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At finite temperature the distribution of the total momentisnan observable characterizing the
thermal state of a field theory, and its cumulants are relaiatiermodynamic potentials. In
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momentum is a direct measure of the entropy. We relate thergeng function of the cumulants
to the ratio of a path integral with properly shifted boundemnditions in the compact direction
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theory, and obtain the entropy density at three differemperatures.
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1. Introduction

Thermal field theory is the theoretical tool for computingerties of matter at high temper-
atures and densities from first principles. It allows one,ifigtance, to determine the equation of
state of Quantum Chromodynamics, which in turn is an esalengredient to understand the prop-
erties of matter created in heavy ion collisions, and to rhttaebehavior of hot matter in the early
universe (for a review at this conference see Ref. [1]). Dbtg first-principles predictions from
a thermal field theory is often challenging since it desaiée infinite number of degrees of free-
dom subject to both quantum and thermal fluctuations. Eveagh there are several established
methods to compute the thermal properties of field theofle8,[4, 5], new theoretical concepts
and more efficient computational techniques are still n@edenany contexts particularly when
weak-coupling methods are inapplicable.

Recently Meyer and | proposed a new way to determine the iequaf state of a thermal
field theory, and it is the aim of this talk to discuss the rssabtained in these papers [6, 7]. We
related the generating function of the cumulants of thd tatamentum distribution to a path inte-
gral with properly chosen shifted boundary conditions i tompact direction normalized to the
ordinary one. By exploiting the Ward Identities (WIs) adated to the space-time invariances of
the continuum theory, the cumulants can be related in a siminner to thermodynamic poten-
tials. In a relativistic theory at zero chemical potentfat,instance, the variance of the momentum
probability distribution measures the entropy of the syste

Crucially the argument holds, up to harmless finite-size disdretization effects, also in a
lattice box. The formulas are thus applicable at finitedatpacing and volumes, where ratios of
path integrals can be determined dly initio Monte Carlo computations. As a result the entropy
density, the pressure and the specific heat can be obtainsuidying the response of the system
to the shift, and no additive or multiplicative ultraviclgivergent renormalizations are needed in
taking the continuum limit. We have numerically tested owopwsal in the SU(3) Yang—Mills
theory, for which the entropy density has been determindigre¢ different temperatures.

2. Momentum distribution from shifted boundaries
For an Euclidean field theory at a temperatlire- 1/L,, whereL is the length of the “time”
direction, the relative contribution to the partition ftion of states with total momentumis given

by
R(p) Tr{e LR pm)}

\ Tr{e-LoH}

whereV = L2 is the spatial volume, and is the linear dimension in the three spatial directions.
The trace in Eq. (2.1) is over all the states of the Hilbertcsp®P) is the projector onto those
states with total momentum, andH is the Hamiltonian of the theory. If we introduce the paotit
function

(2.1)

Z(z) = Tr{e"LoH P2y (2.2)

in which states of momentumare weighted by a phas#Z, and we use the standard group theory
machinery (see Refs. [8, 9] for a detailed discussion ofghigt) it easy to show that

R(p) = % /d3ze‘ip'ZZ(z) . (2.3)



Thermal momentum distribution Leonardo Giusti

The generating functioK (z) of the cumulants is defined as

eﬂﬂ:ézéwmm, (2.4)
P
and the cumulants are given by
aan aan 52n3 K(Z)
— ny+nz+nz+1
k\{/2n1,2n2,2n3} _ (_1) LT aﬁnl azgnz dzéne' V Z:O’ (25)

where they have been normalized so as to have a finite limihwhe»> . The shifted partition
functionZ(z) can be expressed as an Euclidean path integral with the &g#fysng the boundary
conditions

(Lo, x) = £¢(0,x+ 2) (2.6)

with the + (—) sign for bosonic (fermionic) fields respectively. From E(&3) and (2.4), the
generating function can thus be written as the ratio of pamtfunctions
—K(z) Z(Z) (27)

e ==
Z b

i.e. two path integrals with the same action but differentirmtary conditions, and the cumu-
lants can be obtained by deriving it with respect to the glafameter an appropriate number of
times. Being the cumulants the connected correlation fomstof the charges associated to the
translational invariance of the theory, the functiokd) and the momentum distributidR(p) are
ultraviolet finite, see Refs. [6, 7] for a comprehensive aésion of this point.

