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1. Introduction

The metric structure of the moduli space of solutions to@Ré model was first studied by Ward
[2]. It was later shown by Ruback [3] that this metric comesrira K&hler potential. Formal inte-
gration of the energy functional gives the potential as tageintegral. By Moyal deformation and
replacing the integral by g-regularized trace, the second author [1] introduced a oroncuta-
tive deformation of the K&hler potential. The moduli spatpological charge two contains two
interesting regions called the ring regime and the two-luagime, motivated by the form of the
energy densities for the corresponding solitons. In theg regime, the behavior of the deformed
Kahler potential is known from [1].

In this paper we review the results of [1] and explore the imedtructure in the two-lump
regime further. We apply two different techniques, perdtidn theory and an explicit calculation
involving a {-function. The first approach relies on the solution of a siag Sturm-Liouville
problem and gives the asymptotics of the Kahler potentighénstrong noncommutative limit. In
the second approach we calculate dxtunction of the involved operator explicitly. We compare
the two approaches at strong honcommutativity.

The paper is organized as follows. TE®! model and its moduli-space metric are briefly
reviewed in Sections 2 and 3, respectively. In Section 4 walfeome standard facts about Moyal
deformation and]-regularization. In Section 5 we present the main resutimff1l] on the de-
formed potential in the ring regime. Finally, in Sectiong®l& we calculate the asymptotics in the
noncommutative limit for the two-lump regime using pertatibn theory respectivel§-functions.

2. The CP! model and its solitons

The CP! sigma model in 4-2 dimensions is a paradigm for soliton studies [4, 5]. It dess the

dynamics of maps
u: (t,zz) eR*? — 82:%(12)):(3&. (2.1)

It is useful to introduce homogeneous complex coordinaies » ap so that!

T=~(} = P=pP =P=TLT", 2.2)

and hermitian rank-one projectors@f appear.
The model is defined by its action functional,

S — —4/d3xtrr7“"0,1Pa\,P
— —4/d3x (TT)" v, TT(1-P) 4, T (2.3)

_ 4 / ox (1+0u)2nHYa,da,u

1we restrict ourselves to one of two patches coveBAgThis is inessential here.
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which for static configurationg}u = 0, reduces (up to a range-bfactor) to the energy functional

E— 8/'d2z(TTT)-1{aZ—TT(1—P)aZT + o, 7T (1-P)o;T)
2.4)

8 / Pz (1-+0U) ~2{ 10U+ 3,00}

Classical static configurations are those which mininiz&©bviously, any meromorphig = u(z)

or anti-meromorphias = u(z) is classical. Furthermorey must be a rational function (of some
degreen) for the energy to be finite. In this case, one Eas 8min|, and one speaks of solitons
(or anti-solitons). The moduli space of such soliton soluihas complex dimensiom-21. After
guotienting the moduli space by the action associated veithain and target isometries, a reduced
moduli space#, parametrized by a sdir} = {f3,y,9d,¢,...} of nontrivial moduli remains. For
example:

8 2
n=1: T(2) = (lz) = E = /d2 B2+B\z\ — 8, (2.5)
B ~ (Bz+ - 8|BZ +2yz—PBel?
=2: T = (. )) = E-= /dzz(mz+y\2+yz?+syz)2 — 16m, (2.6)

with B,y € R>p ande € C, so that dim.#; = 1 and dink.#> = 4. In this paper, we choose to
specialize to the subclags=0, which allows one to also rotate away the phase: of

y 2 32|yz? .
T@) = E= [dz " =16 th yeRu, £ € Rag.
@ (22+e) = / Z(y2+|zz+£|2)z T With  yeRso0, €€ k>0
(2.7)
Note that the valug = 0 should be excluded o#71, andy = 0 is not part ot///fzo_

3. Moduli space metric

The CP! model provides the simplest example for a nontrivial dyresngf moving lumps. For
sufficiently slow motion, we can apply the adiabatic appmetion scheme of Manton [6]. So far
we considered classical static finite-energy solutiont¢s) u = u(z| a) depending on moduli
parametersr. The adiabatic or moduli-space approximation brings bhekime dependence as a
sequence of snapshots of static solitons,

ut,z2) ~ u(zla(t)), (3.1)

which pushes the true trajectory into the static soliton nicgpbace. We may regard all moduli as
complex numbers. Evaluating the action on this moduli-speajectory yields

