PROCEEDINGS

OF SCIENCE

Cutoff effects of heavy quark vacuum polarization at
one-loop order.

DESY 11-181
SFB/CPP-11-58

Andreas Athenodorou

NIC, DESY, Platanenallee 6

15738 Zeuthen, Germany

E-mail: Andr eas. At henodor ou@lesy. de

The charm-quark mass is typically not so far from the cuaoff in lattice simulations. Its deter-
minant may then potentially introduce large cutoff effetie choose the @f-improved Wilson
formulation and compute the vacuum polarization effectavio rather different observables at
one-loop order. One is the quark-antiquark static forcethadther the Schrédinger functional
coupling; in addition we investigate two more quantitiesuléing from the latter. In all the cases
the lattice artifacts due to the charm-quark are small winenpared to the gluonic effects. This
indicates that the inclusion of charm-quarks in dynamieafion simulations is typically not a
problem.

PACS: 12.38.Cc, 14.65.Dw, 12.38.Bx, 11.10.Ch

The XXIX International Symposiumon Lattice Field Theory
July 10-16 2011
Squaw Valley, Lake Tahoe, California, USA

(© Copyright owned by the author(s) under the terms of the @e&ommons Attribution-NonCommercial-ShareAlike Licen http://pos.sissa.it/



Cutoff effects of heavy quark vacuum polarization at one-loop order.

1. Introduction

Some lattice groups have already started investing effostudies involving charm-quark
vacuum polarization in Lattice QCD simulations [1]. The mgbal of these is to exclude notice-
able corrections due to charm-quark loops. One, for instacmuld think of the non-perturbative
computation of the quark masses and th@arameter in QCD. If in a such a computation we
can only use the three-flavor theory then the connectiongdatr-flavor theory can be done just
perturbatively. The ALPHA-collaboration has already t&drcomputations itNs = 4 using as a
first observable the running-coupling in the massless $lmgér functional scheme [2]. However,
in order to set the scale, observables in the massive thewe/ o be computed. A typical lattice
spacing i|a~ (2GeV) . Hence, the question of whether such computations arebfeasiarising.

Our main worry occurs from the fact that in this case the chguark mass in lattice units is
as large asm. = 1/2. The main problem results from the findings of [3, 4] acaogdio which
in the valence-quark sector of thé&)-improved theory, although for masses u@t. = 1/2 the
cutoff effects are sizeable and obey approximately a gtiadvahaviour ina, above this mass the
Symanzik analysis and improvement of cutoff effects brehgn.

The purpose of our work is to investigate how big the cutdiéas in charm-quark vacuum
polarization effects are. We, therefore, expand pertiwtlgta few observables in the renormalized
coupling and investigate the dependence of the first neaitexpansion coefficient on the lattice
spacing and the quark mass. We make use of our previous wehkHviPanagopoulos [5] and
S. Sint [6] in order to extract the lattice cutoff effects dodermions in the g-static-forceF (r)
and the Schrddinger functional coupling respectively. ngghe latter we defined three different
observables, namely the step-scaling funciicend the renormalized quantitieindp; for these
guantities we extract the cutoff effects. This script is mpact version of our publication [7].

2. Lattice Formulation

We begin by commenting briefly on the most important featufethe O@)-improved the-
ory. All the relevant information is described in detail iRfR[8]. According to Wilson's lattice
regularization the total actioB= § + S is given by:

Nt
%[U]Zg—lgzw(p) tr{1-U(p)} and Sf[U74_’74’]23-42_21@(D+nb,i)4’ia (2.1)
p X i=

where the gluonic pag; is expressed as a sum over all oriented plaqugtieih U (p) the path-
ordered product of the gauge fields aroymd\e consider an infinite lattice and the weight factors
w(p) are set to unity for now. The Dirac operaldreads:

3 ) 3 ~
D=3 {wu(Dj+0,)-ali0 ) +esud 5 OuvFuv, (2.2)
p=0 u,v=0

with [, and[J}; the forward and backward covariant derivatives respegtaedcsy = 1+ 0O (g(z)).
One can perform a systematic investigation of lattice ¢wfiécts after renormalizing the theory;
hence, the cutoff effects depend upon the renormalizatomditions. We, therefore, first use a
massless renormalization scheme with sgalend then a massive scheme at sqali order to
investigate cutoff effects in lattice perturbation theory

