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An important expectation from any theory of quantum gravity, is whether it provides insights
on the problem of classical singularities, which according to the theorems of Penrose, Hawking
and Geroch are the generic features of general relativity (GR) [1]. A simple example of such a
singularity, is the big bang singularity, which occurs for all matter satisfying weak energy condition (WEC) if we evolve an expanding branch of the Friedmann-Robertson-Walker (FRW) universe
backward in time. As the singularity is approached, curvature invariants diverge and geodesic evolution breaks down. When spacetime curvature is in the Planck regime, one expects that quantum
properties of spacetime would become significant leading to a resolution of space-like singularities.
New physics from such a theory of quantum spacetime or quantum gravity is not only expected to
shed insights on the generic resolution of singularities, but also provides an invaluable opportunity
to answer various fundamental questions associated with the physics of the early universe, such
as: Is the spacetime beyond the big bang foamy or classical? At what scales does the classical
spacetime emerges? What are the implications for the probability for inflation to occur? What are
the signature of new physics in the cosmic microwave background? and so on.
Loop quantum cosmology (LQC) is a background independent non-perturbative quantization
of homogeneous cosmological spacetimes, based on loop quantum gravity (LQG) [2, 3, 4, 5] (See
lectures by Giesel and Sahlmann for a detailed introduction to the methods of LQG in this proceedings [6]). LQC began with seminal works of Bojowald which indicated resolution of singularities at a kinematical level of the quantum theory [7, 8]. A rigorous development of these ideas
commenced with the work of Ashtekar, Bojowald and Lewandowski [9]. A first complete quantization of a cosmological spacetime in LQC, in the sense of availability of physical Hilbert, a
family of Dirac observables and detailed physical implications, was performed for the quantization of the flat (k = 0) isotropic model sourced with a massless scalar field [10, 11, 12]. As in
LQG, the elementary variables in LQC are the holonomies of SU(2) connection and fluxes of triads
(which due to homogeneity assumption turn out to be proportional to triads). The resulting quantum geometry in LQC, as in LQG, is discrete. This is in contrast to the Wheeler-DeWitt quantum
cosmology, based on continuum differentiable geometry. Unlike, the classical theory where all
the solutions in this model are singular, and the Wheeler-DeWitt quantum cosmology, which fails
to resolve the big bang singularity, in LQC, evolution via the quantum Hamiltonian constraint is
non-singular, leading to a bounce of the universe when energy density reaches a maximum value,
ρ = ρmax ≈ 0.41ρPlanck . The robustness of bounce, first observed in various numerical simulations
performed in Ref. [10, 11, 12], has been established by using an exactly soluble model (sLQC)
[13], where the bounce is proved to occur for a dense set of states in the physical Hilbert space.
The energy density at which bounce occurs in numerical simulations with states which correspond
to macroscopic universes at late times, agrees with the supremum of the expectation values of the
Dirac observable corresponding to energy density, in the physical Hilbert space of sLQC. Further,
sLQC has also provided insights on the behavior of fluctuations across the bounce, which turn out
to be tightly constrained, thus preserving semi-classicality, and showing that a semi-classical state
before the bounce evolves to a semi-classical state after the bounce and vice versa [14, 15, 16].
sLQC has also led to insights on spin foam models using path integral approach [17, 18, 19] and
on applications of consistent histories approach to quantization of spatially flat isotropic models
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[20, 21, 22]. These developments have been supplemented with the important results on mathematical aspects of these models [23, 24, 25, 26].

Due to space limitations, it is not possible here to discuss many of the above interesting results
obtained by various authors. For a detailed discussion of various results, we refer the reader to
the following reviews which cover various developments in the field [27, 55, 56, 57, 58]. The
goal of this article is not to review above results, but rather to demonstrate basic techniques and
results for the simplest model in LQC, a spatially flat model sourced with a massless scalar field
as first performed in Refs. [10, 11, 12], and the corresponding exactly soluble model [13]. Since
techniques developed for this model, have been used for various other models, the analysis and
discussion in this manuscript provides a useful framework to understand the way loop quantization
is performed for more general homogeneous cosmological models. In Sec. II, we discuss the
classical theory and the loop quantization of the spatially flat model with a massless scalar field
and discuss some of the physical implications using the volume representation. In Sec. III we
discuss the the way, spatially flat isotropic model can be solved exactly in the b representation
(conjugate to volume representation), and discuss the genericness of bounce and supremum of the
energy density [13]. We summarize the main results with a discussion.
3
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Using the simplifications due to the underlying symmetries of the homogeneous spacetimes,
the quantization program of LQG has been successfully carried out in LQC for various cosmological spacetimes in recent years by various groups, and important insights on answers to above
questions have been obtained (for an up to date extensive review, see [27]). In particular, complete
quantization has been performed for spatially flat isotropic models sourced with positive cosmological constant [29, 28], negative cosmological constant [30], inflationary potential [31], spatially
closed [32, 33] and open [34, 35] models with a massless scalar field, and anisotropic models
[36, 37, 38, 39]. In all these models, initial singularity is shown to be resolved, which is a direct
ramification of the non-local nature of the field strength of the connection in the quantum theory. Interestingly, for states which evolve to a macroscopic universe at late times, the results of
singularity resolution and the new physics at the Planck scale can be captured using an effective
spacetime description resulting from effective Hamiltonian [40, 41, 42]. The effective dynamics
captures the underlying quantum evolution to an excellent accuracy for various models in LQC
[11, 12, 33, 28, 30, 43, 44], and has been used to study detailed physical implications of loop
quantization of cosmological spacetimes. As an example, using effective spacetime description,
singularity resolution in LQC can be understood occurring due to bounds on the growth of spacetime curvature, which plays a conjugate role to geometry [45, 46, 47], and insights on the generic
resolution of strong singularities and geodesic extendability in flat isotropic [45, 48] and Bianchi-I
models [46] have been obtained. Effective equations have also been used to gain insights on constraining quantization ambiguities [49, 50], and have been used to explore the physics of Gowdy
models [51]. A lot of activity is devoted to applying effective equations to understand the signatures
of quantum geometry in cosmological perturbations [52]. Going beyond the effective treatment, in
this direction, promising progress has been made to understand the effects of quantum spacetime,
using the analysis of [53], on primordial perturbations [54].
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2. Loop quantum cosmology: Spatially flat isotropic model