2.1 Extension to thelattice

When defined on a lattice, the theory is invariant under aefissubgroup of translations and
rotations only, the momenta are quantized, and the comtinls are broken by discretization
effects. Generic lattice definitions of the energy-momentansor, as well as the corresponding
charges, require ultraviolet renormalization. It is ghidissible, however, to factorize the Hilbert
space of the lattice theory in sectors with definite conseteeal momentum. The formula for the
lattice projector is given by

£ a —ip-z 4Pz

P@:VZepép (2.8)
where the sum is over all the lattice points. Since only ptalsstates contribute to the symme-
try constrained path integrals in Eq. (2.1) wHen# 0, the lattice momentum distributidR(p) is
expected to converge to the continuum universal one wittteineed for any ultra-violet renor-
malization. The definition of the cumulants in Eq. (2.5) iggtapplicable at finite lattice spacing,
provided the derivatives are replaced with their discretenterpart, and no additive or multiplica-
tive ultraviolet-divergent renormalization is neededtiking the continuum limit.

2.2 Extension to other symmetries

The factorization of the Hilbert space into sectors whosgesthave definite transformation
properties under a symmetry of the lattice theory is moreegaly applicable than just for trans-
lations. For a generic discrete group, the cubic rotatioansnistance, the projector onto the states
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which transform as an irreducible representafiois given by
A n, 9 A . .
P = 3 Xt F@mle = o).
1=

whereny, is the dimension of the representatigrthe order of the group((“)(%) the character of
the irreducible representation for the group elenﬁir,landf(%) is the representation of the group
element onto the Hilbert space. The generalization to aramnin symmetry, such as for instance
the baryonic number, is straightforward. The connectedetation functions of the corresponding
charges can be extracted from the symmetry constrainedimpizirals, defined analogously to
Eq. (2.1), by studying the response of the system to the pggophosen twist in the boundary
conditions [9].

3. Continuum Ward identities and connection to thermodynamics
In the continuum theory the invariance under space-timestaéions implies the Wis

n

1=
whereQ; is a generic local field)}O; is its variation under the local transformation parameésti
by &,(2) = sv5(4)(z— X), and T,y is the energy-momentum tensor (see Ref. [7] for unexplained
notation). By choosing, = k& (N0 summation ovek), Too(X') as interpolating operator, the
WIin Eqg. (3.1) and translational invariance lead to

35 (oo Tac0@))e = & (T Toob e T = [ T] ] w9 (22
p#0,

By choosinge, = dy0¢o, %OK(xz) as interpolating operator, and thanks to translationadriamce
and the symmetry ofg, the Wl in Eq. (3.1) gives

% (Too(x) Tok())e = 3 (T M) Tok 0P e - (3.3)

By putting Egs. (3.2) and (3.3) together we arrive to

3 { (Tok0®) Tox)e = (T0®) Too(x))e } = 0. (3.4)

By integrating inxﬁ, while keeping all insertions at a physical distanx{ga(ll different), we obtain

{ (Tac08) Toc0@))e— (Too0) T8 | = L { (Tok0) Tk 0o = (Too¥!) T ¥) )c } » (3.5)

whereT o (Xo) = [ d3 Tok(X). If we remember that in the Euclidean the momentum operagmsm
to Px — —iT ok, the pressure maps = (Ti), and if we note that the r.h.s. of Eq. (3.5) vanishes
in the thermodynamic limit, we arrive to infinite-volume agbn

17}
_ T2
k{07o72} =T T P. (36)
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Combined with the infinite-volume WA= % p, wheresis the entropy density, it leads to [6, 7]

1 12
5=~ im deZan({OOz})‘ N (3.7)

By following an analogous derivation, it is possible to shitwat the specific heat is given by [7]

4 2

cV—VILmé $4§—24+%§—22} '”Z({O’O’Z})‘Z:o' (3.8)
The last two equations make clear that the response of thigigrafunction to the shifiz is gov-
erned by basic thermodynamic properties of the system,latdte potentials entering the equa-
tion of state of the thermal theory can be extracted by rathmple formulas. Crucially the con-
vergence to the thermodynamic limit is exponentiaMh, whereM is the lightest screening mass
of the theory [7].

