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Self-energy corrections to the MSSM finite-temperature Higgs potential

1. Introduction

Specific properties of the electroweak phase transition in the early universe essential for the fol-
lowing generation of baryonic asymmetry are defined by temperature evolution of Higgs potentials
[1, 2] which has been investigated in the standard model (SM) [3, 4] and extensions. It is known
that the simplestϕ4 model leads to the finite-temperature potential [5] (in the high-temperature
expansionm/T << 1)

Ve f f(v,T) =
1
2
(−µ2 +

1
4

λT2)v2 +
1
4

λv4− µ2T2

24
(1.1)

which describes the second order phase transition at the critical temperature Tc = 2µ/
√

λ . The
temperature-dependent minimum isv2(T)= v2(0)−T2/4 (T < Tc) and the thermal mass ism2(T)=

2µ2−λT2/2. The minimum moves along the line−v4λ/4 in the (v,Ve f f) plane. For the tree-level
SM Higgs potentialVSM = −µ2Φ+Φ + λ (Φ+Φ)2, whereΦ+ = 1√

2
(ϕ1− iϕ2,v+ H − iϕ3) mini-

mization condition at the Higgs boson massm2
H has the form

λ =
1

3v2(m2
H + µ2) (1.2)

µ2 = λv2

which leads to the one-loop high-temperature potential similar to (1.1) whith the only difference
that effectiveλ parameter includes gauge boson and top quark contributions:λ → λSM = 2λ +
g2

2+3g2
1

4 + h2
top [6], corresponding to the second order phase transition at the critical temperature

Tc = 2v
√

λ/λSM. In the SMH component of theSU(2) isodoublet coincides with the Higgs mass
eigenstate. The situation is more involved in the two-doublet models with the potential1

V(Φ1,Φ2) = −µ2
1(Φ†

1Φ1)−µ2
12(Φ

†
1Φ2)−µ∗2

12(Φ
†
2Φ1)−µ2

2(Φ†
2Φ2)+λ1(Φ†

1Φ1)
2 +λ2(Φ†

2Φ2)
2

+λ3(Φ†
1Φ1)(Φ†

2Φ2)+λ4(Φ†
1Φ2)(Φ†

2Φ1)+
λ5

2
(Φ†

1Φ2)(Φ†
1Φ2)+

λ ∗
5

2
(Φ†

2Φ1)(Φ†
2Φ1)

+λ6(Φ†
1Φ2)(Φ†

1Φ2)+λ ∗
6 (Φ†

1Φ1)(Φ†
2Φ1)+λ7(Φ†

2Φ2)(Φ†
1Φ2)+λ ∗

7 (Φ†
2Φ2)(Φ†

2Φ1),

(1.3)

where doublets of scalar fields

Φ1 =

(
φ+

1 (x)

φ0
1(x)

)
=




− iω+
1

1√
2
(v1 +η1 + iχ1)


 , (1.4)

Φ2 = ei ξ

(
φ+

2 (x)

φ0
2(x)

)
= ei ξ




− iω+
2

1√
2
(v2ei ζ +η2 + iχ2)


 (1.5)

have vacuum expectation values

〈Φ1〉 =
1√
2

(0,v1)
T , 〈Φ2〉 =

eiξ
√

2

(
0,v2eiζ

)T
. (1.6)

1in the general case of explicit CP violation [7, 8]µ2
12 andλ5,6,7 are complex.
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Self-energy corrections to the MSSM finite-temperature Higgs potential

TheSU(2) statesη1,2 andχ1,2 are not the mass eigenstates, so mixing anglesα andβ should be
introduced

η1 = −hsinα +H cosα , η2 = hcosα +H sinα (1.7)

χ1 = −Asinβ +G0cosβ , χ2 = Acosβ +G0sinβ

and minimization in the mass basis instead of (1.3) leads to more complicated equations[7]

λ1 =
1

2v2 [(
sα

cβ
)2m2

h +(
cα

cβ
)2m2

H −
sβ

c3
β
Reµ2

12]+
1
4
(Reλ7tg

3β −3Reλ6tgβ ), (1.8)

λ2 =
1

2v2 [(
cα

sβ
)2m2

h +(
sα

sβ
)2m2

H −
cβ

s3
β
Reµ2

12]+
1
4
(Reλ6ctg

3β −3Reλ7ctgβ ), (1.9)

λ3 =
1
v2 [2m2

H± − Reµ2
12

sβ cβ
+

s2α

s2β
(m2

H −m2
h)]−

Reλ6

2
ctgβ − Reλ7

2
tgβ , (1.10)