2.1 Classical theory
We consider spatially flat k = 0 Friedmann-Robertson-Walker (FRW) model with a noncompact spatial manifold Σ = R3 , with a spatial metric: qab = a2 q̊ab , and the spacetime metric
given by
(2.1)
ds2 = −N 2 dt 2 + a2 (dx21 + dx22 + dx23 ) .
Since the spatial manifold is non-compact, in order to define the symplectic structure we need to
introduce a fiducial cell V . This cell will be chosen as a cubical one, with volume Vo with respect
to the fiducial metric q̊ab on the spatial manifold. The physical volume of the cell is given by
V = Vo a3 .
In geometrodynamics, the gravitational phase space variables are the scale factor a and its
conjugate pa = −aȧ, where a ‘dot’ denotes derivative with respect to the proper time t. These
πG
. If the matter is considered as scalar fields, the phase space variables
variables satisfy {a, pa } = 43V
o
are φ and its momentum pφ , which satisfy {φ , p(φ ) } = 1. On the other hand, in LQC, phase
space variables for the gravitational sector are obtained from the symmetry reduction of the phase
space variables in LQG: the SU(2) connection Aia and the triad Eia . Given the symmetries of FRW
spacetime, it is possible to express Aia and Eia such that [9],
p −2/3 a
−1/3 i
Aia = cVo
ω̊a , Eia = p q̊ Vo
e̊i .
(2.2)
Here e̊ai and ω̊ai are the fiducial triad and co-triad compatible with q̊ab . The symmetry reduced
connection and triad variables satisfy
{c, p} =

8πγ G
.
3

(2.3)

Here γ ≈ 0.2375 denotes the Barbero-Immirzi parameter, whose value is fixed by the black hole
thermodynamics in LQG. The triad is related kinematically to the the metric variables as |p| =
2/3
Vo a2 , where the modulus sign arises due to two possible orientations of the triad. The relationship
of the connection with the metric variables is dynamical and can be derived from the Hamiltonian
constraint. If matter is chosen as a massless scalar field, the classical Hamiltonian constraint is
given by
p2(φ )
1
3
2
2
(2.4)
|p| c +
Ccl = −
3 ≈ 0
8π G γ 2
2|p| 2
4
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The goal of this section is to discuss the quantization of cosmological spacetimes in LQC
using spatially flat isotropic model with a massless scalar field as an example. It is based on the
works in Ref. [12, 13]. This model provides a stage to understand various subtleties with loop
quantization in detail, such as the way matter degree of freedom is successfully used as an internal
clock, inner product and Dirac observables can be introduced, and physics at the Planck scale can
be extracted. We start with the discussion of the classical phase space in Ashtekar variables. We
then discuss the quantum kinematics and the way quantum difference equation emerges from the
quantum constraint and summarize the main features of new physics. We conclude this section,
with a brief discussion of the effective spacetime description obtained from this model.

Loop quantum cosmology: a brief introduction

Parampreet Singh

1/3

Using the Hamilton’s equation for p, one obtains: c = γVo ȧ on the physical solutions of the
classical theory. Substituting c in terms of time derivative of the scale factor and using the vanishing
of the Hamiltonian constraint, along with the definition of energy density ρ (equal to p2(φ ) /(2|p|3 )),
one obtains the classical Friedmann equation:
ȧ2
8π G
ρ,
(2.5)
=
2
a
3
where H denotes the Hubble rate. In a similar way, using Hamilton’s equation for c, we are led to
the Raychaudhuri equation
ä
4π G
=−
(ρ + 3P)
(2.6)
a
3
where P denotes the pressure of the matter field (in the case of massless scalar it equals ρ ). Friedmann and Raychaudhuri equation imply the following conservation law:
H 2 :=

(2.7)

