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1. Introduction

There is ample evidence from lattice simulations that confinement in the QCD vacuum has ori-
gin in disorder of (chromo)magnetic domains [1, 2, 3, 4]. Condensate of magnetic charges screens
electric flux lines and produces a finite gluon-gluon correlation length, i.e. magnetic mass. The
gluon propagator has been extensively studied using approximate solutions to a set of truncated
Schwinger-Dyson equations (SDE) [5, 6, 7]. It is therefore worth examining to what extent topo-
logical features are manifested in the Green’s functions. Examples of such studies in the context of
the gluon propagator, can be found in [8, 9, 10, 11].

In this talk we summarize results of studies of simple models of non-trivial vacuum, where
SDE solutions can be compared to exact results. The goal is to investigate whether a set of truncated
SDE can adequately capture the underlying, nontrivial properties of the vacuum. In more realistic
models with nontrivial topology i.e. the Schwinger model [12, 13] or the abelian Higgs model [14,
15, 16, 17] Green’s functions have been studied using semiclassical approximations by introducing
dual variables that account for the topological defects. Here instead we will use models in which
we can compare Schwinger-Dyson, semiclassical and exact results.

2. D = 0+0, one global minimum

We begin with the case where it is expected that correlation functions will be well approxi-
mated by a truncated SDE’s. That is the case when the action has one global minimum and it can
be approximated by functional integral is dominated by a single and the functional integral can be
then approximated by a Dyson series. In particular we consider a D = 0+0 dimension generating
functional which is a function of a single source variable, j and given by a

Z( j) = eW ( j) =
∫

dxe−S(x)+ jx. (2.1)

For the action S(x) we take

S(x) = ε
x2

2!
+λ

x4

4!
(2.2)

For ε =+1 the action has one global minimum at x = 0, which in higher dimensions corresponds
to a unique vacuum. For this reason, in the following we refer to saddle points as vacuum contri-
butions, which can be unique, for ε = +1 or multiple as in the case of ε = −1. For ε = −1 there
are two degenerate minima at x =±

√
6/λ with the x = 0 point corresponding to a local maximum

and we discuss this case in the following section. We have assumed that the integral over x is not
restricted i.e. x runs over the interval (−∞,+∞). The semiclassical approximation will be valid in
the limit of small coupling λ → 0, as can be easily seen once x is rescaled via, x→ x̄ = λ 1/2x,

S(x) =
1
λ

(
ε

x̄2

2
+

x̄4

4!

)
, (2.3)

and in the small-λ limit the integral should be well approximated by the contributions from the sad-
dle points. For ε =+1 the saddle point approximation is equivalent to the leading order standard,
perturbative expansion in powers of λ . In particular, the two point correlation, which we define by

〈x2〉=
d2 logZ( j) j=0

d j2 (2.4)
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can be easily computed by expanding Eq. (2.1) in powers of λ with the result

〈x2〉= 1− 1
2

λ +
2
3

λ
2− 11

8
λ

3 +
34
9

λ
4− 619

48
λ

5 +O(λ 6). (2.5)

For larger values of the coupling any reasonable approximation must, at least partially, re-sum
the perturbative series to all orders. Since at any order of truncation in the number of effective
interactions, Schwinger-Dyson equations do sum up an infinite number of insertions of λ one
expects that a solution of a truncated set of SDE’s will be a better approximation compared to the
truncated perturbative expansion of Eq. (2.5). The SD equations follow from the identity

S′
[
− 1

Γ(2)(y)
d
dy

+ y
]
=−Γ

(1)(y) (2.6)

where Γ(y) is the effective action defined by

Γ(y) =W ( j)− jy, with y =
dW ( j)

d j
. (2.7)

With W ( j) given by Eq. (2.2), Eq. (2.6) leads to the master equation,

εy− λ

6

(
Γ(3)(y)
[Γ(2)(y)]3

+
3y

Γ(2)(y)
− y3

)
=−Γ

(1)(y)

(2.8)

from which expectation values of any function of x, can be generated by taking appropriate number
of derivatives. In particular the SDE for the two-point correlation,

〈x2〉=
d2W ( j) j=0

d j2 =− 1

Γ
(2)
0

(2.9)

is obtained by taking the first derivative of Eq. (2.8) and setting the source term to zero. This gives

ε +
λ

6

(
〈x2〉3Γ

(4)
0 +3〈x2〉

)
=

1
〈x2〉

. (2.10)

where Γ
(4)
0 is the "dressed vertex", and together with higher order vertices, Γ

(n)
0 = dnΓ(y)y=0/dyn

are obtained by taking more derivatives of the master equation, e.g.