S[uC-|a(t))] + const= 4 [t [fPz(T'T)205T"(1-P) 2T ] |a

(3.2)

— 4 fa [z 228 || = 4 [otgaala)lal?,
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which defines a Kéhler metrigzy = 0504 on the moduli space. Extremizing this moduli-space
action yields geodesic motion for this metric. The corregfig Kahler potential reads

= 8/d22 In(1+du) — 8/d22 In(1+ 22) = 8/d22 INT'T—Ingq) . (3.3)

Some moduli have infinite inertia and must be treated asmadtparameters. At=1 andn=2 this
is the case fof3, for which one finds thaggﬁ = dgdp S = co.

In the n=1 sector, the Kahler potential is divergent, but can be sriadd by differentiating
twice under the integral with respect to a regularizatiorapeeterd,

reg

T=(F) = 050 = 8/d22050(5|n(1+ By —8n = o 285, (3.4)

z+0 |z+0]?

This is the expected form for the uniform motion of a singlajuin thed plane.
In contrast, fom=2 the Kahler potential is well defined but nontrivial,

2

T@ = (g,) = X = 8/dzzln(1+ v

Zr) = 16nlyE(=[§°) =: Fo(y.e), (3.5)
where E(m=k?) denotes the complete elliptic integral of the second kinthis Tesult was first
obtained by Ruback [3] (see also [7]), after the metric amdghodesic motion had been analyzed
earlier by Ward [2].

Depending on the relative size of the two dimensionful mipdyl and|e|, we can distinguish

two (asymptotic) types of solitons M/Zﬁzo: For|e| < |y| the energy density is localized in a ring-
like region in thez-plane, while for|y| < || it sharply peaks at the two locatioas = ++/—¢.
In between, the configurations are of intermediate type.his ‘ting’ and ‘two-lump’ regimes

of .///23:0, the Kahler potential admits an expansion in the small ratio

O - e e
o~ 191G (i) ] g G il T — el el [E ) e

respectively. Fofy| — 0O (at the boundary 0%23:0) one encounters mild logarithmic singularities.
For illustration, we display some energy density plots far &diabatic motion in the ring regime.

4. Moyal deformation

We proceed to the noncommutative generalization of@Ré model [8, 9]. Loosely speaking,
the Moyal deformation replaces the spatial coording#es) by operatorsZ,Z") subject to the
Heisenberg-algebra commutation relati@Z'] = 26 = const. A standard physics realization in
terms of semi-infinite matrices reads

0Vv1i
00
0 03 . (4.1)
o .

0
Z=+V20a=+v28| v20 0 & z'=+v20a" = V26
o .

OO%
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Figure 1: Adiabatic motion in ring regime: energy density plots feralues—5.0, —1.5, 0.0 and 15

This quantization map is extended linearly and associgtitee a large class of function$ of

(z,z) € Cvia
fo— F(f) = f(Z,2"|yn: (4.2)

where the symmetric (or Weyl) operator ordering of monosiialindicated. In theCP! model,
examples forf are the polynomialp andg, so f andF take value inCP*. Partial derivatives also

deform easily,
0 = 2] = Fgla] and 0 ~ —[Z' ] = _V%e[at J.  (4.3)
The Heisenberg algebra is represented (with highest wiighon the Fock space,
[aa]=1 and al0)=0 =  Z = sparf{|n)= ﬁ(a’r)”\m | n=0,1,2....}, (4.4)
where we have introduced an eigenbasis of the number operato

N=a'a = Njnj=njn) and (nn)=1 for n=012.... (4.5)

Let us remark that the operatacan also be realized as the unbounded opemo%(dﬂrx)
onL?(R). This operator is an operator of order 1 in the Shubin cas;udee Chapter IV of [10],
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so any noncommutative polynomial énanda’ is an operator in the Shubin calculus. The Shubin
calculus allows one to apply pseudo-differential techegjto the involved operators guaranteeing
good spectral properties of elliptic operators and alsawggtics of parameters with semi-classical
methods, in principle an elliptic operator in the Shubircoals behaves as an elliptic operator on
a compact manifold of twice the dimension. In particulais talculus provides the mathematical
machinery for the quantization map associating an opefatby with a functionf on C. Under
suitable assumptions o such as Schwartz class, the integral cZeteforms to a trace over the
Fock space#, and one has that

OTOE(f) = /dzz {2z and  2m0trf(z,2") /dzzf 27,  (46)

where the star indicates the forming of monomials by usiegMioyal star product.