At one-loop order, the renormalized coupling and quark essse given by:

1At higher orders in perturbation theory, the sructure ofrémormalization and the improvement is more compli-
cated when all quark masses are considered. More informedio be found in Ref. [9].
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0*(k) = §6Zg (5.an) and (m)r(K) = Mg +O(g5). (2:3)
respectively in terms of the improved bare coupling and oved bare mass [6, 8] :

Nt
& =03 <1+o.0120qz)ggazlrm,i> +0(g8) and My =mp;(1—21amp;). (2.4
i=

For a complete Ca)-improvement a la Symanzik one has to use the modified-bargliog and
modified-quark-mass in a massless renormalization scheme.

3. A systematic way of investigating the cutoff effects

Itis usually normal to consider observables the perturbatkpansion of which in the minimal-
subtraction schemgys is known in the continuum. We, therefore, renormalize inNf& scheme.
We do so by first moving from the modified-bare coupling to titide-minimal-subtraction (lat)
scheme and then to thdS scheme. The lattice-minimal-subtraction scheme is défin such a
way so that we subtract the logarithmic divergences ander by order in perturbation theory. For
the perturbative order we are interested in:

Oat(M) = G52t (G5, a)  with  Ziat (65,a0) = 1 2boG5log(ap) +O(8) . (3.1)
wherebg = (1IN;/3—2N;/3) /(4m)%. We use observabled that depend on a single length scale,
let us sayy and on the massésy )g. These have the following perturbative expansion:

O=g5+0W(za/)g+..., (3.2)

wherez = (z, ...,z ) andz = (m)r-r. After moving from the bare to the modified-bare-coupling
and then to the lattice-minimal-subtraction scheme, tipaesion of the observable takes the form:

0 = Gont(1H,2.6u(W)) (1+ Bolrh,2,6u(k).a/1)) (3.3)
written as a continuum part and a lattice p&;(ru,z, gét(u),a/r). The latter is expressed as:
8o (rH,z,0B(1),a/r) = 80 (ru.z,afr) + 85 (ru,z.a/r) gl (W) + ... (3.4)

From the expression (3.§b(ru, z,g2,(1),a/r = 0) = 0. We can now move to tHdS by applying
the finite scheme transformation [6, 10, 11]:

. lat, MS
Oiae(H) = G () — - Gus () + O (G (W) + (3.5)
c'f“"\"s = —Z—’NTC +2.135730074078452)N; — 0.395749622)N; . (3.6)
The expansion of the relative cutoff effects is written as:
0-0 _
8o (12, Ggg (H).a)1) = —5—= =85 (ru,za/m@s(W) +....  (3.7)
cont %7(m)R

Since the theory is renormalized by minimal-subtractibese lattice artifacts are intrinsically per-
turbative and have no non-perturbative extension. Negka#ls, one can use combinationsc‘iéf

from different observables in order to obtain the expansimeftficients of the non-perturbative cut-

off effects. In the longer write-up [7] we demonstrate howrbpormalizing in the Schrodinger
functional couplingggF(L) for massless quarks we obtain the non-perturbative lattitiéacts

at small couplings. Their fermionic part is approximatehe tsame as that of Eq. (3.7) i.ev
5él’f)(ru,z,a/r).

However, itis more convenient to introduce a massive reabration scheme for non-perturbative

computations in QCD with a charm-quark. This is due to thetfaat the mass of the charm-quark
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is larger than the typical QCD scale, thus, it has reducedwaqolarization effects which is most
efficiently implemented by using a finite mass renormalisaticheme.
We can define a massive scheme with sgcal:e 1/ ro through a particular observab@:

G(H.MR) = Op = g3+ Of (z.a/r) g + .. (3.8)
It is straightforward to show [7] that for an observal@eat a different length scalethe relative

artifacts in the massive scheme are given as a combinatithrosé in the massless:

Bou(1/70,2,G8 (1, MR), /) = |85k, TR, /1)~ 8 1, Tom, &/10)| G2 (1, M)+ . (3.9)

