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We suppose the appearance of the dark sector fields in the universe (eg., the quintessence, the
phantom, and the axion field) during the pre-inflationary stage of the evolution. Moreover, these
fields are describing by the nonlinear sigma model (NSM) and are considered weak, that is, the
dynamical equations of this fields are considered on the inflationary background. The energy
characteristics of the dark sector fields presumably of the same order as the perturbations of the
gravitational field and the inflaton. We investigated the effects of the dark sector fields influence
on the large-scale structure formation on the example of exponential inflation. We found that the
dark sector fields reduce the perturbation of the gravitational field in this model.
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Introduction. To understand the origin of dark energy as a source of modern accelerated
expansion of the Universe, which was found from observations of the supernovae Ia, in the last
decade have been developed theoretical models, including based on the cosmological constant Λ
and it’s dynamical version [1]. In this study among all classes dark energy models, the models
with scalar fields and the models with interacting fields are the most interesting. Others models
related to the generalized theory of a scalar field and gravity are presented in reviews [1, 2, 3, 4],
and in [2] proposed a classification of such models, which includes 11 directions. Our approach
is associated with scalar fields and interacting fields, which correspond to following directions (by
the classification in [2]): ii) models of the quintessence like gravitating self-interacting scalar field;
iv) phantom fields; vi) interacting dark matter and dark energy fields.

We propose, that the dark sector fields was formed in pre-inflationary stage and exist in the
inflationary stage as a weak fields. As a model which consists of the dark sector fields, we consider
chiral cosmological model [5]. In this case chiral fields φC, represents by dark sector fields, which
we assume to be weak during inflation, and effects on the level of the inflaton perturbations ϕ :
δϕ ∼ φC are only possible. In this model, dark sector field do not influence on the dynamics of the
expansion process, but can correct the resulting large-scale structure. In this paper we investigate
the effect on cosmological perturbations of the inflaton, which produced by two dark sector fields,
that one of them may be a phantom field.

The method of calculating cosmological perturbations in the presence of a weak field (which
is not the source of the gravitational field) in the background of Friedmann cosmology considered
in [6], where they used the term «stiff source» instead of «weak field». As an example of stiff
sources in cosmology may cite a cosmic strings, domain walls and textures. An investigation
nonlinear sigma model as a «stiff» source realize in [7].

Basic equations of the model. We assume that the universe filled with a scalar field (inflaton)
during the inflationary stage of evolution, which is the source of the gravitational field. On this
self-gravitating system background we are considered a dark sector fields with the potential and
kinetic interaction, which is described by the nonlinear sigma model with potential. Thus in this
formulation of the problem at first we will solve the equations of the chiral fields dynamics on
the background of the exact solution of equations of inflationary evolution of the universe [8].
Then proceed to consider the perturbed equations taking into account the stress–energy tensor of
the weak fields. To describe the Universe during the inflationary stage by the cited above way,
consider the action integral

S =

∫ √
−gd4x

[
R

2κ
+

1
2

ϕ,µϕ,νgµν −V (ϕ)+
1
2

hAB(φC)φA
,µφB

,νgµν −W (φC)

]
(1)

and impose the necessary constraints on the kinetic and potential components of the model. For
simplicity we proceed to a two-component NSM with a targets space metric in the Gaussian co-
ordinate system dσ2 = dψ2 + h22(ψ,χ)dχ2. Let us represent the potential of interaction in the
form of two terms W (0)(ϕ ,ψ,χ) =V (ϕ)+W (ψ,χ), at the same time, think that W (ψ,χ)≪V (ϕ),
so W (0) ≈ V (ϕ). We introduce a similar relation for the kinetic terms [9]. We have K(ϕ ,ψ,χ) =
K(0)(ϕ)+K12(ψ,χ), where K(0)(ϕ) = 1

2 ϕ,αϕ ,α , K12(ψ,χ) = 1
2 ψ,αψ ,α + 1

2 h22χ,α χ ,α . Assuming
K12 ≪ K(0) we get K ≈ K(0). This restrictions can not take into account the chiral field ψ , χ in the
Einstein equations.
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Thus, in consideration of this model with action (1) and allowance for introduced approxima-
tions, we can use the exact solutions of the self-gravitating inflaton field equations, some examples
you can find in the work [10]. Note that in this case solution for the scalar field satisfies the Klein
– Gordon – Fock equation. We use the selected solution for self-gravitating inflaton field as a
background gravitation field in the dynamical chiral field equations. Examples of solutions of field
equations for two chiral fields on the various cosmological backgrounds are given in [8].