We would like to define a Moyal-deformed Kéhler potentiél as a potential for the noncom-
mutative Ward metric. This requires fixing the ordering aguiity by making a particular choice.
A literal adaptation of (3.3) fails, however, sin@éQ = q(Z")q(Z) is in general not invertible, and
thusU U = G(Z")u(Z) does not exist. This difficulty is avoided by deforming irate

8/d22 In(T™T) s 16motrin(T™T) = 16m6UrIN(P'P+Q'Q) = ¢,  (4.7)

where the entries of the deform@d C x .#, — C2 are of course operator-valued. However, like
in the commutative case, this definition is only formal duthilack of convergence. The problem
is that, sinceT will be a differential operator, IfT TT) is not of trace class, and so the expression
does not make sense.

To deal with this type of problems the techniquefefegularization was invented by Ray and
Singer [11]. The idea behind-regularization is that Ifx) = —dﬂs «oX > Soformallyy,In(x) =
—dﬂs|5;0 Y xX >, and one can hopefully make sens&qk > as a holomorphic function at= 0 by
a holomorphic extension. D is a positive operator, one can defides which, for D being an
elliptic differential operator, often is trace class#s) large enough. If this is the case, one defines
the {-function of D as

Zo(s) = tr(D / ot t5 ltr(e ) | 4.8)

which is a well defined holomorphic function for largks). One can often extend this holomorphic
function to a neighborhood of 0 and define

tring(D) = —5(0) . (4.9)

Especially, ifD is an elliptic operator of ordem in the Shubin calculus, the expression (4.8)
converges fofl(s) > 2/m. If it also depends on parameters (moduli), (D) admits asymptotic
expansions both in the small and large parameter limits,[E2e The asymptotics at only
requires semiclassical information, but the asymptotigrieeds global information, i.e. particular
values of the/-function.

2A symmetric ordering prescription corresponds to a zerometion.
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Being interested in the parameter dependence of our opevatobserve the functional equa-
tion

%ZDH(S) = —s{pt(s+1) for t>0. (4.10)

This regularizes the expression for the determinant sireeeam express the right hand side explic-
itly in a slightly larger domain. ID is an ordemm > 2 operator in the Shubin calculus, then

%trInZ(D+t) = {pu(l) = r(D+t)7 L. (4.12)

Another useful result to calcula&determinants is a perturbation-type result valid for apens
decomposing aB = G+ E, whereG is invertible andG—1E is Schatten class. Then one has

trin(G+E) = trin(G) + trin(1+G 'E). (4.12)

The second term can sometimes be calculated in terms of #iniesgries representation (see, e.g.,
Theorem 43 of [13]).

Let us specialize to the case at habd= T'T = PP+ Q'Q. Anticipating (removable) zero-
mode complications, we switch from solitons to antisolg¢drom now on, i.e. také = T(ZT). For
n=1, one can proceed like in the commutative case and obtainvergent trace after differentiat-
ing twice with respect to a shift parameter Since the result equalsigust as in (3.4), the Kahler
potential is undeformed. This agrees with the expectatioithie dynamics of a single lump.

Then=2 sector provides the challenge we want to meet. Since tlwrdafion parametef
introduces a new scale into the problem, we can relate akugionful (greek) moduli t®@ by
introducing dimensionless (latin) moduli,

Z=+v20a, B=+v20b, y=20g, &£=20e. (4.13)

Note that, for fixed greek moduli, small latin moduli corresg to strong noncommutativity while
the commutative limit is attained for infinitely large onésthis notation, we have

g t :
T = <aT2+€) = = 16n0trin(T'T) with

(4.14)
T'T = gg+ (@@+e)(@"?+8 = gg+ (N+2)(N+1) + ed?+&d + &g,
—_———
F G E

introducingF =TTT |g—0 and the decomposition intogadependent (diagonal) and esdependent
(non-diagonal) part ob. Important actions on the basis states &) = [(n+2)(n+1) + ggj|n)
and

) = Glafn) = MU ni) s n) = G ) = YA n-2) .

 go+(n+4)(n+3) - gg+nn 1
(4.15)

Theeeterm may be omitted at first and produced at the end of the dapiftyng gg — gg+ ee
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5. Deformed rings

