γ(Tn,E), i.e. a smooth global section ofE, by

ψ̃ : [x] ∈ T
n 7→

[(
x,ψ(x)

)]
=
{

χV
l

[(
x,ψ(x)

)]
, l ∈Z

n
}

(2.1)
=
{(

x+2π l ,ψ(x+2π l)
)
, l ∈Z

n
}
∈ E.

The correspondenceψ ∈ X V 7→ ψ̃ ∈ Γ(Tn,E) is one-to-one and allows us to lift the hermitean
structure( , ), the covariant derivative∇, the actions ofO,g ,Y,G, the gauge transformations from
X V to Γ(Tn,E). Therefore we can and shall identifyΓ(Tn,E) with X V .

The above data determine also trivializations ofE,Γ(Tn,E), ∇̃. For each setXi of a (finite)
open cover{Xi}i∈I of T

n let Wi ⊂R
n be such that the restrictionPi ≡ P : Wi 7→ Xi is invertible. Let

ψ̃i(u) := ψ [P−1
i (u)], Aia(u) := Aa[P

−1
i (u)], ∇i := −id+qAi (2.33)

8
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for u∈ Xi. In Xi ∩Xj (2.1) implies3

ψ̃i = ti j ψ̃ j , ∇i = ti j ∇jt ji , ti j (u) :=V
{

1
2π
[
P−1

i (u)−P−1
j (u)

]
,P−1

j (u)
}

(2.34)

Condition (2.2) becomes the (Čech cohomology) cocycle condition for the transition functions ti j :

tik = ti j t jk, in Xi ∩Xj ∩Xk. (2.35)

The set{(Xi,Ui)}i∈I , withUi(u) :=U [P−1
i (u)], defines the trivialization of a gauge transformation:

ψ̃i 7→ ψ̃U
i = Uiψ̃i , tUi j = Uiti jU

−1
j , ∇i 7→ ∇U

i = Ui∇iU
−1
i . (2.36)

3. Twist-induced deformations

3.1 TwistedH =Ug to a noncocommutative Hopf algebraĤ

The Universal Enveloping∗-Algebra (UEA)H :=Ug of the Lie algebrag of any Lie groupG
is a Hopf∗-algebra. We briefly recall what this means. Let

ε(1) = 1, ∆(1) = 1⊗1, S(1) = 1,

ε(g) = 0, ∆(g) = g⊗1+1⊗g, S(g) = −g, if g∈ g ;

ε ,∆ are extended to all ofH as∗-algebra maps,Sas a∗-antialgebra map:

ε : H 7→ C, ε(ab) = ε(a)ε(b), ε(a∗) = [ε(a)]∗,

∆ : H 7→ H⊗H, ∆(ab) = ∆(a)∆(b), ∆(a∗) = [∆(a)]∗⊗∗,

S: H 7→ H, S(ab) = S(b)S(a), S
{
[S(a∗)]∗

}
= a.

(3.1)

The extensions ofε ,∆,S are unambiguous, asε(g) = 0, ∆
(
[g,g′]

)
=
[
∆(g),∆(g′)

]
, S
(
[g,g′]

)
=[

S(g′),S(g)
]

if g,g′ ∈ g . The mapsε ,∆,Sare the abstract operations by which one constructs the
trivial representation, the tensor product of any two representations and the contragredient of any
representation, respectively.H =Ug endowed with∗,ε ,∆,S is a Hopf∗-algebra.

One can deform(H,∗,ε ,∆,S) into a new Hopf algebra(Ĥ,∗,ε , ∆̂, Ŝ) using atwist [7]:

1. Ĥ is the ringH[[λ ]] of formal power series in a real deformation parameterλ with coefficients
in H, endowed with the same∗-algebra structure (overC[[λ ]]) and counitε asH;

2. the coproduct̂∆ is related to∆(g)≡∑I gI
(1)⊗gI

(2) by ∆̂(g) = F∆(g)F−1 ≡ ∑I gI
(1̂)

⊗gI
(2̂)

;

3. the antipodesS, Ŝare related by Ŝ(g) = γS(g)γ−1, with γ = ∑I F
(1)
I S
(
F

(2)
I

)
,

where thetwist [7](see also [15, 3]) is for our purposes a unitaryelementF ∈(H⊗H)[[λ ]] fulfilling