−
Γ
(4)
0
λ
−1 =+

3
2
〈x2〉4(Γ(4)

0 )2 +
1
6
〈x2〉3Γ

(6)
0 +

3
2
〈x2〉2Γ

(4)
0 . (2.11)

Most truncation schemes in applications of SDE’s are based on neglecting all but a lowest few
vertices. The lowest order (LO) approximation is obtained by setting Γ

(4)
0 = −λ i.e. to the bare

vertex, and neglecting all higher order vertices. To this order

〈x2〉= 1

ε + λ

2 〈x2〉− λ 2

6 〈x2〉3
. (2.12)

In the next to leading order (NLO) one would keep loop dressing of the bare vertex, appearing on
the rhs of Eq. (2.11) as terms containing Γ

(4)
0 , while continuing to neglect vertices generated by
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Figure 1: Comparison of perturbative (dashed lines), Schwinger-Dyson (dashed-dotted line) and exact,
numerical evaluation of the two-point correlation (solid line) for the action with a unique classical vacuum
(ε = 1). On this scale the NLO SDE solution is indistinguishable from the exact result.

higher order loops, Γ
(n)
0 = 0,n≥ 6. At NLO one needs to solve a set of the two coupled non-linear,

algebraic equations, Eq. (2.10) and Eq. (2.11) with Γ
(6)
0 = 0.

It can be easily verified that the LO solution has the following expansion in powers of the
coupling constant λ

〈x2〉= 1− 1
2

λ +
2
3

λ
2− 9

8
λ

3 +O(λ 4) (2.13)

i.e. it agrees with the exact result only up to the second order, while for the NLO solution one finds,

〈x2〉= 1− 1
2

λ +
2
3

λ
2− 11

8
λ

3 +
34
9

λ
4− 599

48
λ

5 +O(λ 6) (2.14)

which agrees with Eq. (2.5) up to the fourth order. In Fig. 1 we also compare the saddle-point
approximation of Eq. (2.5) with the LO and NLO solutions. Clearly the SDE equations result in
the two-point correlation that is significantly more accurate then the saddle point approximation
(aka perturbation theory) for large values of λ . It is worth noting that this not because the solution
of the SDE’s and the perturbative series match to some high order in λ ; clearly the perturbative
expansion is quite inaccurate except for very small λ . The agreement between solutions of SDE’s
and the exact result originates from the effective all order re-summation of the perturbative series
generated by the nonlinear SDE’s. Indeed comparing the coefficients of the first few terms in
perturbative expansion beyond the order where SED’s match the exact expansion, e.g. 619/48 vs
599/48 one finds the difference to be only a few percent.

3. D = 0+0, multiple minima

For ε = −1, SD equations truncated at any finite order cannot reproduce the exact result.
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Figure 2: Saddle-point approximation computed to a varying order in λ (dashed lines) compared with
the exact result for ε = 1 obtained by numerical integration (solid line). The O(λ 4) perturbative results is
indistinguishable form the exact result. For easier comparison we subtracted the leading, 6/λ term from
〈x2〉. On this scale the solution of SD equation tends to −6/λ →−∞ as λ → 0.

This is because vertices in the SDE’s generated from the master equation originate from expansion
around x = 0, which is a local maximum and a metastable sate in higher dimensions. For ε =−1,
〈x2〉 is still positive and as a function of λ it is non-analytical at λ = 0, where it has a pole, while
the LO solution Eq. (2.12) is analytical and for λ = 0 gives 〈x2〉LO = −1! The action has two
minima and in the saddle point approximation the integral in Eq. (2.1) is approximated by a sum of
gaussian fluctuations around each of them with the difference between the full action and gaussian
approximation treated as perturbation. This leads to

〈x2〉= 6
λ
−1− 1

2
λ − 2

3
λ

2− 11
8

λ
3− 34

9
λ

4− 619
48

λ
5 +O(λ 6) (3.1)

and is compared to the exact, numerical result in Fig. 2 The analysis of the case of multiple local
minima can be found in Ref. [18].