For|e| < |g| (the ring regime) it is reasonable to set up a perturbatigaesion in the off-diagonal
part of the operator. We copy the formal method used in quafieid theory,

i ~1Fy _ c (-1 ~1p\k
o — TING + trin(1+GE) _trInG—kZ1 L tr(GT'E)

= exp(6edyy) tr{InG — &e™./ — (867 (3NN +RNAY) — (893 % 6.1

X (BN AN NN RN + o)

The operator Il + G~1E) is merely Dixmier class whil&E is of order 2. The logarithmic
divergence of its trace can be calculated as the Wodzickduesof G—2E which is 0. Thus the
first term of the sum in (5.1) vanishes and its sum evaluatéisettrace of Ifl + G1E) — G1E,
which is of order 4 and hence trace class. The trace prodaeslable infinite sums of rational
functions ofn. Since the summands of ord@e* decay a2 for largen, all sums converge,
except for the leading tri@ term. A remedy consists in subtracting an infinite constant,

iln(§g+(n+2)(n+1)) — i[ln(gg+(n+2)(n+1))—|n((n+2)(n+1))}
n= n=0

- 99

= Inl1 5.2
2"+ Gy 52

= IncosW — Ingg — Inmt  with W = 7,/1-4g9.

We display the first few terms of this power series expansiaei

H — —.1 gg tanwW
Tomg = MCOSW —Ingg — In7t + (€9 T o G
2.4 [ 48(0)*+200G0)°33(0)°+ 270 tanW (97 se@W
+ (e9) "A{ AaGe+ g5 WS T 2(ggra? W }

(5.3)

+ (8030 { 10240907 +17152000)"+ 878334G0)° . _1377000)* 16075 tarw
8(499+3)°(4g90+15)(49g+35) W5

_48(39)°+200(g9)*—33(90)*+27(30)* sedwW + (99)° tanWse@W} 4
4(49g+3)*(490+15) wA 3(499+3)3 W3

The g dependence is exact in each ordeea Note that all powers o% from the expansion of

—In(gg+ ee) get cancelled. Fogg > %1 one must analytically contind/, and the trigonometric
functions convert to hyperbolic ones. Whgn» 0, we find

IncosW — Ingg = Inm+ gg + (3-T)(@g? + ... and ggeW — 2 4 .. (5.4)

and so the whole expression is regulagatg = 0 and behaves agg+ %€e+ e Keeping]gl <1
fixed, we can varyd: The 6 — « limit (g,e — 0) is smooth sincggtanW ~ ggsedVN remain
finite; for weak noncommutativityf e — o) one indeed recovers the ring-regime expansion of the

commutative result (3.6),# = %4—0(%).

3In zeta-function regularization this constant equals t.In
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6. Deformed lumps — the perturbation approach

For|g| < |e| we encounter the two-lump regime. We should like to set uptugstion expansion
in powers ofig|? here. Formally, it reads

o = ¥ In[F(e)+9g] = trinF(e) + trin[1+ggF(e) ] . (6.1)

It is easy to see that the operatefe) has no zero modes. Because it is an elliptic operator in
the Shubin calculus, its spectrum is non-degenerate awdeths While the order oF (e) is 4,

the operator INl -+ ggF(e)~] is trace class. The eigenvalues Bf0) obviously areAn(0) =
(n+2)(n+1) for n=0,1,2,.... The eigenvalued,(e) for are called ‘spheroidal’ [1, 14]. Hence,
for smallgg, we can write a formal series expansion where each term & exe

16”9 Z)In g9+ An(e i n; n(e)7k. (6.2)

The spheroidal eigenvalues admit a Taylor expanside|#n

XH—‘

_2(4n*+24n°+ 1307 — 6N+ 1)
i D215 " 20 1)(2n+ 132 5 Ent7) e +}

= (n+2)(n+1) {1 + An(e)} . (6.3)

An(€) = (n+2)(n+1){1+

Using the above factorization, we can rearrange (6.2) taiobt

Y A ad (M2l 3
166 = nZoln[gng(nJrZ)(nJrl)] + nZOIH[H S mamnimn(e)]

(6.4)
_ [ Nk 00 _ _ka
= const+ IncosW — Ingg — % ZO(1+ M’%) An(e) .
k=1 n=

Expanding in powers dg|? and performing the-sums, we get agreement with (5.3) expanded
in powers ofig|?. For the strong noncommutative linfit— oo, we can thus provide a double Taylor
expansion:

H

Tomg = 3l + lo® — dslel* — Blefflof + 3-F)lal* + ... (6.5)

An expansion analogous to (5.3), valid also for latg in the two-lump regime, requires an
analytic formula forA,(e). The best we can hope for is an asymptotic expansion areuado
by means of semiclassical techniques. Such a result wosl alow us to connect with the
commutative limitd — O.
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7. Deformed lumps — the zeta function approach

In this section we focus on calculating the potential for tlemcommutative Ward metric in the
two-lump region|y| < |¢|] and especially for the strongly noncommutative liflit> . We will
do this by finding the -function of the fourth-order operatdr'T.

To calculate the zeta function @f T we first evaluate its heat trace. We have that

tr(e—tTTT) — %<n|e—tTTT|n> —
n=

o)

(a2 2 2

Z)<n|e t((a +2)(a'“+w)+|g| )|n>|z:vV:e —

n—

o 13+1) (7.1)

_ e (—n—2)ad™ —t((n+2)(n+1)+]e+[gl?)
33 e 7

n

where we in the last equality use the Taylor expansion of thlerhorphic function(z,w) —
52 o(nje (@@ WHI) |y and employ the Pochhammer symigg) = x(x+1) - - - (x+k—1)
if k> 0 and(x)o = 1. With the help of

/omdt 5 1e 0 — oS kr(s+k) and [(s+k) = (kI (s) (7.2)

and splitting off thek=0 terms, it follows that fof1(s) > 3 the zeta function oT 'T is given by

w o [3]
rir(s) = nZO((n+2)(n+1) +el?+gP) "+ n;kzl a2 (n(n-1) + [ef? + [g]?) .
- o (7.3)
This expression is valid for all values efandg, but it is difficult to treat for most of the values.
Applying the functional equation (4.11) f¢g|? and integrating ditto again from 0 tg|? we arrive
at the expression

K < 9P
16m0 ~Gr7(Olg-o + Zoln [1+(n+2)(n+1)+le\2}

n=

. (7.4)

-y Y A (nn-1) + 6P + lo) - (n(n-1) + [ef) ]

n=2k=1

This representation of the potentiad” is valid for all values of the moduli parameters. Observe
that the third term vanishes gt= 0 as well as a& = 0. We shall calculate the first and the second
term explicitly. The first term can be calculated using a ltesfuLesch [15] that is a variation of
the celebrated Gelfand-Yaglom theorem. The second terrbeamaluated using (5.2). Finally we
show that the remainder, i.e. the third term, vanishes tdliocorder at the origin when fixin%‘.
This will produce an asymptotic expansion up to third oraetifie strongly noncommutative limit
6 — oo in the two-lump case.

7.1 The first term

Let us turn towards the calculation ef(1:(0)|g—o. Recall the notatiork () = TTT|g=0. We
observe that the heat tracefofe) is independent of our choice to consider the antisolitonratpe
(a®+e)(a'?+e) instead of the soliton operatda’?+e)(a?+e), while their nonzero spectra coin-
cide. It was was proven in [1] that the operakqgie) for the soliton choiceis, via multiplication by

10
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e’/2, Fourier transformation and a change of variables, eqemtdb the singular Sturm-Liouville
operator

Fle) := —0,(1-2)0, + + le?(1-2) for ze[-1,1]. (7.5)

1
1-2
For details, see [1]. The operatb(e) is well studied and has discrete spectrum. Its eigenvectors
are known as the oblate spheroidal wave functions [14] withdigenvalues (6.3). We improve
the problem further by another change of variabtes, sin(x), which transforms the eigenvalue
problem to solving

—07h(x) + (cose¢x)+ |e?cogx)sin’(x) —1)h(x) = Ah(x)  for xe[-Z.Z], (7.6)
which is a regular-singular Sturm-Liouville problem. Tiagion normalized ai-7 is given by
@ (X) = |e/"Lsinh(|e|(sin(x) F1)) . (7.7)
In particular, the Wronskian of this equation is
V(9. 0) = .0 —@.¢ = |el sinh(2e) . (7.8)