F = 1⊗1+O(λ ), (ε⊗id )F = (id ⊗ε)F = 1,

(F⊗1)[(∆⊗id )(F )] = (1⊗F )[(id ⊗∆)(F )] =: F 3. (3.2)

3The pointsx∈Wj , x′∈Wi such thatu = Pjx = Pix′ are related byx′ = x+2π l , with somel ∈ Zn. One has just to
replace the argumentsl ,x of V in (2.1) resp. byP−1

i (u)−P−1
j (u), P−1

j (u).
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∗,ε , ∆̂, Ŝfulfill the analogs of conditions (3.1). WhileH is cocommutative,̂H is noncocommutative
with a unitary triangular structureR=F21F

−1, i.e. τ◦∆̂(g)=R∆(g)R−1 andR
−1=R21=R

∗⊗∗,
whereτ is the flip operator [τ(a⊗b) = b⊗a]. ∆̂, Ŝ replace∆,S in the construction of the tensor
product of any two representations and the contragredient of any representation, respectively.

In this work we takeH =UgQ , F∈(UgQ⊗UgQ )[[λ ]] and for simplicity use only abelian twists,

i.e. of the formF = eiλh(2)
, whereh(2) ∈∧2(h ) andh is a real Cartan subalgebrah ⊂ g . This leads

to γ = 1, Ŝ= S. We can always choose the change (2.14) so thath is spanned by the transformed
pr+1, ..., pn and byQ. F will be of the form

F = e
i
2(pa⊗θ abpb+Ξapa∧Q), θ = λ

(
0r

θ ′

)
, Ξ = λ

(

ξ ′

)
(3.3)

hereθ ′ is a real antisymmetric of size(n−r), ξ ′ ∈R
n−r , and the missing blocks are zero matrices of

the appropriate sizes. Note that (3.3) impliesθβ Aθ = 0. Incidentally, consideringQ as a primitive
element, i.e.∆(Q) = Q⊗1+1⊗Q, and not just1 times a constant, will be essential to extend the 1-
particle results to multi-particle systems and QFT as done in [10]: the previous formula formalizes
the additivity of the electric charge in composite systems.Here are examples forn = 2,3,4:

β A =

(
0−b
b 0

)
, θ = 02, Ξ =

(
0
ξ

)
, ⇒ F = e

i
2ξ p2∧Q, ∆̂ = ∆,

β A =




0 −b 0
b 0 0
0 0 0


, θ =




0 0 0
0 0 η
0 −η 0


, ⇒

F = e
i
2η p2∧p3, ∆̂(Q) = ∆(Q),

∆̂(pa) = ∆(pa)+δa1
ηb
2 p3∧Q,

β A =

(
02−b
b 02

)
, θ =




0 0 0 0
0 0 0 0
0 0 0 η
0 0−η 0


, ⇒

F = e
i
2η p3∧p4, ∆̂(Q) = ∆(Q),

∆̂(pa)=∆(pa)+δ 1
a

ηb1
2 p3∧Q+δ 4

a
ηb2

2 p2∧Q.

where in the last lineb := diag(b1,b2). Note that forn = 2 H is not deformed:Ĥ = H.

3.2 TwistedH-modules andH-module algebras

A left H-module(M ,⊲) is defined to be a vector spaceM overC equipped with a left action,
i.e. aC-bilinear map(g,a)∈H×M 7→ g⊲ a∈M such that (3.4)1 holds. Equipped also with an
antilinear involution∗ fulfilling (3.4)2 (M ,⊲,∗) is a leftH-∗-module. A leftH-module∗-algebra
A is a∗-algebra overC equipped with a leftH-module structure

(
V(A ),⊲) such that

(gg′)⊲a = g⊲(g′⊲a), (g⊲a)∗= [S(g)]∗⊲a∗, g⊲(ab) =∑
I

(
gI

(1)⊲a
)(

gI
(2)⊲b

)
. (3.4)

Given such anA ,
(
V
(
A
)
[[λ ]],⊲

)
endowed with the new product and∗-structure

a⋆a′ := ∑
I

(
F

(1)
I ⊲a

)(
F

(2)
I ⊲a′

)
, a∗⋆ := S(γ)⊲a∗ (3.5)

10
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gets aĤ-module∗-algebraA⋆: in fact,⋆ is associative by (3.2), fulfills(a⋆a′)∗⋆ =a′∗⋆⋆a∗⋆ and

g⊲ (a⋆a′)=∑I

[
gI

(1̂)
⊲a
]
⋆
[
gI

(2̂)
⊲a′
]
. (3.6)

