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1. Introduction

Glueballs, as the bound states of gluons predicted by quantum chromodynamics (QCD), are
still challenging targets both for experimental and theoretical studies. A clue to the existence of a
scalar glueball is that there are ten scalar mesons, su¢h(4430), ap(1450 and three isoscalars
fo(1370), fp(1500, and fp(1710), which are close in mass and can be sorted inBé3) flavor
nonet and a glueball. Quenched lattice QCD studies estimate that the lowest-lying glueballs have
masses ranging from 1-3 Ge', 2, 3] such that the radiativd/y decay is commonly thought to
be the ideal hunting ground for glueballs for the abundance of gluons in the decay products. The
width of J/ radiative decay to a glueball can be expressed as

1 |d 1 2
[ = Qy—— — M 1.1
(3/y— yB) / dQq5- sz/wg)rl%ry\ iy | (1.1)

whered is the decay momentunM;,, the mass ofl/¢), My, r,, the transition amplitude with
r1,r2,ry the polarizations ofl/, the glueball and the photon, respectively. The major task in
theory is the calculation of the transition amplitude. There have been several studies on the radiative
productions rate of the scalar glueball based on the tree-level perturbative QCD approach and the
dispersion relation method]5, 6, (7, 8], but with theoretical uncertainties.

In constrast, lattice QCD can be a theoretically cleaner play ground. To the lowest order of
QED, the amplitudé/ is expressed explicitly as

Mry ez, = €4(0: 1) (G(P',12) [#(0)[3/W(B.ra)), (1.2)

wheree;(d,ry) is the polarization vector of the photon, at@(p’,r2)|j#(0)|3/w(p,r1)) the on-

shell matrix elements of the electromagnetic current between the glueball/gndwhich can

be derived directly from the lattice QCD calculation of the related three-point functions. As an
exploratory study, in this work, we focus on the calculation for the scalar glueball.

2. Numerical details

We use the quenched approximation in this study. The gauge configurations are generated
by the tadpole improved gauge actidj pn anisotropic lattices with the temporal lattice much
finer than the spatial lattice, sa§,= as/a; > 1, whereas and & are the spatial and temporal
lattice spacing, respectively. Each configuration is separated by 500 heat-bath updating sweeps to
avoid the autocorrelation. The much finer lattice in the temporal direction gives a high resolution to
hadron correlation functions, such that masses of heavy particles can be tackled on relatively coarse
lattices. The calculations are carried out on two anisotropic lattices| 8ay,T = 8% x 96 and
128 x 144, The relevant input parameters are listed in Tdblghereas's are determined fromy, * =
410(20) MeV. For fermions we use the tadpole improved clover action for anisotropic latéites [
The parameters in the action are tuned carefully by requiring that the physical dispersion relations
of vector and pseudoscalar mesons are correctly reproduced at each bare quakOmaBse
bare charm quark masses at differBrare determined by the physical masspfy, m;,y, = 3.097
GeV.
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Table 1: The input parameters for the calculation. Values for the cougBingnisotropyé, the lattice
spacingas, lattice size, and the number of measurements are listed.

B & as(fm) Las(fm) L3xT Neon f
24 5 0222(22) 178 8x96 5000
28 5 0.138(1) 1.66 128x144 5000
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Figure 1: The effective energy plot for thé] * glueball with different spatial momenta. From top to bottom
are the plateaus for momentum modgss 2mmi/L, with i = (2,2,2), (2,2,1), (2,2,0), (2,1,1), (2,1,0),
(2,0,0), (1,1,1), (1,1,0), (1,0,0), and(0,0,0).

One of the key points is the construction of the interpolating field operator which couples dom-
inantly to the scalar glueball. For this we adopt the variational method along with the single-link
and double-link smearing schemeg, [B]. More specifically, since the irreducible representation
Al of lattice symmetry groui® gives the right quantum numbdP® = 0+ in the continuum
limit, we construct amA] * operator se{@,,a = 1,2,...,24} of 24 different gluonic operators.
Through the Fourier transformation,

@ (B =Y @R t)e P, (2.1)
X

we obtain the operator s¢tp, (B,t),a = 1,2,...,24} which couples to &/ glueball state with
the definite momenturp. For eachp, by solving the generalized eigenvalue problem,

Ctp)vR = g oM0IE Q)W) (2.2)

attp = 1, whereC(t) is the correlation matrix of the operator set,
Cap(t) = z Olgu (Bt + 1)@ (P, 1)|0), (2.3)

we obtain an optimal combination of the set of operatd§j,t) = ¥ Vo ¢ (P,t), which overlaps
most to the ground state,

|{0®(B,0)[S(P)) > o B o
2EV;

pit Tz P(p,t+ 1)@ (B 1)) ~ ~e ™ (249
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where the normalizatio@(p,0) = 1 is also used. This is actually the case t8&t) can be well
described by a single exponentil(t) = We !, with W’'s usually deviating from one by few
percents. Figur@ shows the effective energy plateaus of &je" glueball for typical momentum
modes, where one can see that the plateaus start even frarmathe