For matter with a fixed equation of state w = P/ρ , such as a massless scalar (w = 1), this equation
can be easily integrated and one obtains ρ ∝ a−3(1+w) . Thus, for the case of a massless scalar field,
energy density diverges as 1/a6 as a → 0, leading to a big bang singularity.
It turns out that by canonically transforming to another set of phase space variables, (b, v), the
quantum theory and resulting physical implications becomes much simpler to analyze. These are
defined as
3
|p| 2
c
,
v
:=
sgn p
(2.8)
b :=
1
2π G
|p| 2
which satisfy {b, v} = 2γ . The variable v is related to the physical volume as v = ε V /(2π G)
where ε = ±1 depending on the orientation of the triad. In terms of (b, v) variables, the classical
Hamiltonian constraint, for N = 1, can be written as
Ccl = −

p2(φ )
3 2
b
|v|
+
≈ 0.
4γ 2
4π G|v|

(2.9)

Hamilton’s equation for v results in the relation b = γ ȧ/a. Thus, in the classical theory, b plays the
role of Hubble rate, and is a measure of spacetime curvature.
The variables (b, v) satisfy an important property – they are invariant under the rescaling of
the fiducial cell V .1 This can be seen as follows. Under the freedom of the fiducial cell, V → V ′
such that Vo′ = α 3 Vo . The connection and triad variables (c, p) transform under this freedom as:
c → α c and p → α 2 p.

(2.10)

It thus follow from (2.8), that under the rescaling of the fiducial cell: b → b and v → v. This is
important to note because physical predictions must remain invariant under the choice of fiducial
cell. It turns out that for the isotropic model, the resulting physics is invariant under rescaling of
fiducial cell, only when loop quantization is based on b and v variables [49]. Similar considerations
have been applied to the Bianchi models, which have led to the insights on the viability of different
allowed quantizations [43, 50].
1 The

phase space variables (b, v) as well as (c, p) are invariant under another freedom – the freedom to rescale the
fiducial metric: q̊ab → l 2 q̊ab . See, Ref. [27] for details.

5
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ρ̇ + 3H(ρ + P) = 0 .

Loop quantum cosmology: a brief introduction

Parampreet Singh

2.2 Quantum theory
The quantization of the classical theory proceeds as in LQG. The elementary variables for
the quantization are the holonomies of the connection Aia and flux of the electric field Eia . Due to
underlying symmetries, holonomies can be computed along the edges of the cell V . The holonomy
1/3
of the connection c along an edge µ e̊ak with length µVo , becomes
(µ )

hk

= cos(µ c/2)I + 2 sin(µ c/2)τk

(2.11)

p̂|µ i =

8πγ ℓ2Pl
µ |µ i
6

(2.13)

where ℓPl = (Gh̄)1/2 is the Planck length. In this representation, the action of N(α ) is as a shift
operator: N̂(α ) |µ i = |µ + α i. Using this, we can find the action of the holonomy operator, which
turns out to be
1
1
(α )
b
hk |µ i = (|µ + α i + |µ − α i) I + (|µ + α i − |µ − α i) τk .
2
i

(2.14)

We now turn to the Hamiltonian constraint. For a continuity with the results in Sec. III, we
would choose to work with lapse N = a3 . The reason for this choice is tied to the observation
that the flat, isotropic model sourced with a massless scalar field in LQC with the choice of lapse
N = a3 can be solved exactly by going to the b representation [13], and robustness of bounce can
be proved in a rigorous way for all the states in the physical Hilbert space. Also, this choice of
lapse corresponds to the harmonic time (τ ), satisfying τ = 0, which is naturally suited for the use
of massless scalar field as an internal clock, as considered here. For the lapse N = a3 , using the
elementary variables, the gravitational part of the Hamiltonian constraint,
Cgrav = −γ
2 The

−2

Z

V

E ai E b j i
d3 x N, εi jk p
Fab
| det E|

(2.15)

procedure mimics the one in the full theory (see Ref. [6] in this proceedings), where the algebra of holonomy
and flux operators leads to a unique representation [60, 61]. Recently, the uniqueness of representation has been shown
in the context of the Bianchi-I model in LQC [62].

6
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where τk = −iσk /2, and σk are the Pauli spin matrices. The flux of the electric field is computed by
smearing by constant test function across a square tangential to the e̊ai . It turns out to be proportional
to p. The elementary variables for quantization, thus turn out to be p and Nµ := exp(iµ c/2), the
elements of holonomies. The latter generate an algebra of almost periodic functions of c. Using
Gel’fand, Naimark and Segal’s construction [59], a representation of this algebra can be obtained.2
The kinematical Hilbert space turns out to be HKin = L2 (RBohr , d µBohr ), where RBohr is the Bohr
compactification of the real line and d µBohr is the Haar measure. The almost periodic functions,
Nµ := exp(iµ c/2) provide an orthonormal basis in HKin , and satisfy hNµ1 |Nµ2 i = δµ1 ,µ2 . Action
of the elementary operators on the states Ψ(c) constructed from the orthonormal basis exp(iµ c/2)
turns out to be,
8πγ Gh̄ dΨ
iα c
N̂(α ) Ψ = exp
Ψ, and p̂ Ψ = −i
.
(2.12)
2
3
dc
This action becomes simpler in the representation, in which the action of p̂ is diagonal. We label
this representation by µ . The action of p̂ on the eigenstates |µ i, can be written as
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can be expressed as
− 13