λ4 =
1
v2(

Reµ2
12

sβ cβ
+m2

A−2m2
H±)− Reλ6

2
ctgβ − Reλ7

2
tgβ , (1.11)

Reλ5 =
1
v2(

Reµ2
12

sβ cβ
−m2

A)− Reλ6

2
ctgβ − Reλ7

2
tgβ , (1.12)

µ2
1 = λ1v2

1 +(λ3 +λ4 +Reλ5)
v2

2

2
−Reµ2

12tgβ +
v2s2

β

2
(3Reλ6ctgβ +Reλ7tgβ ), (1.13)

µ2
2 =λ2v2

2 +(λ3 +λ4 +Reλ5)
v2

1

2
−Reµ2

12ctgβ +
v2c2

β

2
(Reλ6ctgβ +3Reλ7tgβ ). (1.14)

where (1.8) - (1.12) ensures the diagonalization and (1.13) - (1.14) secures the minimization2. Ob-
viously in the case of two background fieldsv1(T),v2(T) which fix a point on the three-dimensional
surface of minimaVe f f(v1,v2) the effective finite-temperature potential cannot be obtained by a
redifinition of some parameters in (1.1). Instead of abovementioned SM line ofextrema in the
two-doublet model the minimum moves along a line on the surface of extrema whichcan be found
by substitution of (1.13) and (1.14) to (1.3). Configuration of the fields (1.7) at any point of the
extrema surfaceV(v1,v2) must be such that thermal massesmh(T) andmH(T) defined by Eq.(1.8)-
(1.12) are positively defined. In other words in the process of temperature evolution the matrix of
second derivatives ofV(ηi ,χi) at the stationary points has only positive eigenvalues which exclude
"saddle configurations" in the component fields space.

Note that the two-dimensional picture of thermal evolution in thev1, v2 space can be reduced
to the one-dimensional picture by a rotation in theΦ2,Φ2 space to the socalled "Higgs basis" [9],

where onlyΦ2 has nonzero vevv =
√

v2
1 +v2

2. In the Higgs basis the SM-like Higgs potential can
be constructed in the decoupling limitmh << mH ,mA,mH± (see [10, 11] and the Appendix of [12]).
In this proceeding we do not consider the special case of Higgs basis in the two-doublet model.

2. Temperature-dependent µ2
1,2 in the MSSM

MSSM Higgs sector is a special case of the general two-doublet Higgs sector. At the super-
particle mass scaleλi parameters are real and expressed by means of the electroweak couplings

2sometimes (1.8) - (1.14) are mentioned as transformation to the Higgs boson mass basis
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λ1 = λ2 = λ =
g2

1+g2
2

8 , λ3 =
g2

2−g2
1

4 , λ4 = −g2
2

2 , λ5 = λ6 = λ7 = 0.. Scalar quarks interaction
with MSSM Higgs bosons is defined by the potential

V(Φ1,Φ2,Q̃,Ũ , D̃) = (Φ†
i Φ j)

[
ΛQ

i j (Q̃
†Q̃)+ΛU

i j (Ũ
∗Ũ)+ΛD

i j (D̃
∗D̃)
]
+ΛQ

i j (Φ
†
i Q̃)(Q̃†Φ j). (2.1)

whereQ̃ = (ũL, d̃L)
T andŨ = ũ∗R, D̃ = d̃∗

R are left isodoublet and right isosinglet third generation
squark fields, respectively. The one-loop finite-temperature contributions toµ2

1,2 are defined by

µ2
i → µ2

β i = µ2
i −Πi(β−1). (2.2)

where

Πi(β−1) = Θ j
i f (β−1,mj), f (β−1,mi) =

6
π2β 2

∫ ∞

0

x2
√

x2 +β 2m2
i

1

e
√

x2+β 2m2
i −1

dx, (2.3)

and matrixΘ j
i contains the interaction vertices3

(Θ j
i ) =




h2
D − 1

2g2
1YQ −1

4g2
1YU h2

D − 1
4g2

1YD

h2
U + 1

2g2
1YQ h2

U + 1
4g2

1YU
1
4g2

1YD


 . (2.4)

No temperature-dependent contributions toµ2
12 are induced. In the high-temperature approximation

miβ < 1

f high(β−1,mi) =
1

β 2 −
3mi

πβ
+O

(
(miβ )−1) , (2.5)

while in the low-temperature limitmiβ > 1

f low(β−1,mi) =
6e−miβ

π2m2
i β 4

√
π

2miβ

[
m3

i β 3 +
3
8

m2
i β 2− 15

128
miβ +

105
256

+O
(
m−1

i β−1)
]
, (2.6)

so corrections to MSSM mass parameters are

Πhigh
1 (β−1) = Θ j

1 f high(β−1,mj) =
2h2

D

β 2 − 3
πβ

[
h2

D(mQ +mD)− g2
1

6
(mQ +mD −2mU)