Consider the equations of the model in a spatially flat Friedmann – Robertson – Walker metric,
written in conformal the time η :

ds2 = a2(η)(−dη2 + γi jdxidx j), (2)

where γi j – the metric of the space component of the space-time.
Now, to take in to account the dark sector field influence on the structure formation processes,

examine the Einstein and the field equations considering the selected metrics and the basis and
chiral space with the assumptions made. In this case the background Einstein equations take the
form

H ′−H 2 =−κK(0), 3H 2 = κK(0)+a2V (ϕ), (3)

where H =
a′

a
– the Hubble parameter for the conformal time η , the apostrophe denotes the

derivative on the conformal time. The unperturbed equation for the scalar field has the form [11]

ϕ ′′+2H ϕ ′+a2V,ϕ = 0. (4)

Now, in the spatially-flat Universe (2) we can write the dynamical chiral dark sector fields equations
with the potential of interaction W =W (ψ,χ) and the metric coefficient h22 = ±ψ2 [9] (sign «–»
in the case of the phantom field χ) in the conformal time

ψ ′′+2H ψ ′∓ψχ ′2 +a2W,ψ = 0, (5)

ψ2(χ ′′+2H χ ′)+2ψψ ′χ ′+a2W,χ = 0. (6)

where W,φA =
∂W
∂φA . The system of equations (5) – (6) is describing the dynamics and the interac-

tion of the dark sector fields on the gravitation field background, which is generated by the inflaton
and represented by the solutions of equations (3) – (4).

As an exact solutions of the Einstain equations (3) and the iflaton equation (4) we can use
solutions, obtained before.

The dark sector fields influence on the long-wave perturbations. We consider an inflation-
ary stage in the evolution of the Universe with dominated the field of the inflation. As already
noted, the dark sector fields are comparable in magnitude to the inflaton perturbations. Due to the
inequalities on the potentials W (ψ,χ) ≪ V (ϕ) and the kinetic terms K12 ≪ K(0), the perturbed
Einstein equations can be written as:

δGν
µ = κ(δT ν

µ +Θν
µ). (7)

Here

Tµν = ϕ,µϕ,ν −gµν

(
1
2

ϕ,αϕ ,α −V (ϕ)
)
, (8)

Θµν = ψ,µψ,ν +h22χ,µ χ,ν −gµν

(
1
2

ψ,αψ ,α +
1
2

h22χ,α χ ,α −W12

)
. (9)
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We assume that inflation of the Universe is controlled by a scalar field, which has a first-order
perturbation δϕ : ϕ = ϕ0+δϕ . The corresponding perturbation of the stress–energy tensor (8) δT ν

µ ,
according to our model, in order of magnitude satisfies «weak» source with stress–energy tensor of
the dark sector fields Θν

µ (9).
We study cosmological perturbations in the longitudinal gauge [11], where the perturbed met-

ric has the form:
ds2 = a2(η)

{
(1+2Φ)dη2 − (1−2Φ)γi jdxidx j} . (10)

Here Φ = Φ(η ,⃗r) – the perturbation of the metric (gravitational field). Now from the equation (7),
both parts which is gauge invariant [11], we can obtain equations for cosmological perturbations in
the longitudinal gauge (10)

∇2Φ−3H Φ′− (H ′+2H 2)Φ =
κ
2
(ϕ ′

0δϕ ′+a2V,ϕ δϕ +Θ0
0), (11)

Φ′+H Φ =
κ
2

ϕ ′
0δϕ , (12)

Φ′′+3H Φ′+(H ′+2H 2)Φ =
κ
2
(ϕ ′

0δϕ ′−a2V,ϕ δϕ −Θ∗
∗), (13)

where ϕ0 – the background solution of the unperturbed equations (3) and (4) for the inflaton, δϕ =

δϕ(η ,⃗r) – the perturbation of the inflaton. The components of the stress–energy tensor of an
external source (the spatial components marked with a star) in the conformal time will be: Θ0

0 =

ρ = a−2K12 +W , Θ∗
∗ =−p =−a−2K12 +W .

Let us proceeding in the standard way, namely by adding the equation (11) with equation (13)
and using the relation to the background equation H 2 −H ′ = κ

2 ϕ ′2
0 , then we get the second order

differential equation in the partial derivatives with the respect to the variable Φ, which, taking into
account Θ0

0 +Θ∗
∗ = ρ − p = 2W, can be represented as follows:

Φ′′−∇2Φ+2Φ′
(

H −
ϕ ′′

0
ϕ ′

0

)
+2Φ

(
H ′−H

ϕ ′′
0

ϕ ′
0

)
+κW = 0. (14)

If we know ϕ0,H from the background equations and W , which was introduced into the chiral
fields equations (5), (6), then we can find the perturbation of the gravitation field Φ and the corre-
sponding value of the inflaton perturbation δϕ from solving the equation (14), using (12):

δϕ =
2

κϕ ′
0
(Φ′+H Φ). (15)

The dynamical equation for the inflaton perturbations δϕ can be written in the form

δϕ ′′+2H δϕ ′−∇2δϕ +a2V,ϕϕ δϕ = 0. (16)

We suppose that the universe is in the inflationary stage with the scale factor in the exponential

form: a(t)= aseh∗t(as,h∗ – constants). For the conformal time we have a(η)=− 1
h∗η

, η =−e−h∗t

ash∗
.

The solution of the Einstein (3) and the scalar field (4) equations in the conformal time, which is
corresponding to the exponential expansion of the scale factor, in the cosmological time t, will have

the form H (η) = − 1
η

, ϕ0 = const, V (ϕ) = const. We note here the restriction on the conformal
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time η : η ∈ (−∞,−1/[ash∗]), which is corresponding to the change of the cosmological time t:
t ∈ (0,∞).