4. Numerical computation

We have tested the numerical feasibility of the computati@trategy presented above in the
SU(3) Yang—Mills theory. The lattice theory is set up on atéirfour-dimensional lattice with a
spacinga and periodic boundary conditions in the space directians.discretized by the standard
plaquette Wilson action

U] ZQ%Z Z [1——ReTr{UW( )}] , (4.1)

where the trace is over the color index, apds the bare coupling constant. The plaquéttg (x)
and the path integraf are defined as usual. The most straightforward way for coimguhe
cumulant generator is to rewrite it as

1 2(z,n)
4.2
r!)gzrl_u (4-2)

where a set ofn+ 1) systems is designed so that the relevant phase spaces eksiecpath
integrals overlap, and tha¥'(z,ro) = Z(z) and 2 (z,r,) = Z. The path integrals of the interpolating
systems that we have implemented are defined as

Z(z,r) = / DU DUg 1y /a) 1 € VY4, (4.3)

whereUy /a1 IS an extra (8 temporal link assigned to each point of th&o/a) — 1) time-
slice. The action of each system is

U, Uq,r] = SU] + g(l— r }R ReTr{UOk((Lo/a) ~1,x) — Ua((Lo/a) — 1, x)} . (44

with the extra space-time plaquette given by

Ua((Lo/a) — 1,%) = Ua((Lo/a) — 1,X)Uk(0,x+2) U] ((Lo/@) — 1,x+k)U{((Lo/a) — 1,x) . (4.5)
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Lat 6/g3 Lo/a L/a (5%  ro/a K(z) ‘ZTfT(?LS
A, 59 4 12 2 448(5) 17.20(11) 5.10(3)
A 5.9 4 16 2 448055 4071(15) 5.08919)
A, 6024 5 16 2  $86) 130510) 4.984)
A; 6137 6 18 3 @97 7.328)  4.886)
A;, 6337 8 24 4 @69 43216 51219
As 6507 10 30 5 1R9(11) 26217)  4.9(3)
B. 6572 4 12 2 12812 2222(11) 658@3)
Bia 6572 4 16 2 12812 5347(16) 6.684(20)
B, 6747 5 16 2 18415 1711(15 6.53(6)
B 6883 6 18 3  1814(18) 9.61(9)  6.40(6)
B, 7135 8 24 4  26(3) 542017 6.42(20)
Bs 7325 10 30 5  30(4) 33218  6.1(3)
C. 7234 4 16 4  2M(3) 574425 7.183)
C, 7426 5 20 5  3&(4) 3654  7.138)
Cs 7584 6 24 4  4U(B) 2474 69412

Table 1: Lattice parameters and numerical results veith (0,0, 2a).

If the "reweighting” observable

OU, i) = @V Va8 Lt (4.6)
is defined, then
Z(zr) _
P (OU.risa])y, , (4.7)
and the entropy can be computed as
2 "1 Z@zn)
=—— S in|—/—2>2"2 4.8
S 727213 i;) : [&W(z,riﬂ)} ’ (4.8)

with z= (0,0, n;a) and with the integen;, being kept fixed whea — 0.

5. Resultsand conclusions

Our goal is to show that the entropy density can be computéukithermodynamic and con-
tinuum limit by using Eq. (4.8). To this aim we have calcuthtbe entropy at three temperatures,
1.5, 4.1 and 9.Z., see Table 1 for the numerical results. The update algoritbed is a standard
combination of heatbath and over-relaxation sweeps. Theabhranges over the standard algo-
rithm reside (a) in the computation of the extra “staplesit thetermine the contribution to the
action§U, Uy, r] of a given link variabldJ, (x), and (b) in the more frequent updating of the two
time-slices on which the observab®U,r; 1] has its support. The bare couplig@ was tuned
using the data of Ref. [10] in order to match lattices of d#fe Lo/a to the same temperature.
Motivated by a study of the free case, we choge= 2. A comparison of the values sffor the
latticesA; andAq,, and B, and By, indicates that finite-volume effects are very small or rgggle
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Figure 1. Scaling behavior 0§/T3, see Eq. (4.8). The Stefan-Boltzmann value is also displaye

within our statistical errors for these lattices. The bétawof the entropy density as a function of
the lattice spacing is displayed in Figure 1. Cutoff effents clearly quite mild. For illustration in
the same plot we show a linear extrapolatiorafrfor the two lower temperatures where we have
enough points. The corresponding intercepts aré(8) and 630(9) at 15 and 4.1 respectively,
where the errors are statistical only. These results piogentimerical feasibility of the strategy
discussed in the previous sections for computing the epidepsity of the SU(3) Yang—Mills the-
ory. Itis also worth noting that, even though the stati$teraors for the most expensive runs at
Lo/a= 8,10 are still quite large for a solid continuum extrapolafitire continuum-limit results at
1.5 and 4.1 are compatible with the best published ones [11, 12].

| thank Harvey B. Meyer for the intense and productive callalion over the last year which
led to the results discussed here. Many thanks to the omgyanit the conference for their work,
and for giving us the possibility to discuss physics in suetoaderful place.
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