Finally, given a leftH-module∗-algebraA and a leftH-equivariantA -∗-bimoduleM , i.e. a left
H-∗-module andA -bimoduleM such that (3.4)3 holds for alla∈A , b∈M and for alla∈M ,
b∈A , thenV(M )[[λ ]] gets a leftĤ-equivariantA⋆-∗-bimoduleM⋆ when endowed with the∗-
structure and the left, rightA⋆-multiplications (3.5) for alla∈A⋆, a′∈M⋆ anda∈M⋆, a′∈A⋆.

If A is defined byH-equivariant generators ai and polynomial relations (most interest-
ing A are),then alsoA⋆ is, with the same Poincaré-Birkhoff-Witt series and related polynomial
relations. One can define alinear map ∧ : f ∈A 7→ f̂ ∈A⋆ (generalized Weyl map) by the
equation

f (a1,a2, ...) = f̂ (a1⋆,a2⋆, ...) in V(A )[[λ ]] = V(A⋆). (3.7)

Using (3.2) it is easy to show that∧,∧−1 fulfill

∧( f f ′) = ∑I ∧
[
F

(1)
I ⊲ f

]
⋆ ∧
[
F

(2)
I ⊲ f ′

]
,

∧−1( f̂ ⋆ f̂ ′) = ∑I

[
F

(1)
I ⊲∧−1( f̂ )

][
F

(2)
I ⊲∧−1( f̂ ′)

]
=
[
∧−1( f̂ )

]
⋆
[
∧−1( f̂ ′)

]
.

(3.8)

If one can express theH-action onA in the (cocommutative) left “adjoint-like” form

g⊲a = ∑
I

σ
(

gI
(1)

)
aσ
(

SgI
(2)

)
, (3.9)

through a (∗)-algebra mapσ : H 7→A , then we can makeA [[λ ]] into a Ĥ-module∗-algebra by
defining the corresponding action⊲̂ in the (noncocommutative) “adjoint-like” form:

g⊲̂a := ∑
I

σ
(

gI
(1̂)

)
aσ
(

ŜgI
(2̂)

)
(3.10)

(here the linear extensionσ :Ĥ =H[[λ ]] 7→ A [[λ ]] is used). Formula

Dσ
F
(a) := ∑I

(
F

(1)
I ⊲a

)
σ
(
F

(2)
I

)
(3.11)

defines aĤ-module∗-algebra isomorphismDσ
F

: A⋆ ↔A [[λ ]] (adeforming map, in the language
of [9, 10]), i.e. a map intertwining between⊲ and⊲̂, ∗ and∗⋆, the original product and⋆:

g⊲̂[Dσ
F
(a)] = Dσ

F
(g⊲a) , [Dσ

F
(a)]∗ = Dσ

F

[
a∗⋆
]
, Dσ

F
(a⋆a′) = Dσ

F
(a)Dσ

F
(a′). (3.12)

If A can be defined by a set ofH-equivariant generatorsai and polynomial relations we find that
theǎi := Dσ

F
(ai)≡ D̂σ

F
(âi), which make up an alternative set of generators ofA [[λ ]], in fact span a

Ĥ-submodule and fulfill the same deformed polynomial relations as ˆai , so they provide an explicit
realization ofÂ ∼ A⋆ within A [[λ ]]. ThereforeDσ

F
can be seen as a change from a set ofH-

equivariant to a set of̂H-equivariant generators ofA [[λ ]]. If, as in next section,A ⊇H then one
can adopt asσ the inclusion map id :H 7→ A , then (3.9) becomes the adjoint action ofH, and
the action defined by (3.10) makesH[[λ ]] itself into aĤ-module∗-algebra. In general, in the ‘hat
notation’ the deforming map is a map̂Dσ

F
: Â ↔ A [[λ ]].

Finally, one can try to extend the above definitions also to suitable completions (e.g. Hilbert
space) of∗-modulesM [[λ ]] and of∗-algebrasA [[λ ]] (as algebras of operators onM [[λ ]]), as we
will do below.

11
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4. Twisted deformations of X ,X V ,OQ , ...