Cgrav = −γ −2Vo

ε i j k e̊ai e̊bj |p|2 Fab k

(2.16)

However, the limit Ar → 0 does not exist in the quantum theory. This is a direct consequence of
the underlying quantum geometry. The loop can be shrunk only to a minimum area, which is given
√
by the minimum eigenvalue of the area operator. This turns out to be ∆ℓ2Pl where ∆ = 4 3πγ [63].
2/3
Equating this with the physical area of the loop: µ̄ 2Vo a2 = µ̄ 2 |p|2 , and using (2.13), we find that
√
µ̄ is not a constant but satisfies the following relation: µ̄ = (3 3/|µ |)1/2 . Due to this functional
dependence the action of exp i(µ̄ c/2) on states Ψ(µ ) is not a simple translation in the argument
of the wavefunction, but to drag Ψ(µ ) a unit affine parameter along the vector field µ̄ d/dµ [12].
The action simplifies if one works in volume representation. To see this, let us define a parameter
λ := ∆1/2 ℓPl , such that µ̄ c = λ b. One is then interested in the action of exp(iλ b/2) on the states
in the volume representation Ψ(ν ) where we have defined ν = v/γ h̄. Since, λ is a constant, this
action turns out to be a simple translation: exp(iλ b) Ψ(ν ) = Ψ(ν − λ ). In this representation, the
volume operator acts by multiplication:
V̂ Ψ(ν ) = 2πγ ℓ2Pl |ν | Ψ(ν ) ,

(2.18)

and the action of the operator corresponding to the gravitational part of the Hamiltonian constraint
turns out to be
sin λ b sin λ b
|ν |
Ψ(ν ).
(2.19)
Ĉgrav Ψ(ν ) = −24π 2 G2 γ 2 h̄2 |ν |
λ
λ
Before we discuss the action of the above quantum constraint, it is important to note that
in the absence of fermions, a change in the orientation of triads corresponds to a large gauge
transformation generated by a parity operator: Π̂Ψ(µ ) = Ψ(−µ ), which acts either in a symmetric
or anti-symmetric way on the physical states, leading to a super-selection of symmetric and antisymmetric sectors. It turns out that the qualitative features of physics are not affected by the choice
of the either sector. As is customary in LQC, we choose physical states should be symmetric under
the change of orientation of the triad: ΠΨ(ν , φ ) := Ψ(−ν , φ ) = Ψ(ν , φ ). For such states, the action
of total Hamiltonian constraint CH = Cgrav + 16π GCmatt is given by

∂φ2 Ψ(ν , φ ) = −Θ Ψ(ν , φ ) ,

(2.20)

where Θ(ν ) is a positive definite quantum difference operator in ν with step size of 4λ , defined
as[12]:3
Θ Ψ(ν , φ ) := −


3π G 
ν (ν + 2λ )Ψ(ν + 4λ ) − 2ν Ψ(ν , φ ) + (ν − 2λ )Ψ(ν − 4λ ) .
2
4λ

(2.21)

the space of physical states is divided in sectors, labeled by ε , which are preserved
under evolution. This leads to a super-selection. In the following, we restrict ourselves to the sector ε = 0.
3 Since Θ is a difference operator,

7
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where Fab i is the field strength of the connection Aia . It is expressed in terms of holonomies by
1/3
considering a square loop i j with sides of length λ Vo in the i − j plane of the fiducial cell:


( µ̄ )
hi j − 1
k
 τ k ω̊ai ω̊ j , h(µ̄ ) = h(µ̄ ) h(µ̄ ) (h(µ̄ ) )−1 (h(µ̄ ) )−1 .
Fab
= −2 lim Tr 
(2.17)
i
j
i
j
i j
b
2/3
Ar →0
µ̄ 2Vo
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The quantum constraint, for the massless scalar field model, turns out to be of the form of the
massless Klein-Gordon equation in a static space-time, where Θ plays the role of spatial Laplace
operator and φ plays the role of time. Due to this reason, it becomes useful to treat φ as an internal
clock or the emergent time in the quantum theory. The scalar field φ allows us to use the notion
of relational dynamics, measuring the variation of volume (and similarly energy density) in ’time’
φ , via the operator V̂ |φ . Apart from the volume observable, a natural choice for this model is the
momentum of the scale field p(φ ) which is a constant in classical as well as the quantum theory.
LQC
classical
-0.2

-0.4

-0.6

φ

-0.8

-1

-1.2

1*104

0

2*104

v

3*104

4*104

5*104

Figure 1: Expectation values of the volume observable in LQC are plotted. Comparison with trajectory
obtained from GR shows that is an excellent approximation to LQC till the quantum state approaches Planck
scale. The bounce of the volume occurs when expectation value of energy density observable reaches ρmax ≈
0.41ρPlanck .

