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We discuss the chiral properties of N f = 2 QCD in presence of a strong magnetic field, as they
emerge from lattice numerical simulations in the low temperature regime. We focus on magnetic
catalysis, i.e. the increase of chiral symmetry breaking induced by the background field. We
show that a substantial contribution to magnetic catalysis comes from the modified distribution of
non-Abelian gauge fields, induced by the magnetic field via dynamical quark loop effects.
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1. Introduction

|e|B = 6πb/lx ly = 6πba−2 /Lx Ly

(1.1)

where b is an integer, i.e. it can be changed by integer multiples 6πa−2 /Lx Ly ' (180 MeV)2 . The
presence of an ultra-violet (UV) cutoff imposes also an upper limit on the possible values of B,
since we cannot distinguish magnetic fields giving the same phase factor, modulo 2π, to a particle
moving around the minimum closed path on the lattice, i.e. the plaquette: all physical quantities
are periodic in qB with a period 2π/a2 . We can therefore define a sort of "first Brillouin zone"
−π/a2 < qB < π/a2 , i.e. −Lx Ly /2 < b < Lx Ly /2. Symmetry under b → −b further reduces the
range of interesting values of b. One expects the periodicity to induce saturation effects which
could affect lattice results.
The purpose of our investigation is to study the dependence of the chiral condensate on the
magnetic field and to compare it with existing predictions. Moreover we want to understand which
part of magnetic catalysis is a purely tree level effect, due to the fact that quarks propagate in a
modified background obtained by adding the U(1) field to the non-Abelian gauge configurations,
and which part is due to a modification of the non-Abelian fields themselves, induced by the loop
effects of dynamical quarks coupled to the magnetic background. Both effects can in principle
modify the spectrum of the Dirac operator, leading to an increase of the chiral condensate.
In presence of a non-zero B we can define two different condensates
∂ log Z
Σu/d (B) ≡
|m =m =
∂ mu/d u/d

Z


DUP[m,U, B]Tr M −1 [m, B, qu/d ]

(1.2)

where M is the fermion matrix, depending on B and on the quark mass and charge, and the func1
1
tional integral measure is P[m,U, B] ∝ det M 4 [m, B, qu ]det M 4 [m, B, qd ]e−SG .
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The study of strong interactions in presence of very intense magnetic background fields has revealed to be of great interest, going from the study of cosmological transitions, to the phenomenology of heavy ion collisions and of compact astrophysical objects such as magnetars. There has
been an increasing number of related lattice studies, mostly dedicated to the investigation of the
fate of the deconfinement transition in presence of a background chromo-magnetic [1, 2] or magnetic [3, 4] background field, and to the study of the chiral magnetic effect [5].
In the present study we address the issue of magnetic catalysis, i.e. the enhancement of chiral
symmetry breaking induced by the magnetic field, a phenomenon predicted from different low
energy models and approximations of QCD [6, 7, 8, 9, 10, 11, 12]. Previous lattice studies have
considered the effect of the magnetic field on quenched configurations [13, 14]. Instead we consider
full QCD with two dynamical flavors carrying different electric charges, corresponding respectively
to the u and d quark charges, and coupled to a background constant and uniform magnetic field.
We have considered a symmetric lattice, Lx = Ly = Lz = Nt = 16, with periodic boundary
conditions in space and thermal conditions in the time, a bare quark mass am = 0.01335 and an
inverse gauge coupling β = 5.30. According to scale estimates reported in Ref. [3], that corresponds to a lattice spacing a ' 0.3 fm, a (Goldstone) pion mass mπ ' 200 MeV and a temperature
T = (Nt a)−1 ' 40 MeV. We have made use of an RHMC algorithm to simulate rooted staggered
fermions. Numerical simulations have been performed on the apeNEXT facilities in Rome.
We have explored different values of |e|B, which on a torus is quantized according to
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In the following we shall make use of the relative increment of Σ, which is defined as:
ru/d (B) ≡

Σu/d (B)
Σu/d (B) − Σ(0)
−1 =
Σ(0)
Σ(0)

(1.3)

Σval
u/d (B) ≡

Z


DUP[m,U, 0]Tr M −1 [m, B, qu/d ] ,

(1.4)

the "dynamical" one, deriving purely from the change in the measure:
Σdyn
u/d (B) ≡

Z


DUP[m,U, B]Tr M −1 [m, 0, qu/d ] .

