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1. Introduction

There are two essential problems that appear when trying to quantize the supermembrane: the first,
also present for the bosonic supermembrane, is related to the complicated, more than quadratic
nature of the Hamiltonian, which leads to difficulties in constructing the physical spectrum, and the
second, also present for the Green-Schwartz superstring, refers to the presence of some fermionic
constraints due to the kappa-symmetry of the action, constraints that can not be separated in first
and second class in a Lorentz-covariant manner. They have been separated only with the price of
breaking the covariance by using light-cone coordinates.

Around ten years ago, a new approach started to be used, mostly by Berkovits, for the su-
perstring - the pure spinor formalism [2], which has proven to be quite useful for quantising the
superstring in a manifestly super-Poincaré covariant manner. The Green-Schwarz formulation of
the open superstring (or one of the two sectors of the closed superstring) has one reparameterisation
constraint, 7, and 16 fermionic constraints, d,, half of which are second class and the other half
first class. The separation of the two types of constraints in a Lorentz-covariant manner, preserv-
ing the full ten-dimensional symmetry, is not possible. Giving up manifest covariance,the usual
way to treat the dy constraints starts by constructing the Dirac bracket from the second class con-
straints. Instead of this approach, an alternative is to try to view the eight second class constraints
as four first class constraints plus four gauge fixing conditions. In the case of the superstring the
resulting set of twelve fermionic first class constraints can then, together with 7', be used to write
a conventional BRST charge. This BRST charge is not manifestly Lorentz covariant. However,
after a similarity transformation it can be shown to be equal to the pure spinor BRST charge plus a
topological term which decouples due to the quartet mechanism [2].

After the decoupling, the resulting BRST charge agrees with the pure spinor BRST charge
thereby establishing the equivalence between the two formalisms. The decoupling of the topologi-
cal quartet effectively removes the reparameterisation constraint together with one of the fermionic
constraints and the corresponding ghosts, and reinstates Lorentz covariance. The remaining eleven
bosonic ghosts build up a pure spinor — eleven being the dimension of such a spinor in ten dimen-
sions.

So, in this new approach, the starting point is an action in which the gauge kappa-symmetry
is replaced by a rigid symmetry of the BRST type, whose generator Q called "BRST charge" is
chosen linear in the fermionic constraints of the kappa-symmetric formulation and the components
of a bosonic ghost which satisfies the pure spinor condition. It was shown that physical states
for the superstring belong to the cohomology of Q. After adding some non-minimal fields and
performing a similarity transformation the "BRST charge" Q in the pure spinor formalism gets a
conventional form argued to be equivalent to the one in the kappa-symmetric formalism.

The present paper is an attempt to extend this pure spinor method to the case of the super-
membrane in eleven dimensions, in the sense of finding a connection between the "BRST charge"
postulated in the pure spinor aproach and the conventional BRST charge in the kappa-symmetric
version. It is based almost entirely on the results we obtained in [1].
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2. Supermembrane in eleven dimensions

In this section we discuss the extension of the method described in the introduction to the super-
membrane. We take as a toy model the superparticle case in eleven dimensions studied in [1].

2.1 The x-symmetric supermembrane

The starting point is the BST (Bergshoeff-Sezggin-Townsend) [4] action for the supermembrane in
D=11 in a flat supergravity background

S — / dedc [PMH% +O(PyPM +A) + TV Py,
— LK (0T yn0;0) [IT)TIY +iI1) (6T 0k ) — ;(erMaje)(erNaKe)]]
= *%/d% {Jig(gunfrwnm 1)
+ie"® (0T N0, 0) [T TIY +iIT) (6T 9k 0) — é(erMafe)(erNaKe)]} . @0

which is invariant under global supersymmetry as well as under a local (gauge) fermionic symmetry
known as the K-symmetry [8].
¢! = (t,0") are the space-time coordinates on the worldvolume, /,J,K = 0,1,2 and i,j = 1,2,
while ¢ and ¢’ are the components of a vielbein.