The physical Hilbert space can be found by the group averaging method [64, 65, 66] (see also
Ref. [26] in the context of LQC). This procedure group involves finding a rigging map η : Ω → Ω∗
where Ω is a dense subspace of the auxiliary Hilbert space. The physical states can then be found
R
by evaluating d ξ hexp(−iξ Ĉ)Ψ′ | where Ĉ is the self-adjoint quantum Hamiltonian constraint and
|Ψi ∈ Ω. The physical Hilbert space which consists of the positive frequency solutions of the
quantum constraint:
p
− i ∂φ Ψ(ν , φ ) = Θ(ν )Ψ(ν , φ ) .
(2.22)
satisfies the physical inner product

(Ψ1 , Ψ2 )phys = ∑ Ψ̄1 (ν , φo )
ν

1
Ψ2 (ν , φo ) .
|ν |

(2.23)

An alternative way to find the above physical inner product is by demanding that the action
of the Dirac observables, p̂(φ ) and V̂ |φ be self-adjoint on the physical Hilbert space. The Dirac
observables of interest are p̂φ and ν̂ |φo : given by
p̂(φ ) Ψ(ν , φ ) = −ih̄

√
∂ Ψ(ν , φ )
, |ν̂ |φo Ψ(ν , φ ) = ei Θ(φ −φo ) |ν | Ψ(ν , φo ) .
∂φ

which are self-adjoint with respect to the physical inner product (2.23).
8

(2.24)

PoS(QGQGS 2011)007

0

Loop quantum cosmology: a brief introduction

Parampreet Singh

This corresponds to the Wheeler-DeWitt equation for this model. Thus, not surprisingly, states in
LQC are peaked on classical trajectories at small spacetime curvature and loop quantum evolution
agrees with the predictions of GR when gravity is weak.
We now briefly discuss extensions of these results to other models. Results of Ref.[12], have
been generalized to include spatial curvature. A rigorous quantization and analysis of physics for
the closed model with a massless scalar field was performed in Refs. [32, 33] and the open model
with a massless scalar field was considered in Ref. [34, 35]. For the k = 1 model, evolution of
states with the quantum constraint has been performed using extensive numerics and as in the
case of the flat model, it was found that bounce occurs when ρ = ρmax , fluctuations remain small
through out the evolution and effective dynamics is an excellent approximation to the underlying
quantum dynamics.5 It is interesting to note that in the closed model, where the evolution is cyclic,
the change in relative fluctuations over a large number of cycles remains negligible [33]. A similar
conclusion holds for another cyclic model – the flat, isotropic model with a negative cosmological
constant – which was quantized in Ref. [30]. More recently, quantization of isotropic model has
been performed for the positive cosmological constant [29, 28] and the φ 2 inflationary scenario [31]
where numerical simulations reveal that the bounce and peakedness properties of the semi-classical
states are robust features in LQC. These results have been supplemented with the analytical studies
in Refs. [14, 15, 16].
4 In

the next section, we will show that by going to the b representation, the model can be solved exactly.
is to be pointed out that in comparison to the spatially flat model sourced with a massless scalar, the closed
model provides a much rigorous test of the infra-red limit. For an earlier quantization of LQC, Green and Unruh found
certain difficulties with the behavior of eigenfunctions at large volumes [67]. These difficulties were resolved in the µ̄
quantization [12].
5 It

9
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Using this structure we can extract predictions from the theory. In the volume representation, one has to rely on numerical simulations.4 In the numerical simulations, one considers a
semi-classical state peaked at a classical trajectory, pφ = p∗φ and ν |φo = ν ∗ , in a large universe at
large φ (late time). The state is then evolved backwards in time using quantum constraint equation
(2.22). One can them compare the expectation values of the Dirac observables with the trajectories obtained from GR. A similar analysis can be performed using quantum constraint in the
Wheeler-DeWitt theory. It turns out that the states in Wheeler-DeWitt theory remain peaked on
the classical trajectory through out the evolution and the initial singularity is not resolved. On the
other hand, results in LQC, turns out to be strikingly different. Numerical simulations with states
which are semi-classical at late times, reveal that the big bang singularity is avoided (see Fig. 1
for an illustrative example of such a simulation). Instead a quantum bounce occurs when energy
density reaches a maximum value, given by ρmax ≈ 0.41ρPlanck . Unlike the classical GR, and the
Wheeler-DeWitt theory, the loop quantum evolution turns out to be non-singular with quantum
bounce joining expanding branch of the universe with a contracting branch (with the same value of
p(φ ) ). The ultra-violet problem of GR is solved by the underlying quantum geometric effects which
manifest themselves in the quantum difference equation (2.22) via the non-local nature of the field
strength operator (2.17). Now let us consider the infra-red limit. At small spacetime curvature, (i.e.
large volume for a fixed value of p(φ ) ) the quantum difference equation, can be approximated by a
differential operator
∂φ2 Ψ(ν , φ ) = 12π G ν∂ν ν∂ν Ψ(ν , φ ) .
(2.25)
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2.3 Effective dynamics
We conclude this section with a brief discussion of the effective dynamics for this model in
LQC. Using the geometrical formulation of quantum mechanics [68], where one treats the Hilbert
space as an infinite dimensional phase space, it is possible to obtain an effective Hamiltonian up
to well controlled approximations. This has been accomplished using two strategies in LQC. In
the embedding method [40, 41, 42], one seeks a faithful embedding of the infinite dimensional
quantum phase space in to finite dimensional classical phase space with a a judicious choice of
states, and the truncation method [69, 70], which requires a careful and systematic truncation of
terms arising in an order by order expansion to obtain a self-consistent set of dynamical equations
without which reliable physical predictions can not be obtained. The embedding approach, from
a physicist’s perspective, serves as a useful tool because it works extremely well for states such as
coherent states which lead to a macroscopic classical universe at the late times. The evidence of the
reliability of the effective Hamiltonian derived using embedding approach comes from comparing
the effective dynamics with the analytical models [13] as well as several numerical simulations
performed in Refs. [10, 11, 12, 28, 30, 31, 33, 34, 43, 44]. For this reason, it has been widely used
in literature to extract physical predictions (see Sec. V of Ref. [27] for a review).
The effective Hamiltonian constraint for k = 0 isotropic model, with lapse N = 1, is given by
[41, 42]
3 sin2 (λ b)
(2.26)
V + 8π G Hmatt ≈ 0,
− 2
γ
λ2
which using Hamilton’s equation for volume, leads to the modified Friedmann equation [71, 12]