Let DQ be theH-module∗-algebra of polynomials inQ, p1, ..., pm with (left, say) coefficients
f ∈C∞(Rn) fulfilling again (2.9). We adopt (3.3) as a (formal) twist andtentatively define the⋆-
product by (1.1) for anyf ,h∈ DQ ; theλ -power (i.e.θ -power) series involved in (1.1) is termwise
well-defined and reduces to a finite sum if eitherf or g is a polynomial inxa, pa, in particular

(h·x+p·y)⋆(k·x+p·z) = (h·x+p·y)(k·x+p·z)+ i
2(h+2Qβ Ay)tθ(k+2Qβ Az),

(h·x+p·y)⋆eik·x = eik·x[h·x+p·y+k ·y−(h
2+Qβ Ay)tθk

]
,

eik·x⋆(h·x+p·y) = eik·x[h·x+p·y+(h
2+Qβ Ay)tθk

]
, Q⋆o=Qo=o⋆Q,

(h·x+p·y)⋆eik·x|q〉 = eik·x[h·x+p·y+k ·y−(h
2+Qβ Ay)tθk

]
,

(4.1)

for all h,k,y,z∈R
n ando∈DQ . In deriving these relations we have used the fomulapa⊲ei(k·x+p·z) =

ei(k·x+p·z)(k+2Qβ Az)a. The∗-structure is undeformed, asγ = 1. Eq. (4.1)1 entails in particular the
basic Moyal⋆-productxa⋆xb =xaxb+1 i

2θab. Theθ -power series involved in (1.1) is infinite but
convergent if bothf ,h are exponentials:

ei(h·x+p·y) ⋆ei(k·x+p·z) = ei(h·x+p·y)ei(k·x+p·z)e−
i
2(h+QβAy)t θ (k+QβAz)

(2.11)
= ei[(h+k)·x+p·(y+z)]e−

i
2[h·z−k·y−QyβAz+(h+QβAy)t θ (k+QβAz)] (4.2)

for all h,k,y,z∈ R
n. All the ⋆-products are associative as a consequence of the cocycle condition

(3.2). We also stress that they aregauge-independent, sinceF is expressed in terms ofpa (rather
than∂a,xa) and so are (2.10). Moreover, from the antisymmetry ofθ it easily follows(h·x+p·
y)k ⋆ (h·x+p·y) = (h·x+p·y)k+1 for all k ∈ N, whence by iteration[(h·x+p·y)⋆]k = (h·x+p·y)k⋆

and exp[i(h·x+p·y)]⋆ = exp[i(h·x+p·y)⋆]; in particular, exp[ih·x]⋆ = exp[ih·x⋆], which is a series
converging for allx∈ R

n. Therefore we can replace(h·x+p·y) by (h·x+p·y)⋆ as argument in the
exponentials in (4.1-4.2), etc. Going to the ‘hat notation’, we find as consequences

[h·x̂+ p̂·y,k·x̂+ p̂·z] = i
[
h·z−k·y−2Q̂ytβ Az+(h+2Q̂β Ay)tθ(k+2Q̂β Az)

]

(h·x̂+ p̂·y)eik·x̂ = eik·x̂[h·x̂+ p̂·y+k ·y−(h+2Q̂β Ay)tθk], [Q̂, ô] = 0,

ei(h·x̂+p̂·y+Q̂y0))ei(k·x̂+p̂·z+Q̂z0) = ei[(h+k)·x̂+p̂·(y+z)]e−
i
2[h·z−k·y+(h+2Q̂βAy)tθ (k+2Q̂βAz)+2Q̂(y0+z0)]

Q̂∗̂ = Q̂, p̂∗̂a = p̂a, x̂a∗̂ = x̂a,
[
ei(k·x̂+p̂·y+Q̂y0)

]∗̂
= e−i(k·x̂+p̂·y+Q̂y0)

(4.3)

(hereh,k,y,z∈ R
n, y0,z0 ∈ R, ô∈ D̂Q ). The fourth is the Weyl form of the first and third [it can be

formally derived also by the BCH formula]; fory = z= 0 it becomes

eih·x̂eik·x̂ = ei(h+k)·x̂e−
i
2htθk, (4.4)

i.e. the relation defining the Grönewold-Moyal-Weyl spaces, if h,k∈ R
n, and Connes-Rieffel non-

commutative tori, ifh,k∈Z
n [however, they are not the most general ones due to the particular form

(3.3)2 for θ ]. Up to isomorphisms, the latter product depends only on thegroupH
2(Zn,U(1)) co-

homology class of theU(1)-valued two-cocycleΘ(h,k) :=e−
i
2htθk. As the replacementθ → θ +θ ′

12
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with θ ′ ∈ Mn(2πZ) leaves the algebras unchanged, one may restrict to 0≤ θab < 2π. In all the
previous relations the deformation parametersΞ of (3.3) have given no contribution.