The other key point of this work is the large statistics. 5000 configurations are generated for
both lattice systems. In order to increase the statistics more, for each configuration, we célculate
charm quark propagato8 (%,t;0, T) by setting point source on each time-slicavhich permit us
to average over the temporal direction when calculating the three-point functions. Therefore, the
three-point functions we calculate in this work are

171

M (Prditet) = 3 5 > OB+ 08+ )0 .1

1T71 . . .
= Zogéqy(@(rinthrr)Tr VuS (V.1 + 10, 7)y 6L (9,1 + 1;0,7) ys | )

e Es(tf _t) e Evt

= 3 T, OCPOISE)SBBON BNV (B.0I0L; 00,

(2.5)

whereJ, (x) = ¢(x) y,C(X) is the electro-magnetic curref@,; = cyc the conventional interpolation

field for the vector charmonium, and the summation in the last equality is over all the possible states
and vector polarizationg; is the spatial momentum of the initial vector charmonium and satisfies
the relationg; = pr — 0. Obviously the conserved vector currdptx) in the continuum limit is not
conserved any more on the lattice due to the broken Lorentz symmetry, and should be renormalized
properly. In this work, we adopt the non-perturbative strategy proposed byRgfo[define the
renormalization constant,

won P Mo (Bt =T/2)
Zy(t) 2E(p) r® (Pr=Pi =Pt = T/2,t)’

NeYuNe

(2.6)

whererﬁfc),7C is the two-point function of the pseudoscalar charmoniw,ﬂ'§,3C)yu,7c the correspond-
ing three point function with the vector current insertion on one of the quark lines. It should be
remarked that, the possible disconnected diagrams due to the charm and anti-charm quark anni=
hilation are neglected in this work in the calculation of all the relevant two-point and three-point
functions.

The parameterks, Ey, the matrix element$0|®(pr,0)|S(Pr)) and(0|Ov,j|V(fi,r)) can be
derived from the relevant two-point functions of glueballs dpd. Specifically, from Eq2.4we

have
(0]P(Pr,0)[S(Pr)) ~ 1/ 2Es(Pr )V, (2.7)
and by definition, we also have the relation,

<O’Q/7J(O)|V(ﬁar)> = fVEj(ﬁvr)v (2.8)

wherefy is a parameter independent@fande;(p,r) the polarization vector of the vector meson,
whose concrete expression depends on reference frames and is irrelevant to the calculation in this
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work. By using the multi-pole decomposition, the matrix elemést$s)|J, (0)|V (fi,r)) can be
written as|lL1],

S (S(B)I3u(O)V (B, 1)) & (Bi,T) = e Er(Q?) + BujCa(QP), (2.9)

r
wherea,; andf; are known functions ops andp; (their explicit expressions are neglected here),
E1(Q?) andCy(Q?) are the two form factors which depend only @ = —(ps — p;)%. The form
factor E1(Q?) will enter the formula of the the radiative decay widthJgiy to the scalar glueball
as follows,

F3/W — yGo) = -a Byl [E1(0)]2, (2.10)

27 MJZ/w

wherea is the fine structure constam, the photon momentum witlg,| = (Mf/w —M&)/(2My,y).
Therefore we only focus the the extractionEaf Q?) in this work.

In practice, we let thd/y to have momentung; = 0 and| ;| = 271/Las, and make the scalar
glueball moving with a momentum; = 27ri/Las with fi ranging from(0, 0,0) to (2,2,2). Among
all the combinations of the vector current indexthe polarization indey, the glueball momen-
tum ps and theJ/¢ momentump;, it is found that there are specific combinations which gives
aui (P, pi) = LandBi(ps, pi) = 0, and are thereafter taken into consideration in the practical data
analysis. An additional benefit of this selection is that, for the specific polarizgtaond J/y
momentumg;, one hasz & (Bi,r)g(pi,r) =1

With these prescriptions, the form factr(Q?) can be derived as,

_ Z9rO(pe, Bite,t)

=~ 2
BlQ )~ s or @ (p)

fv 2Es<ﬁf )V3 (t,tf —t>0), (2.11)

whereQ? can be given by andps, the indices of the three-point functiéi® and the related two-

point functiond™ (2 are omitted here?,\(,s) is the renormalization constant of the spatial components
of the vector current. In practice, the symmetric indices and momentum combinations which give
the sameQ? are averaged to increase the statistics. Traditionally, the time separatimit; —

t should be kept large enough for the ground states to contribute dominantly to the three point
function. Even with this large statistics, we find that the signal of the glueball damps rapidly with
respect tds —t. However, this is not a real disaster since the optimal glueball operators we use
couple almost exclusively to the ground state, as is mentioned before. So twe-fix= 1 with

t varying and extracE;(Q?) from the plateaus oE;(Q?,ts,t). With the very high statistics in

this work, the hadron parameters, such as the energies of the gluebd)iganthe constanfy in

Eqg.2.8 and the matrix element®|®(p,0)|S(pP)) can be determined very precisely and are treated
as known parameters.