ȧ2 8π G
ρ
2
,
(2.27)
H = 2=
ρ 1−
a
3
ρmax
Using the Hamilton’s equations for connection and matter variables, modified Raychaudhuri and
conservation laws can also be obtained. These equations imply, that at the maximum of energy
density, Hubble rate vanishes, and ä > 0, causing the universe to bounce. It is rather remarkable
that the density at which bounce occurs and the effective trajectory agrees to an excellent precision
with the underlying quantum theory. For ρ ≪ ρmax , the modified Friedman equations reduce to the
classical Friedman equation (2.5). Modified dynamical equations give important insights on the
new physics at the Planck scale. To cite a few examples, the phase of super-inflation (Ḣ > 0) near
bounce [71], has important implications for the probability for inflation to occur. For a quadratic
potential, it has been shown that if initial conditions are provided at the bounce surface (ρ = ρmax )
and probability for inflation to occur is evaluated using Liouville measure on the phase space, a
10
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We conclude this subsection by noting that though the procedure outlined above has been
widely applied to different isotropic models, it is never guaranteed to be straightforward and sometime subtle difficulties need to be overcome. As an example, the existing quantization of k = −1
model, relies on holonomies of extrinsic curvature, rather than the connection, and quantum Hamiltonian constraint is not self-adjoint. One can however find physical states using FFT method [34].
Similarly, for the case of the positive cosmological constant, the quantum difference equation turns
out to be not essentially self-adjoint. However, one can choose a self-adjoint extension to obtain
quantum evolution, and the choice of the extension does not affect qualitative features of physics.
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3. Exactly soluble LQC
In the previous section, we discussed the quantization of spatially flat homogeneous and
isotropic model sourced with a massless scalar field in LQC in the volume representation. In this
section, we consider the same model in the conjugate b representation. As remarked earlier, with
the lapse N = a3 , this model becomes exactly soluble in the b representation, allowing the analysis
of results on bounce at a purely analytical level. In particular, it allows to establish genericness of
bounce for arbitrary states in the physical Hilbert space. Further, a notable merit of sLQC is that the
underlying quantum theory shares similar features with the Wheeler-DeWitt quantization, yet due
to an interplay of volume observable with physical states, the physical predictions are strikingly
different. In the following, we summarize and contrast the main features of the quantization for
both frameworks. (For details, we refer the reader to Ref. [13, 27]).
In the b representation, the classical Hamiltonian constraint for lapse N = a3 can be written as
− 3π G v2 b2 + p2(φ ) ≈ 0 .

(3.1)

In this representation, we consider the action of the corresponding Wheeler-DeWitt and sLQC
quantum constraints on states χ (b, φ ) and χ (b, φ ) respectively. In the Wheeler-DeWitt theory,
b ∈ (−∞, ∞), and due to the symmetry under the change of orientation of the triads, states satisfy
χ (b, φ ) = −χ (−b, φ ). Imposing this symmetry, we restrict to the states which have support on
the positive b-half line. On these states, the quantum constraint in Wheeler-DeWitt theory has the
following action:
∂φ2 χ (b, φ ) = 12π G(b ∂b )2 χ (b, φ ) .
(3.2)
On the other hand, in sLQC, b ∈ (0, π /λ ) and the action of the quantum constraint is given by