Motivated by the previous arguments we shall postulate (4.4) as defining relations for the
(uncountable) set of generators (parametrized by the continuous indicesh,k,y,z∈ R

n, y0,z0 ∈ R)
of the various algebras and linear spaces we introduce below. The functionsf on R

n that one
needs for QM and QFT [test functionsf in Schwarz spaceS ≡ S (Rn), f ∈ L 2 ≡L 2(Rn),
distributions f ∈ S ′, etc.] all admit suitably generalized notions of Fourier transform f̃ (Fourier,
Fourier-Plancherel, Fourier for distributions), so thatf can be expressed in terms of the anti-Fourier
transform f (x) =

∫
dnk eik·x f̃ (k); the symbol f̃ respectively belongs toS̃ =S , L̃ 2 =L 2, S̃ ′.

The previous arguments suggest that we correspondingly define Ŝ ,L̂ 2,Ŝ ′ as the spaces (and
Ĥ-∗-modules) of objects of the form

f̂ (x̂) =
∫

Rn
dnk eik·x̂ f̃ (k). (4.5)

The (Connes-Rieffel) deformation ofX = C∞(Tn) is the∗̂-algebra

X̂ =
{

f̂ (x̂) = ∑m∈Zn fm ûm | { fm}m∈Zn ∈ S (Zn)
}

, ûm := eim·x̂ (4.6)

whereS (Zn) is the space of sequences of complex numbers rapidly decreasing at “infinity”, i.e.
fulfilling the inequalities supm∈Zn | fm|

(
1+|m|

)h
< ∞ for all h ∈ N0. X̂ is the subspace of̂S ′

characterized bỹf (k) = ∑m∈Zn fmδ (n)(k−m), with { fm}m∈Zn ∈ S (Zn). We denote aŝOQ the Ĥ-
module∗-algebra of polynomials in̂Q, p̂1, ..., p̂m with coefficients inX̂ , constrained by (4.3).

We can define ageneralized Weyl map∧ on various domains by setting on the generators

∧(Q) = Q̂, ∧(xa) = x̂a, ∧(pa) = p̂a, ∧
(

ei(h·x+p·y)
)

= ei(h·x̂+p̂·y) (4.7)

for all h,y∈ R
n, and extending it using linearity and (3.8) (formulated in ’hat notation’). Eq. (4.7)4

is formally consistent with (3.8) and (4.3); essentially, we have already proved this when showing
exp[i(h·x+p·y)]⋆ = exp[i(h·x+p·y)⋆]. Restricting toy = 0, h= l ∈Z

m one finds the (invertible)
Weylmap∧ : X [[λ ]] 7→ X̂ and its extensions toL 2,X ′:

f = ∑
l∈Zm

fl ul ⇒ ∧( f ) = ∑
l∈Zm

fl û
l = f̂ . (4.8)

We will also use (4.7) to define maps∧ : OQ [[λ ]] 7→ ÔQ and∧ : YQ [[λ ]] 7→ ŶQ . Also the inverses (or
generalized Wigner maps) ∧−1 are immediately determined from (4.7).

As H ⊂DQ we can use (3.11) withσ = id to constructdeforming maps(i.e. Ĥ-module∗-
algebra isomorphism) on various domains. On the generatorsof DQ we find

x̌a≡ D̂F (x̂a)=(x− θ
2 p−Ξ Q

2 )a, p̌a≡ D̂F (p̂a)=(p+β Aθ pQ+β AΞQ)a, Q̌≡ D̂F (Q̂)=Q;
(4.9)

using the BCH relation and the onepa ⊲ei(h·x+p·y) = ei(h·x+p·y)(h+2Qβ Ay)a we find

D̂F

[
ei(h·x̂+p̂·y+y0 Q̂

2 )
]
=e

i
{

h·x+pt [y+θ ( h
2+βAyQ)]+Q

[
y0

2 −Ξt( h
2+βAyQ)

]}
. (4.10)

Choosingy= 0, hb = δ b
a in (4.10) one finds in particular ˇua≡D̂F(ûa)=ua exp

[
− i

2(θ p−ΞQ)a
]
. Eq.