To solve the dark sector field equations, we must set the type of the chiral space metric com-
ponents h22. Our choice of the chiral space metric components h22 = ±ψ2 [9] is tentative, and, as
a rule, allows make a calculation of results in more complicated cases.

Equations (11) – (13) given for inflationary stage this result:

Φ′′−∇2Φ+κW (η) = 0. (17)

Using the standard way [11] we find the solutions of (17) in the form:

Φ(η ,x) = Φ(η)eikx.

The term ∇2Φ can be neglected in the long-wave approximation at the low wave number k. The so-
lution of the equation in this case is the time-dependent function Φ(η). We find the corresponding
value of the inflaton perturbations δϕ(η) from equation (16), coordinating it with (11) – (13).

If a «weak» source is absent (Θν
µ = 0), that is, in the usual case of the inflationary perturbations,

we have the solution, coincides with that given in [12]:

Φ(0) =C2η , δϕ (0) =C1η3 +C3. (18)

Direct calculations using the dynamic equation for the inflaton perturbations (16) shows the equal-
ity of the perturbation δϕ = δϕ (0) independent from the parameters of a weak source with the
stress–energy tensor (9).

We assume that the potential W depends only on ψ and consider the potential of the Higgs
type

W (ψ) =±h2
∗γ2

4β 2 ψ4 +h2
∗ψ2 +W∗. (19)

In this case, the solution for the dark sector fields are proportional to the conformal time η : ψ = βη ,
χ = γη + const. In the formula (19) and further the lower sign corresponds to the case when the
field χ– phantom. The potential and the kinetic energy of the conformal time dependence is given
by:

W (η) = h2
∗β 2η2

(
1± γ2

4
η2

)
+W∗, (20)

K(η) =
1
2

h2
∗β 2η2(1± γ2η2). (21)

here W∗,β ,γ – the integration constants. Next, we substitute W (η) in the (17).

Φ1 =C2η ∓ κ(h∗βγ)2

120
η6 − κ(h∗β )2

12
η4 − κW∗

2
η2. (22)

Note that this solution will be agreed with the equation (12) if we require W∗ = 0, β ≪ 1 and
β → 0 when η ≃ ηin f l . Another possibility, which we do not consider here, is associated with the
presence of a non-zero component of Θ∗

0 (see [6]).
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Let us consider the physical properties of the solution (22). For this we find the equation of
state of dark sector fields

w =
K12 −W
K12 +W

=
pσ

ρσ
(23)

and present a graphical illustration of the solution (20) – (23). The corresponding dependence of
the potential W , the kinetic energy K12 and the equation of state parameter ω on the time for the
case when both fields are not phantom is shown in Fig. 1. The graph shows the potential of a solid
line, the kinetic energy – dotted, the equation of state parameter – the dot-dashed.

Recall that the equation of state parameter for dark energy, which provides the accelerated
expansion of the universe satisfies the inequality: w < −1/3 [3]. Time of inflation in the selected
time scale of cosmic time ends at the point t = 2 (see 1), because after this point the equation of
state parameter w is almost constant and corresponds to dark energy. Note that the behavior of
functions in a negative time is presented for completeness of their evolutionary development.

The gravitation field perturbations Φ1 (22) shown on Fig. 2 of a dotted line (for the phantom
case – the dot-dash), only the inflaton perturbation Φ(0) (18) – the solid line to compare. From
figure 2 we can see, that the «weak» source in the form of the dark sector fields weakens the
inflaton perturbations of the gravitational potential Φ(0) (18).
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–2 –1 1 2 3 4

t

Figure 1: The parameters of the dark sector fields,
describing by the NSM
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Figure 2: The perturbations of the gravitational po-
tential

The above solution demonstrates a common pattern for the other cases, depending on the
parameters of the «weak» source on time, including the case of the phantom field [9]. The resulting
gravitational potential Φ has approximately the same shape and is slightly different for small time
for the different background solutions for chiral dark sector fields.

Conclusions. Early cosmological inflation as a process of super-fast expansion of the universe
from the physical point of view can regarded as an expression of the strong gravitational field,
generated by the self-interacting scalar field. In this case, the link «gravitational field – inflaton»
is a self-gravitating «stiff» physical system, which is primary in relation to other possible material
components present at a very early stage of evolution of the universe. For this material components,
we can assume the existence of more «weak» dark sector fields, such as: the axion, the quintessence
and the phantom fields.
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In our approach, we assume that at the stage of early inflation the cosmological dark sector
fields have an impact on the level of the cosmological perturbations of the gravitational field and
the inflaton, thus affecting the formation of large-scale structure. The obtained solution confirms
the change of the perturbation of the gravitational field for the long-wave approximation, which
describes the formation of large-scale structure of the universe. Analysis of other solutions [9]
confirms that the presence of a «weak» source reduces the gravitational field perturbation in the
long-wave approximation.
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