4. Particle on a circle

In QCD the domain of gauge fixed gluon field, i.e. the fundamental modular region may
be non-flat with a non-trivial measure specified by the Fadeev-Popov determinant [19]. In the
following example we investigate what happens in a model in which the dynamical variable has a
non-trivial boundary under an approximation when this boundary is ignored. For this purpose we
consider quantum mechanics of a free particle on a circle [20] i.e. D = 0+ 1 dimensional field
theory. The variable x(t) now describes location of the particle on a unit circle 0 ≤ x(t) < 2π

and the the Hamiltonian for a particle of unit mass H = p2/2 = −∂ 2
x /2. Since the manifold is

compact, the wave function must satisfy the boundary condition ψ(x) = exp(iθ)ψ(x+ 2π) and
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in the following we take θ = 0. The normalized eigenvectors of the Hamiltonian are spanned
by ψm(x) = exp(imx)/

√
2π with integer m and the corresponding energies are Em = m2/2. The

vacuum expectation value at the euclidean time (t = −iβ ), i.e. temperature-dependent correlation
function is then given by

〈x(β )x(0)〉= 〈0|xe−βHx|0〉= π
2 + ∑

m6=0

e−β
m2
2

m2 . (4.1)

At low temperatures, T = 1/β → 0 the correlation function is dominated by the lowest energy
quantum sate and 〈x(∞)x(0)〉→ π2. In this case the restriction that x be on a circle is important. At
high temperatures, however, the system becomes semiclassical, and the particulars of the topology
of the quantum system should become irrelevant. Also in this limit expectation values should be
well approximated by contributions from small amplitude fluctuations around solutions of the clas-
sical equation of motion. In this case truncated SD equations should also be a good approximation.
In our simple example we assume no interaction thus the SD equation and the semiclassical, saddle
point approximation give the same results and both of them pertain to a formulation of the prob-
lem in terms of the variable dual to quantum number m [21]. This variable is just is the classical
coordinate x and the duality transformation m↔ x is given by

e−β
m2
2 =

∫
∞

−∞

dx√
2πβ

e−
x2
2β
−imx (4.2)

leading to

〈x(β )x(0)〉=
∫ 2π

0

dx′

2π

dx
2π

x′〈x′,β |x,0〉x (4.3)

where

〈x′,β |x,0〉=

√
2π

β
∑
q∈N

exp
(
−(x′− x+2πq)2

2β

)
. (4.4)

At finite temperature, q counts the number of times the particle wraps around the circle. The duality
between m and x is clear; at high temperature, β → 0 and x is well defined, (while m is not) since

〈x′,β |x,0〉 → 2πδ (x′− x) (4.5)

with only the term with q = 0 contributing. It then immediately follows that, 〈x(0)x(0)〉= 4π2/3.
In the high temperature limit, the quantum variable m is not well defined, i.e. in the sum in Eq. (4.1)
an infinite number of terms contribute to give 4π2/3. At low temperatures, on the other hand, the
system is quantum. As β → ∞, m becomes well defined, m→ 0 (while x is not) and 〈x(∞)x(0)〉 →
π2. To obtain the low temperature limit of the correlation function using the classical representation
of Eq. (4.4) it is necessary to integrate over the entire range of x and x′. Furthermore it is necessary
to allow x (or x′) to wrap around the circle an arbitrary number of times i.e. sum over all q ∈ N.
The approximation in which the topology of the boundary is ignored corresponds to retaining only
the q = 0 term in the sum in Eq. (4.4), which, as follows from the discussion above, should work
fine in the high temperature limit but fail at low temperatures. This is shown in Fig. 3.
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Figure 3: Comparison between exact (dashed line) and approximate evaluation of the correlation function
as a function of temperature.

5. Summary

Since confinement is expected to be related to topologically non-trivial field configuration like
magnetic monopoles or vortices it is important to access the reliability of truncation of QCD SDE’s
when vacuum fields are not necessarily dominated by small fluctuations around the perturbative
vacuum. Here we discussed simple models to illustrate strengths and potential limitations of the
SDE approach. In particular we have shown that if the partition function integral is dominated by a
single semiclassical configuration, (one saddle point of the action), even the one-loop SD equation
gives a much better approximation for a two-point correlation than perturbative series truncated
at some high order. In the case of miltiple-saddle points or in general nontrivial topology of the
ground state filed configuration, however, we expect the semiclassical approximation, may be more
reliable then the truncation of the SDE series.
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