We also used the folowing notations

Y = g, xM —ier 9,0, (2.2)
A = det(TI) T ;) = €T/ TTY €T My (2.3)

where 1)/ (7, 6") are the components of the supersymmetric momentum, X (t,6") the bosonic
coordinates for the supermembrane in superspace whith associated conjugate momenta Py (T, "),
the fermionic objects 84(t, ') are the components of a Majorana spinor and have p4(7,c") as
their associated conjugate momenta. (I')sp are hermitic and symmetric matrices in Majorana
representasion. We denoted Lorentz indices by M = 0,...,9,11 and spinor indices by A =1, ...,32.
For more conventions and technical details see appendix A.

The two forms of the action above are related by integrating out Py, and using the parameteri-
sation 8ij — (’}/,J ,N,Ni) [7]

gij="Yj, 8i=2%N, guo=-N"+¥%NN,
gl]:»)/’J_ N gOl:ﬁ’ g()O:_ﬁ7

together with the identifications

= e =—N', (2.4)
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and the result [7]

= YT 1), @9

Of particular interest for us is the hamiltonian analysis of the constraints derived from the
above action. The theory is subject to 32 fermionic primary constraints

dA = pA—iPM(FMG)A
— 1€ (Tyn0)a | TIITY 41 (6T 0,6) — 5 (6T 0;0) (6T 0;0)

—3€9(6Tyn0;0)(IM0)4[ITY + 36TV 0;6] ~ 0. (2.6)
and to 3 bosonic secondary constraints, known as the reparametrisation constraints

T = KyK" +A—2e"T1Y (dT'140,0) ~ 0
Ty = Kyl —do,0 ~ 0, 2.7)

where we used notation
Ky = Py — i€ (6T yn0;0)(IT) + 561 9,6). (2.8)
The basic canonical Poisson brackets are
{Pu(0).X"(p)} = ~88°(c—p),  {pa(0),0%(p)} =-88°(c—p), (29
which imply the following non-vanishing Poisson brackets between K/, I and dj:
{da(0),ds 2iKuT ) 8%(0 — p) + ie Ty INTNE 8%(c —p),

(p)}
{dA(G),KM(p)} ZZEUHN(FMNa 9)A6 (G p)
{da(0), 1T} (p)} = 21(FM99) §*(c—p),
(p)}
Y (p)}

=)

{Ku(o),Kn(p —ig"(9;0Tyn0;0) 8*(c —p),

{Ku(0),11; v 52— p), (2.10)

8

P

where, all fields on the right hand side depend on p.

T, T; and half of d4 are first class constraints, while the other half of ds are second class
constraints. Because there is no way (at least not a simple known one) of covariantly separating
the fermionic constraints, we can drop the covariance and work in light-cone coordinates. After
a procedure of gauge un-fixing the second class constraints to first class constraints we can start
writing down the BRST charge for this theory. But for a manifest Lorentz covariant description of
the supermembrane we argue that the pure spinor method can be used.
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2.2 The pure spinor supermembrane

A pure spinor version of the supermembrane in eleven dimensions was proposed by Berkovits [5].
This model is based on the action

S = / dtd’c [KMH’(‘f —ddy0 +wdpA

— LK (0T 0,0) (IT)TIY +iI1) (6T 9k 6) — (6T 9,0) (6T 9k 0)
— L [KnK™ + M + 26" (dTy,0,0)T1Y + 2" (WTyy 9,4 ) TTY
+4ie" (W™ 9;0)(AT'),0;0) — 4ie" (wd;0)(A9;0)]

+é [KMH%—da,-9+wa,-/1]], (2.11)

where new variables appear: a bosonic ghost {/V‘ }a=1..32, which is a pure spinor (i.e. it satisfies a
pure spinor constraint) and its conjugate momentum {wy4 }4—1..32. The pure spinor constraint