(1.5)

val/dyn

and from them the corresponding quantities Σval/dyn , ru/d , rval/dyn .
On general grounds we may expect that, in the limit of small fields, B acts as a perturbation

for both the measure term P[m,U, B] and the observable Tr M −1 [m, B, qu/d ] in Eq. (1.2). In this
case one can show [15] that
Σu/d (B)
dyn
val
− 1 = ru/d
(B) + ru/d
(B) + O(B4 ) .
Σ(0)

(1.6)

Therefore, at least in the limit of small fields, the separation of magnetic catalysis in a valence part
and in a dynamical part is a well defined concept.
A full account of our results and more details about our implementation of QCD in presence
of a background magnetic field can be found in Ref. [15].

2. Results
In Fig. 1 we report results for the normalized condensates Σu/d (B)/Σ(B) (i.e. 1 + ru/d (B))
over the whole range of possible independent values of B, i.e. for b/(Lx Ly ) ranging from 0 to 1.
Saturation effects, which are present for large values of B, are clearly visible from Fig. 1: one
should keep b/(Lx Ly ) well below 0.1 in order that such effects stay negligible.
Notice that the u quark condensate shows an approximate periodicity in B which is halved with
respect to the d quark. That comes from the fact that |qu | = 2|qd | and is only approximate since
instead the measure term has the usual periodicity.
3
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and for which most renormalizations affecting the definition of Σ cancels out. The magnetic field,
contrary to the quark mass, does not break explicitly all chiral symmetry generators (γ5 τ3 is preserved); assuming that the additive mass dependent renormalization of Σ has a negligible dependence on B, at least for B well below the UV cutoff, such renormalization will cancel out in the
numerator of Eq. (1.3). A residual additive renormalization remains in the denominator, leading to
an incorrect overall normalization of r(B), which one can estimate, in our case, to be O(10%) [15].
We shall make use of flavor averaged quantities as well, Σ(B) = (Σu (B) + Σd (B))/2 and
r(B) = Σ(B)/Σ(0) − 1 = (ru (B) + rd (B))/2. Both Σu (B) and Σd (B) are, by charge conjugation
symmetry, even functions of B; moreover they are periodic in B, or equivalently in b with a period
Lx Ly .
We define also the "valence" contribution, deriving purely from the change in the observable:
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Figure 1: Normalized u and d quark condensates as a function of the magnetic field for the whole range of
independent possible values of B. Data for b/(Lx Ly ) > 0.6 have been obtained by enforcing the expected
symmetry under b/(Lx Ly ) → 1 − b/(Lx Ly ). We also report two curves corresponding to best fits in the small
field region, to better show the presence of saturation effects.

In Fig. 2 we report the functions r(B), rval (B), rdyn (B) (see Eqs. (1.4) and (1.5)) and their sum,
in order to appreciate the amount of magnetic catalysis caused by the modified distribution of
gauge fields induced by the coupling of dynamical quarks to the magnetic field. We have limited
our analysis to b ≤ 16, for which saturation effects do not play a significant role.
The first thing that we notice is that the dynamical and valence contributions are roughly
additive: their sum gives back to full signal, in the range of fields shown in the figure. The additivity,
which is expected in the limit of small fields, is verified within errors for b ≤ 8 (|e|B ≤ (500 MeV)2 ),
while small deviations appear beyond. Once clarified that it is sensible, in the explored range of
fields, to divide magnetic catalysis into a valence and a dynamical contribution, from Fig. 2 we
learn that the dynamical one is roughly 40% of the total signal, at least for the discretization and
quark mass spectrum adopted in our investigation; hence quenching effects, which are typically of
the order of 20%, may be larger in the case of magnetic catalysis.
One of the purposes of our investigation is to compare our results with various analytic predictions. One of the first was based on the analysis of the Nambu - Jona-Lasino model [7] and
predicted a quadratic increase of the condensate as a function of the magnetic field, i.e. r(B) ∝ B2 .
The first prediction based on chiral perturbation theory has been proposed in Ref. [9], leads to
r(B) = log(2) |e|B/(16π 2 Fπ2 ) and is valid only in the chiral limit, i.e. mπ = 0, and for |e|B  Λ2QCD .
The authors of Ref. [11] have gone beyond the limitation mπ = 0, presenting a χPT computation
which is valid for generic values of m2π /(|e|B), even if still for |e|B  Λ2QCD ; the prediction is:
log(2) eB
r(B) =
IH
16π 2 Fπ2



m2π
|e|B






y
1
1+y
; IH (y) =
log(2π) + y log
− 2 log Γ
. (2.1)
log 2
2
2

A range of other possible behaviors, including a power law dependence, has been predicted by
means of the AdS/CFT correspondence.
4
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Figure 2: Relative increment of the average of the u and d quark condensates as a function of the magnetic
field. We report separately r(B), rval (B), rdyn (B) and rval (B) + rdyn (B).