(4.9)2,3 and (4.10) allow to define deforming mapsD̂F :ÔQ 7→OQ [[λ ]] andD̂F :ŶQ 7→YQ [[λ ]]; asD̂−1
F

13
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On twisted symmetries and magnetic fields on noncommutativetori Gaetano Fiore

maps the unitaries inYQ into unitaries inŶQ obtained by a (linear) redefinition of the parameters
h,y,y0, and viceversa,̂DF extends as a map ofC∗-algebrasD̂F :ŶQ 7→YQ [[λ ]] The existence of such
an algebra map means that the deformationYQ  ŶQ of the algebra structure ofYQ is “trivial”,
i.e. amounts just to a change of generators inYQ [[λ ]] (whereas the deformationX  X̂ of the
subalgebraX is not “trivial” at all, at least forθ generic). Similarly for the deformationOQ  ÔQ .
At the level of formal deformations (i.e. of power series inλ , i.e. in θ ) this result was actually
expected by cohomological reasons [8] (in fact, the first andsecond Hochschild cohomology groups
of UgQ vanish). This is to be contrasted with the nontrivial deformation X  X̂ . Replacing
Q 7→ q∈ Z and applyingD̂−1

F
one determines the analog ofM andZ (Y ) [cf. (2.12)]:

M̂ := {m̂∈ Ŷ | [m̂,Ĥ] = 0} = D̂−1
F

(M), Z

(
Ŷ

)
= D̂−1

F
[Z (Y )] . (4.11)

We now look for the deformed analogs ofX V ,H V . As in subsection 2.2 we setβ̃ A = qβ A,
etc. We start with the gauge (2.21-2.22). From (3.3) it follows

βθ = 0, βΞ = 0, ⇒ β̃ θ = 0, β̃Ξ = 0. (4.12)

In such a gauge we define the spacêX β ⊂Ŝ ′|q〉 by

X̂
β
:=

{
ψ̂ ∈Ŝ ′|q〉 | ψ̃(k+2πβ̃ tl) = ei2π l t(k+πβ̃ l)ψ̃(k),

∫

Rn
dnk|ψ̃(k)|

[
1+|k|

]h
<∞ ∀(k,l,h)∈R

n×Z
n×N

}

(4.13)

This ensures4 for all ψ̂ ∈X̂
β

the noncommutative quasiperiodicity property in the first line of

ψ̂(x̂+2π l) = V̂(l , x̂) ψ̂(x̂), l ∈ Z
n,

∇̂a =−i∂̂a+ÂaQ̂ = p̂a+Â′
aQ̂ Â′

a∈X̂ ,
(4.15)

whereV̂, p̂a are defined by

V̂(l , x̂) ≡ V̂β (l , x̂) := e−iQ̂2π l t β(x̂+lπ), p̂a ≡ p̂β
a :=−i∂̂a+x̂bβbaQ̂+αaQ̂, (4.16)

in complete analogy with (2.21). The second line is our definition of the deformed covariant deriva-
tive. Using (4.12), (4.4) and the relatione−iq4π2l t βAl ′ =1, consequence of (2.8), it is easy to check
that V̂β fulfills (2.2). ForV̂ ≡ 1, or equivalentlyβ̃ = β̃ A = 0, X̂ β reduces toX̂ |q〉. By (4.15)1

X̂
β

is mapped into itself by multiplication by all̂f ∈X̂ , the action of ˆpa
5 and therefore also by

4
V̂β (l , x̂) ψ̂(x̂)

(4.4)
=
∫

Rn
dnk e−i2π l t β̃ (x̂+lπ)+ikt x̂eiπ l t β̃ θkψ̃(k)|q〉 (4.12)

=
∫

Rn
dnk ei(kt−2π l t β̃ )x̂e−i2π2l t β̃ l ψ̃(k)|q〉

=

∫

Rn
dnk eik·x̂e−i2π2l t β̃ l ψ̃(k+2πβ̃ t l)

(4.13)
=

∫

Rn
dnk eik·(x̂+2π l)ψ̃(k) = ψ̂(x̂+2π l) � (4.14)