Since E;(Q?) for different Q% are extracted from the same configuration ensemble and are
therefore highly correlated, in the data analysis we fit them through the correlated data fitting. For
each lattice system, the 5000 configurations are divided into 100 bins with 50 configurations in each
bin, and the measurements in each bin are averaged to be taken as an independent measurement.
After that, all theE;(Q?) are extracted simultaneously through the jackknife method. In order
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Figure 2: The extracted form factoiB; (Q?) in the physical units. The left panel is fBr= 2.4 and the right
one forB = 2.8. The curves with error bands show the polynomial fit vEiQ?) = E;1 (0) +aQ@® + bQ?, as
the black dot is the interpolated val&g(0) atQ? = 0.

Table 2: Listed in the table are th&] ™ glueball masseblg, the renormalization constarzés)(a) of the
spatial component of the vector current, and the form fadi(€? = 0,a) calculated on the two lattices
with 8 = 2.4 and 2.8, respectively. Also shown are the continuum extrapolati@i @) and the resultant
partial width[".

B Mg(Gev) z¥a) Ey(0,a)(GeV) [(keV)
2.4 1.360(9) 1.39(2) 0.0708(43) -
2.8  1537(7) 1.15(1)  0.0602(31) -
o 1.710090)8 - 0.0536(57)  0.35(8)

to get the form factor aQ? = 0, we carry out a correlated polynomial fit to tig(Q?) from
Q?=-1GeVPt025Ge\?,
E1(Q?) = E1(0) +a@ +bQ". (2.12)

Figurel2 shows the final results &, (Q?) for B = 2.4 (left panel) ang3 = 2.8 (right panel), where
the red points are the calculated value with jackknife errors, and the red curves are the polynomial
fit with jackknife error bands, the black points label the interpol&g®, a).

The last step is the continuum extrapolation using the two lattice systems. Since we have
only two different lattice spacings, we only do the linear extrapolatioiriThe continuum limit
of E;(0,a) is determined to bé&;(0) = 0.053657)GeV. In order to get the continuum decay
width, the continuum limit of scalar glueball mass should be also extrapolated, For which we
quote the valudlg = 1.710(90) [3]. Thus, according to E2.10 we finally get the decay width
I(J/P — yGo++) = 0.35(8) keV. Using the reported total width df/ , "ot = 92.9(2.8) keV, the
corresponding branch ratio is

F(J/W — yGoi+) /Mot = 3.8(9) x 1073, (2.13)

3. Summary and Discussion

We carry out the first lattice study on tit§ decay amplitude of/y radiatively decaying
into the pure gauge scalar glueb@l:+ in the quenched approximation, where glueballs are well
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defined objects. With two different lattice spacings, the amplitude, which is derived from the matrix
elements of the electromagnetic current of the charm quark between the scalar gluebai) aisd
extrapolated to the continuum limit with a val&g(Q? = 0) = 0.053657) GeV. Thus the partial
decay width™ (J/¢ — yGo++ ) is predicted to b€.35(8) keV, which gives the branch ratio/T ot =
3.8(9) x 1073, This result can be compared with the production ratef @710, fo(1500 and
fo(1370 in the radiative decays /(. From PDG201012], the branch ratios of the observed
radiative decay modes df/ ¢ to fo(1710 areBr(J/y — yfo(1710 — yKK) = 8.5732 x 1074,
Br(J/y — yfo(1710 — ymm) = (4.0+£1.0) x 1074, Br(J/¢ — yfo(1710 — yww) = (3.1+
1.0) x 10~4, which add up tol.5 x 10~2. If one goes further to take the branch raid fo(1710 —
KK) = 0.36+0.12[13], and the ratid (fo(1710 — 7171) /I (fo(1710 — KK) = 0417311 [14],
one can estimate the production ratefg(fL 710 to be(2.4+0.8) x 103 or (2.74+1.3) x 103 [15],
which is compatible with our result. As for thig(1500), BESII reported a branch rat®r(J/¢ —
yfo(1500) = (1.0140.32) x 10~ [12,14], which is much smaller than our prediction. It should
be mentioned that a gluebalé meson mixing model studidf] claims thatfo(1710) is composed
primarily of a scalar glueball, and expects thad /@ — yfo(1710) > '(J/P — yfp(1500. At
last, there is no evidence of the productionf@f1l370 in theJ/ radiative decays.

To summarize, even though the systematic uncertainties owing to the quenched approximation
are not under control in this work, our results are helpful to the identification of the scalar glueball
both from the phenomenology and experiments.
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