]
, (2.7)

Πhigh
2 (β−1) = Θ j

2 f high(β−1,mj) =
2h2

U

β 2 − 3
πβ

[
h2

U(mQ +mU)+
g2

1

6
(mQ +mD −2mU)

]
(2.8)

in the high-temperature limit and

Πlow
1 (β−1) = Θ j

1 f low(β−1,mj) =
6(h2

D − 1
6g2

1)e
−mQβ

π2m2
Qβ 4

√
π

2mQβ

[
m3

Qβ 3 +
3
8

m2
Qβ 2− 15

128
mQβ +

105
256

]

+
2g2

1e−mU β

π2m2
U β 4

√
π

2mU β

[
m3

Uβ 3 +
3
8

m2
U β 2− 15

128
mU β +

105
256

]

+
6(h2

D − 1
6g2

1)e
−mDβ

π2m2
Dβ 4

√
π

2mDβ

[
m3

Dβ 3 +
3
8

m2
Dβ 2− 15

128
mDβ +

105
256

]
, (2.9)

3lower indexi =1,2 corresponds toµ2
1,2 and upper indexj =1,2,3 corresponds to the squark mass parametersmQ,mU

andmD.

4



P
o
S
(
Q
F
T
H
E
P
2
0
1
1
)
0
5
2

Self-energy corrections to the MSSM finite-temperature Higgs potential

Πlow
2 (β−1) = Θ j

2 f low(β−1,mj) =
6(h2

U + 1
6g2

1)e
−mQβ

π2m2
Qβ 4

√
π

2mQβ

[
m3

Qβ 3 +
3
8

m2
Qβ 2− 15

128
mQβ +

105
256

]

+
6(h2

U − 1
3g2

1)e
−mU β

π2m2
U β 4

√
π

2mU β

[
m3

U β 3 +
3
8

m2
U β 2− 15

128
mU β +

105
256

]

+
g2

1e−mDβ

π2m2
Dβ 4

√
π

2mDβ

[
m3

Dβ 3 +
3
8

m2
Dβ 2− 15

128
mDβ +

105
256

]
. (2.10)

in the low-temperature approximation. The one-loop temperature corrections toλi , i =1,...7 have
been obtained in [13]. They have weaker dependences on the temperature, so in the case under
consideration we neglect correction terms inλi .

Substitution of (2) and (2.2) to (1.13) - (1.14), where

Reµ2
12 =

sin2β
2

[
m2

A +
v2

2
(2Reλ5 +Reλ6cotβ +Reλ7 tanβ )

]
(2.11)

includes mass parametermA, dependent on the charged Higgs mass

m2
H± = m2

A−m2
W± − v2

2
Re(λ4−λ5), (2.12)

leads to equations for the one-loop temperature corrections toµ2
1,2

µ2
1 −Π1(β−1)+m2

Asin2 β = λv2cos2β ,

µ2
2 −Π2(β−1)+m2

Acos2 β = −λv2cos2β .
(2.13)

It follows that contours of equilibrium evolution in the(v1,v2) plane are defined by

µ2
β1 + µ2

β2 +m2
A = 0. (2.14)

Mass of the CP-odd statemA does not depend on the temperature, so temperature-dependent terms
respect the equation

Π1(β−1)+Π2(β−1) = 0. (2.15)

Using the high-temperature approximation (2.5) for contours of minima one canobtain (T = 1/β )

tan2 β high = (
v2

v1
)2 = −m2

t

m2
b

T − 3
2π (mQ +mU)

T − 3
2π (mQ +mD)

(2.16)

Note that mixed terms∼ v1v2 are cancelled in (2.15), which is important because otherwise not
straight lines (2.16) but hyperbolas would be the contours of minima. In such case the equilibrium
transition from the symmetric phase to the broken phase would be possible onlythrough some
configurations not corresponding to any mass basis of the scalar fields.Using the leading term of
the low-temperature approximation (2.6) we get

tan2 β low = (
v2

v1
)2 = −m2

t

m2
b

√
mQe−mQβ +

√
mUe−mU β

√
mQe−mQβ +

√
mDe−mDβ (2.17)
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Substitution of the minimization conditions (1.13) - (1.14) to the two-doublet potential gives the
surface of minima