(in the third equality we have performed the shiftk 7→ k+2πqβ̃ t l of the integration variable).
5In fact, if ψ̂ fulfills the quasiperiodicity condition (4.15)1, alsoûmψ̂ and p̂aψ̂ do:

[p̂aψ̂ ](x̂+2π l)
(4.15−4.16)

= (p̂+π l t β̃ )ae−iπ l t β̃ (x̂+lπ) ψ(x̂)
(4.3)3
= e−iπ l t β̃ (x̂+lπ)(p̂−π l t β̃ θ β̃ A)a ψ(x̂)

(4.12)
= e−iπ l t β̃ (x̂+lπ)[p̂aψ̂](x̂).

The quasiperiodicity is unambiguously defined, since for all q∈ Z, l , l ′ ∈ Zn

ψ̂ [x̂+2π(l+l ′)] = e−iπ l t β̃ (x̂+l ′2π+lπ)ψ̂(x̂+2π l ′) ⇔ e−iπ(l+l ′)t β̃ [x̂+(l+l ′)π ] = e−iπ l t β̃ (x̂+l ′2π+lπ)e−iπ l ′t β̃ (x̂+l ′π);

that the last equality holds follows from (2.8), the BCH formula and the fact that the commutator between the last two
exponents is proportional tol t β̃ θ β̃ l ′, and thus vanishes by (4.12).

14
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On twisted symmetries and magnetic fields on noncommutativetori Gaetano Fiore

the action of∇̂a. In other words,X̂
β

is a (Ĥ-equivariant)ÔQ -module. As an internal consistency
check, one can verify that the decomposition of ˆpa in the second line of (4.15) indeed fulfills (4.3).
Moreover, eq. (4.15) guarantees thatψ̂ ′∗̂ψ̂ ∈ X̂ . The magnetic field̂Bab is defined by

−2iQ̂B̂ab := [∇̂a, ∇̂b] = [p̂a + Q̂Â′
a(û), p̂b + Q̂Â′

b(û)]
(4.3)⇒ B̂ab ∈ X̂ ; (4.17)

the constant part in the Laurent series expansion ofB̂ab in theûa is [β A+2Q̂β Aθβ A]ab. On the other
hand, since the conditions oñψ in (4.13) characterize also the Fourier transform ofψ ∈ X β (an

easy check), then we can extend∧ to X β so that∧(X β ) = X̂
β
, but only in the gauge (4.12)6.

In the notation (4.5-4.6) we define integration over the noncommutative torus
∫

X̂ : f̂ ∈ X̂ 7→∫
X̂ f̂ ∈ C in one of the equivalent ways

∫

X̂
f̂ :=

∫

X

[
∧−1( f̂

)]
(x) = (2π)n f0 . (4.18)

This is just Connes-Rieffel integration [4, 13]. It fulfillslinearity, reality, the trace property and
invariance under the action ofH,Ĥ; the latter means

∫
X̂g⊲̂ f̂ = ε(g)

∫
X̂ f̂ , in particular

∫
X̂ p̂a⊲̂ f̂ =

−i
∫

X̂∂̂a f̂ = 0 for any f̂ ∈ X̂ (asQ̂⊲̂ f̂ = 0).
∫

X̂ reduces to the ordinary translation invariant inte-

gration overTn if θ = 0. For all ψ̂ ′, ψ̂ ∈ X̂
β

it is ψ̂ ′∗̂ψ̂ ∈ X̂ . In the appendix we show the first
equality in ∫

X̂
ψ̂ ∗̂ψ̂ ′ =

∫

X
ψ∗ψ ′ (2.19)

= (ψ ,ψ ′) =: (ψ̂ , ψ̂ ′); (4.19)

the second is the definition of the Hermitean structure inX β . It follows that one can use it also
to define an Hermitean structure( , ) in X̂

β
(last equality); we shall callĤ β the Hilbert space

completion of the latter in the Hilbert norm‖ψ̂‖ := (ψ̂ , ψ̂)1/2. The map∧ :X β 7→X̂
β

[with β
fulfilling (4.12)] extends to a unitaryH-equivariant transformation∧ : H β 7→ Ĥ β . OnX̂ (i.e. for
V̂≡1) formula (4.19) reduces to( f̂ ′, f̂ )=

∫
X̂ f̂ ′∗̂ f̂ = ∑l∈Zn f ′l fl , implying that

∫
X̂ : f̂ ∈ X̂ 7→ ∫

X̂ f̂ ∈C

is a normalized positive-definite trace7.