ATMA =0 (2.12)

leaves A4 with only 23 independent components and induces a gauge invariance

Swa = Ay (TMA),, (2.13)

which means that w4 and A4 do not have a canonical (Lorentz covariant) Poisson bracket. However,
from w and A one can form gauge-invariant Lorentz-covariant objects, such as

J=whA,  N"W=1uwIr"N3), (2.14)

which correspond to the ghost charge and respectively the Lorentz current in the (w,4) sector.
For calculations involving such gauge invariant expressions, one can effectively use the canonical
Poisson bracket {wa,A%} = —&5, as the non-covariant pieces cancel.

The proposed BRST charge is

0= / d*c2dy, (2.15)

However, in contrast to the superparticle case studied in [1], further constraints are needed to make
Q nilpotent and the action BRST invariant. As shown in [5] the following constraints also seem to
be required

ATynA)IY =0, 194 =0. (2.16)

Note that the constraints (2.16) are BRST closed. Still, the exact form of the full set of constraints
deserves further study.

We should also mention another attempt to understand the origin of the pure spinor superme-
mbrane [8]. In this paper the goal was to derive the pure spinor model starting from a “doubled”
version of the k-symmetric supermembrane. This approach was partially successful, but was not
as complete as that for the superstring [9].
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2.3 Relation between the two formulations

In order to discuss the relation between the above two formulations we restrict ourselves to a
classical analysis (i.e. work at the level of Poisson brackets). Our discussion closely parallels the
ten-dimensional case discussed in [3].

A natural first step is to try to find a supermembrane generalisation of the superparticle result
in [1]. The first step is to introduce a topological quartet (b, ¢, ,7) to the pure spinor BRST charge
which ads to Q a cohomological trivial term

0 — Q' =AY, +by. (2.17)

Here b, ¢ are fermionic and 8, y are bosonic. The canonical Poisson brackets between the new
variables are

{b,cy=—1,  {B,v}=-1. (2.18)
Then, one performs the similarity transformation
. R 1 ¢R _cR
Q" = eRITQleRIT =0/ + {%,Q’} + 5{67, {%,Q’}} +..., (2.19)

where we propose the following expression for R in order to provide a suitable generalisation to
the supermembrane case

R = / [ — LKy (dTME) + L TIMITY (AT yyE)

— 1€TIY (ET0,0)(wA) — 1 €VTTY (ETyngd;0) (WIVEA) (2.20)
— 11 (£0,0) (WA ) — 1€VIT (ETVR9;0) (Wl nngA )] -

A few comments about this expression are in order. The second line of this expression is invariant
under the gauge transformation w4 = Ay (Y 1) 4 arising from the fact that A is pure, i.e. ATMA =
0. This is easy to see since it involves the gauge invariant expressions encountered previously in
the superparticle case (2.14). The first term on the third line is not invariant unless one imposes
additional conditions. Provided that (ATynA)I¥ = 0 it is invariant. However, even with this
additional condition the second term on the third line of (2.20) is not invariant; instead its variation
becomes proportional to ApITY e (ETynd;0)(ATMNL). If one imposes the stronger condition
ATMN ), = 0 (or the slightly weaker condition (AN A)ITF = 0), it is invariant, but this possibility
appears disfavoured since in previous work [5] constraints stronger than (2.16) were not necessary.
Another possibility is that {Q,R} = 0, i.e. R is only gauge invariant up to BRST closed terms.
Although some terms in {Q, SR} can be cancelled if one also imposes Ad;A = 0, it seems that not
all terms can be made to vanish, even using Fierz identities. Therefore we are left with a puzzle
regarding the final term in (2.20). For the remainder of this paper we will assume that either the
stronger condition ATMN ) — 0 can be used in our calculations, or that there is another way to
make the final term in (2.20) gauge invariant so that the non-covariant pieces in the bracket with O
vanish.