2
sin λ b
2
∂φ χ (b, φ ) = 12π G
(3.3)
∂b χ (b, φ ) .
λ
Interestingly, the quantum constraints (3.2) and (3.3), can be written in a simple form of a 2dimensional Klein-Gordon equation by a simple change of variables. To see this, we introduce
variable y for the Wheeler-DeWitt theory:
y :=
6 The

b
1
ln
(12π G)1/2 bo

(3.4)

attractor properties for inflationary trajectories in LQC [75, 73, 74], play an important role in these results.
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phase of inflation with more than 65 e-foldings is almost guaranteed in LQC [72, 73, 74]6 . Another
important implication results in the form of bounds on physical quantities which appear in geodesic
and Raychaudhuri equations. It has been shown that energy density and expansion and shear scalars
are bounded for isotropic [45] and anisotropic models [50, 47] which has important implications to
understand general resolution of singularities. This turns out to be true for isotropic models where it
has been demonstrated that there is indeed a generic resolution of strong singularities [45, 48]. The
analysis have been recently extended for Bianchi-I model for the case of matter with a vanishing
anisotropic stress [46]. These results are expected to shed important insights on a non-singularity
theorem in LQC/LQG.
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where bo is constant. The resulting quantum constraint (3.2), then becomes

∂φ2 χ (y, φ ) = −Θ χ (y, φ ), where Θ := −∂y2 .

(3.5)

Similarly, for sLQC, we introduce x variable:


1
λb
x= √
.
ln tan
2
12π G

(3.6)

Solutions of both the constraints (3.5) and (3.7)) are superselected in to the positive and negative
frequency sub-spaces, and as in the previous section, one can restrict to the positive frequency subspace. The physical inner product can be found using the group averaging procedure [64, 65, 66].
In the Wheeler-DeWitt theory, the inner product take the following Klein-Gordon form7 :
(χ 1 , χ 2 )phy = 2

Z ∞

−∞

dk|k| χ̃¯ 1 (k)χ̃ 2 (k) .

(3.8)

Here χ̃ is the Fourier transform of the Wheeler-DeWitt state χ̄ . The action of the Dirac observables,
p̂(φ ) and V̂ |φ , is self-adjoint with respect to the inner product. It is given by
p̂φ χ (y, φ ) = h̄
and

√

V̂ |φo χ (y, φ ) = ei

p

Θ(φ −φo )

Θ χ (y, φ ) .

(2πγ ℓ2Pl |ν̂ |) χ (y, φ ) .

(3.9)

(3.10)

where φo is the slice at which initial datum is specified, and ν is defined as ν := v/h̄, whose
corresponding operator is given by,


√
√
2
ν̂ = − √
PR(e 12π Gy i ∂y )PR + PL (e 12π Gy i ∂y )PL .
12π Gbo

(3.11)

where PL and PR are projectors on the left and right moving sectors of the Schrödinger Hilbert space.
The left moving states correspond to expanding universe, and the right moving states correspond to
the contracting universe. The Dirac observables, p̂φ and V̂ |φo , which form a complete set, preserve
these sectors. Hence, one can restrict to just one of these sectors to analyze physical implications.
In the following analysis of the Wheeler-DeWitt theory, we will consider only left moving modes.
Despite similarities with the Wheeler-DeWitt theory, the situation in sLQC turns out to be
sharply different. The first difference is rooted in the symmetry requirement of the orientation of
triads. It turns out that χ (−x, φ ) = −χ (x, φ ) [13]. Thus, a generic state χ (x, φ ) has support on
both left and right moving sectors and unlike the WDW theory there is no super-selection of these
7 Note

of

that a general
form χ (y, φo ) =

initial

datum

for

the

R∞
√1
dke−iky χ̃ (k), and
2π −∞

R
0
−ik(φ +y) eikφo χ̃ (k) + ∞ dkeik(φ −y) e−ikφo χ̃ (k) .
dke
−∞
0

the
R

physical state specified at
under time evolution one

time φ = φo is
obtains χ (y, φ ) =

As in the Klein-Gordon case φ + y and φ − y can be
identified as the left and right moving components respectively.
√1
2π
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Due to this change of variable, the resulting action of the quantum constraint (3.3) takes the similar
form as (3.5):
∂φ2 χ (x, φ ) = −Θ χ (x, φ ), Θ := −∂x2 .
(3.7)
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sectors. In particular, any solution of the quantum constraint (3.7), satisfies the following relation
in terms of right moving x+ or left moving parts x− : χ (x, φ ) = √12 (F(x+ ) − F(x− )). Using this, the
inner product (3.8), can then be expressed in terms of the right moving or left moving solutions,
and in terms of the latter it becomes
(χ1 , χ2 )phys = −2i

Z ∞

−∞

dxF̄1 (x+ )∂x F2 (x+ ) .