V(λ )
min(v1,v2) = −1

4

(
v3

1
∂Π1(β−1)

∂v1
+v3

2
∂Π2(β−1)

∂v2

)
− λ

4

(
v2

1−v2
2

)2
, (2.18)

or equivalently

V(µ)
min(v1,v2) = −1

8

(
v3

1
∂Π1(β−1

∂v1
+v3

2
∂Π2(β−1)

∂v2

)
− 1

4
µ2

β1v2
1−

1
2

µ2
12v1v2−

1
4

µ2
β2v2

2, (2.19)

It follows that in the framework of the MSSM

−1
4

(
v3

1
∂Π1(β−1)

∂v1
+v3

2
∂Π2(β−1)

∂v2

)
=

1
2

v2
1c2

d( fQ + fD)+
1
2

v2
2c2

u( fQ + fU). (2.20)

where factors in Yuakwa couplings squaredc2
d =

g2
2

2
m2

d
m2

W
andc2

u =
g2

2
2

m2
u

m2
W

are in front of(v/v1)
2 and

(v/v2)
2, respectively. In the case under consideration the effective parameters λi are temperature-

independent, so the equilibrium matrix for the surface of minima has the form

Γ(v1,v2) =

∥∥∥∥∥∥

∂ 2V
∂v2

1

∂ 2V
∂v1∂v2

∂ 2V
∂v1∂v2

∂ 2V
∂v2

2

∥∥∥∥∥∥
=

∥∥∥∥∥∥

g2
2

2
m2

t
m2

W
( fQ + fU)− λ̄ (3v2

1−v2
2) 2λ̄v1v2

2λ̄v1v2
g2

2
2

m2
b

m2
W

( fQ + fD)+ λ̄ (v2
1−3v2

2)

∥∥∥∥∥∥
(2.21)

and the critical temperature is defined by the equation

detΓ(v1,v2)|v1=v2=0 =
g4

2

4
m2

t m2
b

m4
W

[ f (β−1,mQ)+ f (β−1,mU)][ f (β−1,mQ)+ f (β−1,mD)] = 0

(2.22)
In the high-temperature approximation two roots of this equation are

Tc1 =
3

2π
(mQ +mU), Tc2 =

3
2π

(mQ +mD). (2.23)

3. Summary

We analyse the temperature evolution of the surface of minima (or the surfaceof stationary
points) of the two-doublet MSSM Higgs potential (1.3), which is defined by substitution of the
extrema conditions∇U(v1,v2) =0 to the potential. These conditions are expressed symbolicallly
by means of linear constraints (1.13),(1.14) on the parametersµ1

1 , µ2
12, µ2

2 , λi (i=1,...4). Any
point (v1,v2) in the background fields space situated on the minima surface and the parameter set
λ1, ...λ4 define a family of two-doublet potentials with different mass parametersµ2

1 ,µ2
2 ,µ2

12. At
zero temperatureλ1, ...λ4 are fixed by the MSSM boundary conditions, thereuponµ2

1 ,µ2
2 ,µ2

12 are
unambiguously defined at any givenmA and tanβ = v2/v1. At finite temperature the parameter set
µ1

1 , µ2
2 , λi (i=1,...4) acquiresT-dependence, leading to evolution of ’thermal masses’ and mixing

angles owing to a displacement of temperature-dependent vev’s(v1,v2) across the minima surface.
For simplicity we neglect the temperature evolution ofλi [13] which is weaker than the temperature
evolution of µ2

1 ,µ2
2 . The parameterµ2

12 is temperature-independent becauseΛi j matrices in the

6
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squark-Higgs potential (2.1) are diagonal. In the case when bothµ2
1 ,µ2

2 andλi are temperature-
dependent, equations (1.13)-(1.14) constrain the MSSM parameter space.

At high temperature the two-doublet system is in the symmetric phase with a stable global
minimum atv1 = v2 =0, which is assured by derivative terms in (2.18), increasing asT2. Con-
ditions of equilibrium thermal evolution must be supplemented by an availability of the scalar
boson mass states (Higgs boson mass basis) expressed by (1.8)-(1.12), (2.11). As a consequence
of (2.11) one obtains the constraint (2.15) for the one-loop self-energy corrections, which leads to
directions of equilibrium thermal evolution (2.16) and (2.17) (in the high-temperature and in the
low-temperature approximations, respectively). The critical temperature isdefined by zero deter-
minant of the stability matrix, Eq.(2.22), two roots of which coincide at degenerate squark mass
parametersmQ,U,D.
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