4. Theq gstatic-Force.

We start our investigation by considering the fofeg) = %V(r) between static quarks. If
one uses on-axis potentials as we do here, the most naturigkecto define the derivative would
be: Fhaive(Maive) = %[V(r, 0,0) —V(r —a,0,0)] with rnave=r — §. However, the force can also be
defined in terms of an improved q g-separatioaccording to which the force has no effects at
tree-level order in perturbation theory [12], th#gee(r) = Cr/4rr? with Ce = (N2 —1)/2N.. The
improved separationg for on-axis potentials were calculated in [12]. It is wortlemtioning that
the non-perturbative force in the pure gauge theory whemelgfin terms of, has much smaller
lattice artifacts compared Q4ve. The results presented below are expressed in termsvdiile
we have in addition looked at all quantities fQgive With no any worth reporting changes; hence,
from here on we have=r,.

The one-loop corrections to the force are calculated agitdescin [5]. The expression of
the force in theMS scheme after setting the renormalization scale to theraiathoicey = 1/r is
given by:

Crays(1/r)
F= % {1+ fu(z.a/r)ays(1/r) +O(ag)} - (4.1)
The termfy is split into a gluonic @) and fermionic ) contributions such as:
Nt
fi = fig(a/r)+ Zlfl,f(zba/r)v (4.2)
i=
with continuum expressions [13}{ = 0.57721566. . ):
N,
fig(0) = -2 [~ B+ L], (43
fi(20) = A [%Iog(zz)Jr% /1 VR 1(14 %) (112 e . (4.4)
The relative lattice artifacts of the force are defined as:
T a1/ + (@.5)
cont %,(M)R
with?:
N
4n6é1)(z, a/r)= 4n5él’g)(a/r) + 4n215é1’f)(zi,a/r), (4.6)
i=

The gluonic contribution to the force at finiggr is not our main concern. However, we need it
for a complete picture on the size of the lattice cutoff eéfedVe, therefore, provide numbers for
5é1’9)(a/ r) extracted from Ref. [14]. Concerning the fermionic piece,perform a re-evaluation of

2The pre-factor #ron 6,(:1> appears because we multiply with= g2/ (47).
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Figure 1: The fermionic cutoff effects ltéél’f)(z, a/r) forz=0(<{),z=1(A) andz= 3 (V).

5é1’f)(z, a/r) for the relevant bare-masses according to Ref. [5]. For rdetails on the procedure
adopted to extraoiél'f)(z, a/r) see Ref. [7].

In order to obtain a first glimpse on the relevant size of thickartifacts let us view the glu-
onic part 4139 (a/r). Forr /Ja=2.277, 3312 and 4319, 413> (a/r) = —0.232(6), —0.190(19)
and—0.151(42) respectively. In Fig. 1 we display results for the fermiooantribution to the lat-
tice artifacts 4169”(2, a/r). The scale of the y-axis is about a factor two smaller tharptire
gauge artifacts. Hence, the absolute value of the fermipieice of the cutoff effects for a single
flavor is much less than the gluonic. Concerning the massndigpee, we see that the fermionic
cutoff effects depend very little on the mass.

5. Schrodinger Functional

We call Schrodinger functional the field theory in a finitesg@déime with volume.#, Dirichlet
boundary conditions along the time direction and periodispace up to a phagkefor the quark
fields. According to Monte-Carlo simulations [6] the adwageous value o is 6 = 11/5 while
6 = 0 is the natural, and more aesthetically appealing, altemaThe action has the form (2.1)
with all fields being zero outside € xo < L, the gauge fields having fixed values at the bound-
ariesxg = 0 andLg = 0 and the fermionic fields being zero at these boundaries.aomplete
O(a)-improvement one has to modify the weight factor of the tikeeplaquettes attached to the
boundariesw(p) = ¢; = 1—[0.08900+ 0.01914N; + 0.00005g3 + .. .; for more details we refer
to Refs. [6, 8, 15].