A strong argument in favour of (2.20) is related to its behaviour under the double dimensional
reduction to the d = 10 type IIA superstring case. Under this reduction one has

! =&, 0 =0, K1 =A; =0. (2.21)
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It is easy to check that when these conditions are fulfilled, R as written above is gauge invariant.
Furthermore, by implementing the conditions (2.21) into R leads to

Ri=10 = /dcl [_ %Km(dl“mé)+ %H’{’(dl“mr‘llé)
— L(ET"3,0)(wA) — L(ET'T,,, 9, 0)(WI™" 1) (2.22)

—1(£210)(wIMA) — L(ET,,010) (WD T A) |,

where m,n,r = 0,...,9. Splitting £4 = (5“,5“) and similarly for dy, 64, ws and A4, we find
R=E%Gy +E%Gy where

Gy = — Km(d}’m)a"i‘énm(dYM)tx
2(960)a(wh) — 7 (Tnd0)a(wy™A),

Gy = —LKn(dy™) e — AT1"(d ) e
~5(96)a(WA) = 1 (4un08)e (Y™ 2 ), (2.23)
which precisely corresponds to the ten-dimensional result [10].
>From (2.20) a lengthy calculation leads to
(O.R} = /dzc[(xg)y—2(/1FM§)8UH§”,7J-], (2.24)
where
T = K"Ky +A—26"T1 (dT49,0) — 2T (WL 0jA)
—4ie" (wd;0)(10;0) + 4ie" (W' 9,0)(ATM0,0) (2.25)
% = KMH?/I —da,-e + wa,-), .
This is one of the main results of this paper. Note that .7 and .7; in (2.25) are ghost completions of
T and T; in (2.7).

The expressions in (2.25) are precisely the combinations that appear in the third, the fourth,
and the fifth lines of the action (2.11), which would look something like

S:/d‘cdzc[...ﬁ—;ﬂ—i—ei%} (2.26)

This is a good indication that we are on the right track, and gives further support to our proposal
for R.
If one imposes AI'yE =0 and AE = 1, one finds

{O.R}=T. (2.27)

This implies that R is an eleven-dimensional analogue of the (non-covariant) superstring b
ghost (the superparticle limit of which was discussed in [6].) It is non-covariant in the sense of the
Y-formalism [10]. The b ghost appears in the calculation of the multiloop scattering amplitudes
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for the superstring and we assume that this R found in the supermembrane case may play a similar
role.

After performing a similarity transformation in first order we obtain a first term in the new
"BRST charge" which depends on one of the reparametrisation constraints (starting to look like
conventional form for a BRST charge)

Q' = /dza(cT—i—...). (2.28)

A natural strategy would be to also try to find an R; such that {Q,R;} = T; + .... An attempt
based on R; = [d?0TI¥ (dTy &) + ... fails since one is forced to impose ATME = 0 = ATMNE and
AE # 0. However, when (ATM2) =0,

23 1

(A8)* = SATYE)ATWE) + L (ATNE)(ATwnE) (2.29)

As in the superparticle case one can perform transformations using ¢°eRe/% where the & sub-
script indicate that we perform several transformations using R’s with various different fixed &’s.
This gives leading terms in Q' of the form

Q’:/d26(205T§+...), (2.30)
¢

where T is a certain combination of 7" and the eleven ™ = ¢li H?” T;.
Possibly the most natural approach would be to pick 7 and two fixed M’s, & say, T+ =
eYTIFT;, so that
0 = /dzo(cT+c+T+ +e T +...). (2.31)

Although not covariant and not based on the usual form of reparameterisation constraints (2.7) this
would be part of a viable form for a BRST charge arising from the k-symmetric formulation. If
one insists on covariance one could keep all the ¥ so that

o :/d26(cT+cMTM+...). (2.32)

In this case the constraints would be reducible, but it may be profitable to keep covariance i.e. to
work with TM = eTTMT;. 1t is easy to check that, generically, the two sets of constraints based on
TM or T; define the same constraint surface.