Existing lattice determinations have reported a linear behaviour for SU(2) pure gauge theory [13] and a power law behavior r(B) ∝ Bν (with ν ∼ 1.6) for the SU(3) pure gauge theory [14].
In Fig. 3 we report the relative increment of the u and d condensates and of their average in
a restricted region for which we expect that saturation effects are not important. It is apparent by
eye that a linear behavior badly fits with our data, giving unacceptable values for the χ 2 /d.o.f. test
(e.g. χ 2 /d.o.f. ' 190/6 for 1 ≤ b ≤ 7). This is expected, since in our case mπ 6= 0.
Next we have tried to check if a quadratic behavior r(B) = (|e|B/Λ2B )2 fits better, at least for
small enough fields. For b < 8, i.e. |e|B < (500 MeV)2 , the quadratic fit looks good and stable,
with ΛB ∼ 900 MeV.
We have then tried to fit our data with the prediction of Ref. [11], as reported in Eq. (2.1). We
have obtained reasonable fits only if both mπ and Fπ are treated as independent free parameters.
Typical values of the fit parameters are mπ ∼ 300 − 400 MeV and Fπ ∼ 60 − 70 MeV. The fitted
pion mass is somewhat larger than the value obtained, with the same discretization settings, by
measuring meson correlators, i.e. mπ ∼ 200 MeV [3]: one possible explanation is in the explicit
flavour symmetry breaking induced by the staggered discretization: the three pions are not degenerate in mass and what is determined by meson correlator measurements is just the lowest pion
mass. Regarding Fπ , since it enters Eq. (2.1) only in the prefactor, its value is surely affected by the
systematic uncertainty in the overall normalization factor for r(B), which is of the order of 10%.
One should also take into account that the χPT prediction of Ref. [11] has been obtained in the low
energy limit |e|B  Λ2QCD , a condition which is violated in our explored range of fields.
We have verified that other two-parameter functions, which allow to fix independently the
curvature at B = 0 and the asymptotic linear behavior for larger fields (like Eq. (2.1) when Fπ and
mπ are treated as independent parameters) work equally well. For instance the function
r(b) = c0 b atan(c1 b)

(2.2)

fits well in the whole range of explored fields, bmin = 1 and bmax = 16, with c0 = 0.0136(2),
c1 = 0.140(5) and χ 2 /d.o.f. ' 0.77.
5
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Figure 3: Relative increment of the quark condensate as a function of the magnetic field. We report separately data for the u and d quarks as well as for the average of the two, together with a best fit to Eq. (2.1).

To compare with the analysis performed in Ref. [14], we have also investigated if a power
law behaviour r(B) = (|e|B/Λ2B )ν can fit our data. Reasonable fits are obtained only for a range of
fields including b = 8: values obtained for ν in this range are roughly compatible with ν = 2.

3. Conclusions
In this work we have probed N f = 2 QCD with an external uniform magnetic field. We have
studied the phenomenon of magnetic catalysis, i.e. the breaking of chiral symmetry as a function
of the test field, by means of numerical lattice simulations.
The main result we have shown is that, in the range |e|B ∈ [(180 MeV)2 ; (700 MeV)2 ], it
is possible to divide magnetic catalysis into two contributions. The dynamical one comes from
the modified distribution of non-Abelian gauge fields, induced by dynamical quark loop effects.
The valence one comes from the effect of the magnetic field on the valence quarks and can be
determined by measuring the condensate on gauge configurations sampled with the unmodified
distribution. The first term, which is missed by quenched or partially quenched studies, accounts
for about 40% of the total increase in the quark condensate.
Regarding the dependence of the condensate on the magnetic field, we have shown that a
quadratic behavior, which is expected in the limit of small magnetic fields, describes well our data
for |e|B up to ∼ (500 MeV)2 . The χPT prediction of Ref. [11] fits data over a wider range, but only
if the pion decay constant and mass are treated as independent free parameters.
We address to further studies the possibility to improve the simulation in order to overcome
the problems we had to deal with. In particular an improved lattice action formulation and a finer
spacing a would allow to check for lattice artifacts, to test the correct scaling to the continuum
limit of our results and to explore larger values of the magnetic field. Instead larger spatial volumes
would allow for a finer quantization of |e|B and for a better investigation of the small field region.
It would be also interesting to explore different choices of the quark mass spectrum, in order to see
6
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how the separation of magnetic catalysis into a dynamical and a valence contribution depends on
the dynamical quark masses.
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