For our perturbative calculation we use the definition ofdbepling appearing in Refs. [6,15].
The Schrddinger functional coupling depends upgrlaying the role of the inverse renormaliza-
tion scale, the phas@ and the dimensionless parametewhich appears on the fixed boundary
gauge fields and is usually set to zero. In a non-perturbativeputation of the running of the
coupling the main object needed is the step-scaling-fandiefined as:

Z(U, Z, a/L) = g_%F(2L>ZZ)|§EF(L,Z):U,(M)RL:Z =u+ Z1(27 a/L)u2 +... (5.1)
However, in order to have a more general picture we can atdodbother quantities such as:
Q(U, Z, a/L) = Wva)|g%F(L,z):u,(m)RL:zi = \71(27 a/L) + O(U) ) (52)
with the quantityv defined explicitly by:
L v, (5.3)

g%(L,v.2)  G&L,2)
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and

puz,a/L) = Bl GelLO) = p1(z.2/L)u+O(LP). (5.4)
gSF(L7 ) g_%,:(L,O):u,(m)RL:Za
For the step-scaling functiop, we consider the relative lattice artifacts:
>(u,z,a/L) —%(u,z,0)

o (u,z,a/L) = >(0.2,0) = 5;”(2, a/Lju+..., (5.5)

while for bothp andv the absolute artifacts:
Ay(u,z,a/L) = Q(u,z,a/L) — Q(u,z,0) = Af%)(z, a/L)+0O(u), (5.6)
Do(U,z,8/L) = p(u,z,a/L) — p(u,2,0) = A5 (z,a/L)u+ O(L?). (5.7)

The leading perturbative term% (z,a/L), A (z a/L) andAE) (z,a/L) can be decomposed into
gluonic and fermionic pieces:

&Yz a/L) = 6§1’9><z,a/L>+§16§1’”<a,a/u, (5.8)
07 za/L) = 879 (a/L) +%1A§—1’”(z,a/L)7 (5.9)
z (z,a/L) = ZlA (z,a/L). (5.10)

In the upper-left and upper-right plots of Fig. 2 we show thédaxt 4n5§1’f)(z, a/L) for 6 =
rt/5 and6 = 0 respectively. The cutoff effects for an individua{@-improved fermion are much
smaller than those for the gluonic part. They do appear tw gvith z, however, not very much.
Of course one should always bear in mind that for more tharfemeion flavor the cutoff effects
add up accordingly.

If we now move to the cutoff effects of thewhich appears in the lower-left plot of Fig. 2, we
observe that are bigger compared to the step-scaling amégiven that the overall magnitude is
v1 ~ 0.1). In contrast to what we observed before, here, the culigftts decrease with the mass.

Finally, in the lower-right plot of Fig. 2 we present the alse lattice artifacts irp. These
have to be compared to the continnum valuesrgé &, 0) which range from 0.095 (0.086) far= 1
up to 0.188 (0.170) for=3 at6 = r1/5 (6 = 0).

6. Conclusion

We have investigated the cutoff effects of several obséegaim two rather different setups
from including an @a)-improved Wilson charm-quark at one-loop order in lattiegtprbation
theory. We always restrict ourselvesam: < 1/2. We observed that these are comparable to the
cutoff effects of the pure gluonic part; for instance seeltheer-left plot of Fig. 2. As a matter
of fact, in some cases the fermionic pieces of the cutoffcedfare even smaller than their pure
gluonic ones. This is demonstrated clearly in the uppérgiet of Fig. 2. The reason of studying
these was to check whether they become very large for vepgiequarks and more specifically
for masses associated with the charm-quark. In contrasirtexpectations of seeing large cutoff
effects, we observe that they do not grow much with the madssametimes even decrease for
larger masses. The overall conclusion is that the lattitiaets remain small as we increase the
mass and, thus, the inclusion of charm-quarks in dynamesaiibn simulations does not seem to
be a problem with the current available lattice spacingsvél@r, non-perturbative investigations
of lattice artifacts have to be carried out.
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Figure 2: Upper-Left:The cutoff effects méél’g)(a/L) (¥)and 4116§1’f)(z, a/L)forz=0(®),z = 1(A)
andz= 3 () extracted for® = 11/5. Upper-Right:4rr6§l’f>(z, a/L)forz=0(®),z=1(A) andz= 3 (H)
extracted for® = 0. Lower-Left:The cutoff effectsﬁ\(%’g)(a/ L) (v) andA\(Tl’”(z, a/L) forz=0 (® (0)) and
z=3 (M (1)) extracted foi® = /5 (6 = 0). Lower-Right:The cutoff effects AIAS’”(Z, a/L)forz=1(®
(0)),z=2 (A (L)) andz= 3 (W (0)) extracted fo® = /5 (6 = 0).
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