Thus, we seem to be close to finding a Q' which can be related to a BRST charge in the k-
symmetric formulation, either of the form (2.31) or (2.32). This point should be studied further.
Also, we only calculated the lowest order terms in the similarity transformation. Although general
theorems seem to guarantee that the construction will work also at higher orders since we started
from a BRST charge that satisfies {Q, 0} = 0, it may be profitable to work out the details.

Above we only studied how the BRST charges are related. In the same way as in [3] it should
also be possible to relate the two actions. Although our work supports the pure spinor formulation
it does not really clarify what constraints should be imposed on A. Partly this is a consequence
of the fact that we started from the pure-spinor formulation and tried to obtain the K-symmetric
formulation rather than the other way around.
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3. Conclusions

The main results presented in this paper are meant to support the pure spinor formulation of the su-
permembrane developed by Berkovits. Here we tried to relate the conventional BRST charge in the
kappa-symmetric formulation with the postulated "BRST charge" for the pure spinor formulation
of the supermembrane and we argue that it is posible to reinstate the reparameterisation constraints
in the pure-spinor formulation of the supermembrane by introducing a topological sector and per-
forming a similarity transformation and that the resulting BRST charge would be of conventional
type, related to the BRST charge of the k-symmetric supermembrane in a formulation where all
second class constraints are ‘gauge unfixed’ to first class constraints.

In our analysis we also encountere a natural candidate for a (non-covariant) supermembrane
analogue of the superstring b ghost.

A. Conventions and technical details

In this appendix we collect our conventions and some technical details. Our conventions are closely
related to those of [8], but with some minor differences. Spacetime indices are labeled by capital
letters from the middle of the alphabet: M,N,...=0,...,9,11. Spinor indices are labeled by capital

letters from the beginning of the alphabet: A,B,...=1,...,32. The gamma matrices (I'")"p satisfy
the usual algebra: {I"™ TV} = %(FM IV +TVTM) = nMN We worked with the mostly plus metric
NMN = diag(— + ...+). Indices can be lowered using the charge-conjugation matrix C4p = —Cpa

via (TM) 45 = Cap(I'™)Pp and raisedwith the inverse of this matrix. We do not write C4p explicitly
as the position of the indices should always be clear from the context. Also, we do not write the

My is symmetric for p = 1,2,5 and

spinor indices explicitly in fully contracted expressions. I'M"
antisymmetric for p = 0,3,4 (p = 0 corresponds to C4p); these form a basis for the bispinor W4 Y5

as

1 1

WYY = ﬁ (W)CAB + (‘PFSIY) (FS] )AB — ? (IPFSISZY) (FS|S2 )AB —
1 1

3! (LT 55Y) (Cs, 5,5, ) a5 + 41 (T 5554Y) (T, 5,55, ) s +

1
t3 (PT555455Y) (T, 5,555 ) B | - (A.1)

Any antisymmetric bispinor f8l in eleven dimensions can be decomposed into a scalar, a
3-form and a 4-form

FP = P £ (Cunp )™ FNF + (Dune) P FVPC, (A.2)

and any symmetric bispinor g4?) into a 1-form, a 2-form and a 5-form

g4 = (Ta)*® Y+ (Caan )P YN + (Taawpgr)*? VPR (A.-3)

We sometimes find it useful to decompose our expressions into a (non-covariant) U(5) basis.
Alternative decompositions are SO(8) and SO(9). Under SO(11) — U(5) a vector decomposes as
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VM 5 (v v,,v!!) where

a_ sya+s a _ :ya+5s
vaziv +£V+ , vaziv _21V+ , =yl (A.4)
>From which it follows that e.g. UyVM = 2u,v* + 2uv, + ul'v!l. Tensors are decomposed in a
similar way.