The determinants of regular-singular Sturm-Liouville ldeans have been studied in [15], and it
follows that

det[F(e)] = 2/e| 'sinh(2/¢]) — ~Z417(0)|g—0 = In%, (7.9)
which is consistent with the calculation in [1] based on tredf&hd-Yaglom theorem.
7.2 The second term
This term derives from the first term of (7.3). Let us denote
ZO(st) = i)((n+2)(n+1)+t)s, (7.10)
=

so ift > t’ > 0 it follows from integrating the functional equation (4)ffomt’ tot that

@ t—t © (+2)(n+1) +t

nzoln[l+(n+2)(n+1)+t’] N nZO (n+2)(n4-1) +t/

= —0:0°%(s.t)]s=0 + sC°(St')]s=0 -
(7.11)

Comparing with the result (5.2),
—0s0°%(s,t)|sm0 = Z)In((n+2)(n+l)+t) = IncosW(t) — Int + const, (7.12)
n=

and puttingt = |e[2+ |g|*> andt’ = |€]?, we conclude witW(t) = Z/1— 4t that
. 2 2 cos( 2 /T= A7 —dgP
Z)In[lJr 9 3] = o cos; o~ 419" (7.13)
& (n+2)(n+1) +e] (lel2+|g[2) cos(Z\/1—4]e]?)

in the disk|g|*+ |€[? < . This result is finite a& = 0 and extends to the outside of the disk by
analytic continuation, as was already mentioned.
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7.3 The remainder term and thef — c asymptotics

Let us finally consider the remainder term in (7.4), whichii@g by

Reg) = i LR (n(n—1) + |ef2) ™~ (n(n—1) + |2+ |g?) >

8M\/]8

(7.14)
= l! e R;(12P) .

One can calculat®; by means of a Taylor expansion Bf This is relevant fol§ — « because
fixing the dimensionful moduli implies thatandg areO(68~1). One obtains the series

© min('7LgJ) Zk( n) . k—j i—k
—Madk+j 1! (D (1 (14+v)1H)
Ri(v) = (7.15)
| ( ) nZZ kzl k[ n2k (n_l) 2k
It is a polynomial of degre¢—1 vanishing av = 0. The first two of theR;s are given by
R]_(V) =0 and Rz(V) = 12v. (7.16)

We conclude from (7.4) that in the two-lump case the compigteler potential reads

v n 2sinh(2/e]) \e]zcos( \/1-4/e]2— 4]g

+ 1 + Y lefR
16m0 Cl (|e|2+|g| ) cos(Z/1-4/e2 ;' R (1SF) (7.17)

= const+ (3+(9%)|ef* + O(le[*) ,

where the second line shows é#s—» 0 asymptotics. So in the limf — c the asymptotics is
am -
H = F(g;\syzﬂy\z) +0(673), (7.18)

in agreement with the naive double Taylor expansion (6. H)@Expression (5.3) in the ring regime.

8. Conclusions

We have investigated the structure of the noncommutatiferation of the Ward metric in the
charge-2 sector, as a function of the two dimensionless mmodulie = -5 andg = Along
the curvee = 0 in the moduli space the deformed potential was expressgdsed form. The same
was done using a Gelfand-Yaglom-type result along theiligiturveg = 0, which is not inside the
classical moduli space. Thgfunction and the noncommutative deformation of the Wardrime
in the charge-2 sector was expressed as an explicit powiesser

In the ring-like regimge| < |g|, the potential is controlled by perturbation theory and &sim
the calculation of asymptotics. Here, the classical Watémt@l is recovered in the commutative
limit, at least to ordet¢|®.

The two-lump regimee| >> |g| provides a bigger challenge. There we employed both pertur-
bation theory and a more direct approach usingdtHanction to obtain asymptotics for the strong
noncommutative limit. The results interpolates betweanhlues along the curves= 0 and
g= 0. So it appears that the two methods lead to coinciding tesul
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Unfortunately, direct approaches lilefunctions and perturbation theory does not seem to
reach the commutative limit of the deformed lumps. As of entswe know only the form of the
leading noncommutative correction [1],

= lelAo(4?) + 0 20 (27) + O(Be 4410, &) (8.1)
where 161¢|Ag = %o, andA; is an unknown function. There exist some very interestimgisias-
sical techniques for the parameters approaching infini2y. [Vith their help one may write down
a full asymptotic expansion of¢” in the commutative limit in terms of local invariants given b
integrals of certain rational functions coming from the Binwcalculus. Even though this involves

elliptic integrals, we have not reached an exact expressidrieave this problem for future work.
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