Next goal would be to extend the previous construction to generic gauges. The gauge-transformed
magnetic field should still belong tôX . As we have not determined the most general gauge trans-
formation, we stop here the discussion. We hope to report soon on this point elsewhere.

6In fact, using (2.21), (4.12) computation we find for anyf ∈ S ′

eik·x⋆|q〉 = eik·xe
−i
2 k·(θ p+Ξq)⊲|q〉 = eik·xe

−i
2 k·[θ(β̃ tx+α̃)+Ξq]⊲|q〉 = eik·[x− α̃

2 −
q
2 Ξ]|q〉 ⇒ f (x)|q〉 = f ′(x)⋆|q〉

where f ′(x):= f
[
x+ α̃

2 + q
2Ξ
]
. If ψ(x)≡ψ0(x)|q〉 ∈X β then by (2.13)6 alsoψ ′(x) := ψ ′

0(x)|q〉 belongs toX β . Setting

∧(|q〉) = |q〉, we thus find∧(ψ) = ∧(ψ0|q〉) = ∧(ψ ′
0)⋆∧(|q〉) = ψ̂ ′

0|q〉 = ψ̂ ′.
7Actually,

∫
X̂ is the only normalized positive-definite trace and theC∗-algebraX̂ is simple ifθ is quite irrational,

i.e. if the latticeΛθ generated by its columns is such thatΛθ + Z
n is dense inRn (see e.g. [12], p. 537-538). The

C∗-algebraX̂ admits a faithful representationρβ : X̂ 7→ B(Ĥ β ) in terms of bounded operators acting on̂H β ,

defined byρβ ( f̂ )ψ̂ = f̂ ψ̂ for any f̂ ∈ X̂ , ψ̂ ∈ Ĥ β . If ψ̂0 ∈ X̂
β

is cyclic and separating then the Tomita involution is
just the extension of̂∗ to Ĥ β . Ĥ β can be recovered also by the GNS construction with stateωβ ( f̂ ) := (ψ̂0, f̂ ψ̂0) =
∫
X( f ⋆ψ0)ψ∗

0 ; that the integrand is a periodic function follows from̂X
β

being aX̂ -bimodule,∧−1( f̂ ψ̂0) = f ⋆ψ0 and
(4.19). More explicitly, one easily findsωβ (ûm)=

∫
X eim·xµm(x), whereµm(x) :=ψ0

(
x− 1

2θm
)

ψ∗
0(x)e−i q

2 mtθα . When

V̂ = 1, ψ0 ≡ 1√
(2π)n

∈ X̂ , ρ1( f̂ ) = 1
(2π)n

∫
X f = f0, and this reduces to the GNS construction of the Hilbert space

completion ofX̂ .
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Appendix: Proof of the first equality in (4.19)

f̂θ (x̂) := [ψ̂ ′∗̂ψ̂ ](x̂) =

∫

Rn
dnk
∫

Rn
dnhψ̃(h)ψ̃(k)e−ih·x̂eik·x̂ (4.4)

=

∫

Rn
dnk
∫

Rn
dnhψ̃(h)ψ̃(k)ei(k−h)·x̂− i

2kt θh

=

∫

Rn
dnk f̃θ (k)eik·x̂ f̃θ (k) :=

∫

Rn
dnhψ̃(h)ψ̃(k+h)e−

i
2kt θh.

In the third equality we have shifted the integration variable and used the antisymmetry ofθ . We
choose aε-dependent (ε ∈]0,1[) family of functionsχε ∈ S with the property thatχε(k) = 1 for
|k| ≤ ε/2 andχε(k) = 0 for |k| ≥ 0. As f̂θ ∈ X̂ is such thatf̃ (k) =∑m∈Zn fmδ (m)(k−m), we find

fθ0 =
∫
Rndnk f̃θ (k)χε (k),

for all ε ∈]0,1[. Hence fθ0 = limε↓0
∫

Rn
dnk f̃θ (k)χε (k) =

∫
Rn

dnk f̃ (k)χε(k) = f0,

where f̃ (k) := f̃θ=0(k) =
∫
Rndnhψ̃(h)ψ̃(k+h) = ∑l fl δ (m)(k−l). This and (4.18) imply (4.19).
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