A spinor W4 splits as (W, W) and then further as wo — (W, y*, yi,)) and We — (W, o, ylebly
where a,b=1,...,5.
In the U(5) basis the gamma matrices can be chosen as

(s = L giglelel, (P)a” =00 il glglel,
(Y3)A§:G3®G3®#®]l®]l (Y)a” :G3®G3®63®#®L
(P)a” = 6?00’ ®e?© 03 @ TH  Cup =ic’w o' wio’ w0 wio?, As)
(11)a®% = l’i02®]l®]l®]l®]l (B’ =035 @18181, '
(B)a” = c3®c3® S @11, (1)a® —o3®o3®o3® Sie @1,
(YS)AB:G3®G3®G3®G3®;IGZ (')A —G‘®G‘®G‘®G3®G3,

where 6123 are the usual Pauli matrices

1 (01 > [0 —i ;5 (10
G—(lo), 6—<i0>, G—<0_1>. (A.6)

Using the U(5) decomposition, we can write formula for A&, ATME and ATMNE in the following
form

AE = ATE A ET A — A&+ S A — SAE,
ATME = AFEHATE A A b A+ A%
AYE = —ATEN - AUET 4 A EP 4 APE, 4 Leabedey, £,
AVl = At Al ™ — A&y — b & — LeupeaoAPeEL
AYPTUE = AFTE L AET + ME™ + A&, — Lebeden, &,
AIE = A8+ Ad Hbiaﬁ%bé” — Legpeac P (A7)
MPPE = —ATED - APET — e (gt i)
AYav€ = A~ Eap +AapE ™ +§8abcde(l“’§e+xe§cd)
AY'E = A8+ ApE + Apc & + A% E0p
RO ATET HATE — A% — AeE + FAaf !+ JAE)

The pure spinor condition AT A = 0 writen in the U(5) representation becomes

CATAC LAY, + ée"”“d%bcxlde —0. (A8)
A Ay — Al — 1eabcde/1bcgd€ =0, (A.9)
A4~ + A9, + Zzabmb _o. (A.10)

10
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>From (A.8) si (A.9) we can eliminate the dependent variabiles A¢ and A, and so we obtain that A4
has 32 — 10 = 22 independent components. But (A.10) is invariant to (Aq,As) — (PAa, p ' Ag).
This means, A* has 23 degrees of freedom (A 7,1 7,1%, Ap,, p).

Sometimes we find it useful to decompose further into U(4). In this case we write

A4 — (A9 k), Ao = A, K7,
A{ab — (lalblaKal)a )Lab — (la/b’vKa/)y

(A.11)
and similarly for 4.

The corresponding formula for A&, ATME and ATMNE in the U(4) basis can be obtained from
(A.7) by inserting the expressions (A.11) (we will not write the result explicitly). To simplify the
notation, below we drop the prime and use a,b =1,...,4.

In the U(4) basis one can write explicit solutions to the AT A = 0 constraint, for example

1
AY = FE [K‘ KA+ AP A kA — AT AL ek — éxae’”d%bclde
—% KA N + %/l“”/lbsc"eflcdle — ;A*l‘e“bc‘ilblcd] ,
Ky = — Kel)L {l_)ﬂ'la — K A kP — AgpAPA — ;Nzabcdx”kfd] , (A.12)
K+ _ EadeAab)Lcd — 81(0&1

8AT ’

which shows that A has 23 independent components.

It is also possible to write down explicit solutions to the ATMA = 0 = AT'MN A constraints, as

1 1
a __ abed + abed
A= o € KA, KT = o € A Aea
1 _ 1 c
}La = 2)Liigabcd Kb}LCdv K = Sitiigabcd)vab/ﬂL d7 (A13)
pr—) klgbledesc Ay, + 22T A4 )
N nghklfglhk ’

which shows that such a A has 16 independent components.

We need to mention that we found the GAMMA package [11] very useful in handling the large
amount of gamma matrix algebras needed in our calculations.

11
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