(3.12)


√
√
2λ 
ν̂ = − √
PR (cosh( 12π Gx)i ∂x )PR + PL(cosh( 12π Gx)i ∂x )PL .
12π G

(3.13)

Due to the differences in the action of the volume observable, behavior of the corresponding expectation values in Wheeler-DeWitt theory and sLQC is qualitative distinct. In the Wheeler-DeWitt
theory, for the left moving states, they are given by
√
12π G φ

(χ L , V̂ |φ χ L )phy = 2πγ ℓ2Pl (χ L , ˆ|ν |φ χ L )phy = V∗ e

(3.14)

where V∗ is a positive definite constant determined by the initial data. In contrast, the expectation
values hV̂ |φ i in sLQC become,
√
12π G φ

(χ , V̂ |φ χ )phy = 2πγ ℓ2Pl (χ , ˆ|ν |φ χ )phy = V+ e

+V− e−

√
12π Gφ

(3.15)

where V± are positive constants determined by the initial data [13].
Let us compare the behavior of expectation values of the volume observable in WheelerDeWitt theory and sLQC. From (3.11), we find that in the Wheeler-DeWitt theory, for any given
left-moving state (which corresponds to an expanding universe), the expectation values of the volume observable becomes infinite as φ → ∞ and becomes zero when φ → −∞. That is, in the past
evolution, an expanding Wheeler-DeWitt universe encounters a big bang singularity irrespective of
the choice of state. Similar, conclusion arises for the right-moving states in Wheeler-DeWitt theory, which correspond to a contracting universe. The expectation values hV̂ |φ i become infinite as
φ → −∞ and vanish when φ → ∞. Thus, a flat isotropic Wheeler-DeWitt universe sourced with a
massless scalar field, inevitably encounters a singularity, independent of the choice of state. Going
beyond the analysis of expectation values, above conclusion is also reached using the consistent
histories framework [76, 77], by computing the consistent probabilities for the singularity to occur
[20, 21]. Interestingly, a careful analysis of consistent histories leads to even a stronger result, that
arbitrary superpositions of left and right moving modes do not lead to avoidance of singularity,
whose probability remains unity (for details, we refer the reader to [20, 21]).
Let us now consider the case of sLQC. From (3.15), we find that the expectation values hV̂ |φ i
√
become infinite when φ → ±∞ , attaining a minimum volume Vmin = 2 V+V− /||χ ||2 at φbounce =
√1
log(V− /V+ ). Further, the expectation values hV̂ |φ i are symmetric across the bounce time
(2 12π G)
φbounce . Thus, in contrast to the Wheeler-DeWitt evolution, the expectation value of the volume
observable never vanishes in sLQC.8 Starting from the expanding branch, a backward evolution
8 Computation

of consistent probabilities shows that the probability for an sLQC universe to bounce is unity [22].
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The second difference between Wheeler-DeWitt theory and sLQC arises, in the action of the volume operator, which is given by
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of an arbitrary state in sLQC leads to a bounce at the minimum value. Thus, generic states in
sLQC lead to the resolution of the big bang/crunch singularities of the classical theory. Defining
the energy density observable, one can compute the value at which bounce occurs. This provides
a strong analytical test of results obtained from the numerical simulations. Let us define the Dirac
observable for energy density as,
1
ρ̂ |φ = Â|2φ where Â|φ = (V̂ |φ )−1/2 p̂φ (V̂ |φ )−1/2 .
2

(3.16)

(χ , p̂φ χ )phy
=
hÂ|φo i =
(χ , V̂ |φo χ )phy



3
4πγ 2 G

1/2

R∞

2
1
−∞ dx|∂x F|
√
.
R∞
λ −∞ dx|∂x F|2 cosh( 12π Gx)

It turns out that these are bounded, with a maximum given by9
√
3
3
ρsup =
≈ 0.41ρPl ,
=
8πγ 2 Gλ 2 32π 2 γ 3 G2 h̄

(3.17)

(3.18)

which agrees with the value of energy density at which bounce occurs in the numerical simulations
for spatially flat isotropic model with a massless scalar field [12]. Note that if quantum discreteness
vanishes, i.e. if λ is set to zero, there is no maximum value of the energy density and the minimum
allowed value of volume observable vanishes. The classical singularity is recovered in the absence
of quantum discreteness.

4. Summary
Loop quantization of cosmological models provides us a new paradigm of the very early universe in which initial singularity of the classical theory is replaced by a quantum bounce when the
spacetime curvature reaches Planck regime [27]. Non-singular evolution resulting from non-local
properties of the field strength of connection, has turned out to be a general feature of various
models, in isotropic and anisotropic spacetimes. We illustrated key aspects of quantization for the
spatially flat isotropic universe sourced with a massless scalar field. We discussed the way physical
Hilbert space is found, the role of scalar field as internal clock, the action of Dirac observables, and
the way physics can be extracted using sophisticated numerical simulations [10, 11, 12]. Unlike
the Wheeler-DeWitt quantization, the quantum constraint in LQC turns out to be discrete. The differential geometry of GR is replaced by quantum geometry. States which are semi-classical at late
times, when evolved backward towards the big bang using quantum constraint, remain peaked at
classical trajectories for small spacetime curvature, but result in a big bounce where energy density
reaches a maximum value. Analysis of fluctuations show that they are tightly constrained in the
evolution across the bounce [12, 33, 14, 15, 78]. In a striking contrast to Wheeler-DeWitt theory,
9 Another

way to obtain this bound is by considering the energy density observable for the states in the physical
\
2 (λ b), which results
Hilbert space. For such states, using quantum Hamiltonian constraint, one finds ρ̂ |φ = 8π G3γ 2 λ 2 sin
in the same maximum of the energy density as in eq.(3.18).
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The expectation values of hÂ|φ i are given by
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