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1. Introduction

Hard exclusive scattering processes can provide one with a three-dimensional picture of the
proton in longitudinal and transverse planes [3], encoded in generalized parton distributions (GPDs)
[4, 6]. One of the most important reactions in this context is Compton scattering with one real and
one highly-virtual photon (DVCS). In order to probe the transverse proton structure one needs
to measure the dependence of the amplitude on the target momentum transfer t = (P′−P)2 in a
relatively broad range. Since the available photon virtualities Q2 are limited to a few GeV2 range,
corrections of the type ∝ t/Q2 (which are formally higher-twist effects), can be significant and have
to be taken into account.

The theoretical description of DVCS is based on the operator product expansion (OPE) of
the time-ordered product of two electromagnetic currents. In this language the GPDs appear as
leading-twist operator matrix elements. The ∝ t/Q2 corrections to the amplitude are determined by
the contribution of the operators of higher twist to the OPE. Among the operators of higher twist
there are those which are "descendants" of the leading twist ones. They are certain total derivatives
of the twist−2 operators and their matrix elements can be reduced to the matrix elements of the
leading twist operators. For example, if Oµ1...µN+1 is a multiplicatively renormalizable twist-two
operator (symmetrized and traceless over all indices) then the operators

O1 = ∂
2Oµ1...µN+1 , O2 = ∂

µ1Oµ1...µN+1 (1.1)

are of twist four. The corrections to the OPE due to such operators are usually dubbed “kinematic”
since they do not involve new non-perturbative parameters.

The separation of kinematic corrections ∝ t/Q2 proves, unlike target mass corrections in inclu-
sive reactions [5], to be surprisingly difficult [6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. On a technical level,
the problem arises because the operator O2 has rather peculiar properties: its divergence vanishes
in the free theory (the Ferrara-Grillo-Parisi-Gatto theorem [17]). It implies that with help of QCD
equations of motion (EOM) O2 can be expressed in terms of quark-antiquark-gluon operators. The
simplest example of such a relation is known for many years [18, 19, 20]:

∂
µOµν = 2q̄igGνµγ

µq ,

where Oµν =(1/2)[q̄γµ

↔
Dν q+(µ↔ ν)] is the quark part of the energy-momentum tensor. Schemat-

ically, the general structure of such relations is

(∂O)N = ∑
k

a(N)
k GNk , (1.2)

where GNk are twist-four quark-antiquark-gluon operators and a(N)
k are the numerical coefficients.

The subscript N stands for the number of derivatives in ON and the summation goes over all con-
tributing operators. The same operators, GNk, also appear in the OPE at the twist-four level:

T{ j(x) j(0)}t=4 = ∑
N,k

cN,k(x)GNk . (1.3)

The sum in the rhs of Eq. (1.3) has to be reexpanded in terms of multiplicatively renormalized
operators, GN,k, which have autonomous scale dependence

GN,k = ∑
k′

ψ
(N)
k,k′ GN,k′ . (1.4)
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One can obtain the coefficients ψ
(N)
k,k′ , at least in principle, solving the renormalization group equa-

tion (RGE) for the twist four operators, GN,k. However, Eq. (1.2) tells us that one of the solutions of
the RG equation is known without calculation. Indeed, it provides one with an explicit expression
for a twist-four operator with the anomalous dimension equal to the anomalous dimension of the
leading twist operator. (We ignore the contributions of ∂ 2ON operators in this discussion; they can
be taken into account using conventional methods.)

Assuming that this solution corresponds to k = 0 (i.e. GN,k=0 ≡ (∂O)N and ψ
(N)
k=0,k′ = ak′)

and inverting the matrix of coefficients, ψ
(N)
k,k′ , (φ N = (ψ(N))−1) we can write the expansion of an

arbitrary twist-four operator in terms of the multiplicatively renormalizable ones

GN,k = φ
(N)
k,0 (∂O)N + ∑

k′ 6=0
φ
(N)
k,k′ GN,k′ . (1.5)

Inserting (1.5) into (1.3) one separates the contribution of the operator (∂O)N to the OPE

T{ j(x) j(0)}tw−4 = ∑
N,k

cN,k(x)φ
(N)
k,0 (∂O)N + . . . , (1.6)

where the ellipses stand for the “genuine” twist-four quark gluon operators. The straightforward
calculation of the coefficients φ

(N)
k,0 requires knowledge of the full matrix ψ

(N)
k,k′ which is not avail-

able. Fortunately, there is a way around this problem.
We start with a remark that twist-four operators in QCD come in two big groups: the so-

called quasipartonic operators [21], that only involve “plus” components of the fields, and non-
quasipartonic ones which also include “minus” light-cone projections. Quasipartonic operators are
not relevant for the present discussion. To one loop accuracy they have an autonomous evolution
and (∂O)N does not enter the expansion of quasipartonic operators over multiplicatively renormal-
izable ones, Eq. (1.5). Hence the kinematic power corrections ∼ (∂O)N originate entirely from
contributions of non-quasipartonic operators.

Renormalization of twist-four non-quasipartonic operators was studied recently in [22, 23].
The main result is that the corresponding RG equations are SL(2)-invariant and the anomalous di-
mension matrix for non-quasipartonic operators is hermitian with respect to a certain scalar product.
This implies that different eigenvectors are mutually orthogonal, i.e.

∑
k

µ
(N)
k ψ

(N)
l,k ψ

(N)
m,k ∼ δl,m , (1.7)

where µ
(N)
k is the corresponding (nontrivial) measure. This orthogonality relation together with

Eq. (1.2) results in the following expression for the coefficients φ
(N)
k,0

φ
(N)
k,0 = a(N)

k ||a
(N)||−2 , (1.8)

where ||a(N)||2 = ∑k µ
(N)
k (a(N)

k )2. Inserting this expression into (1.6) one ends up with the desired
separation of kinematic effects. The actual derivation is done using the two-component spinor
formalism in intermediate steps and requires some specific techniques of the SL(2) representation
theory (see Refs. [1, 2] for details).
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2. T-product of two electromagnetic currents

To twist-four accuracy the kinematic corrections to the OPE of two electromagnetic currents
Tµν = iT{ jem

µ (x) jem
ν (0)} can be cast into the form

Tµν =− 1
π2x4

{
xα

[
SµανβVβ + iεµναβAβ

]
+ x2

[
(xµ∂ν + xν∂µ)X+(xµ∂ν − xν∂µ)Y

]}
, (2.1)

where ∂µ = ∂/∂xµ , Sµανβ = gµαgνβ + gναgµβ − gµνgαβ and a totally antisymmetric tensor is
defined such that ε0123 = 1. The expansion of functions Vβ and Aβ starts from twist two, wheareas
X and Y are already twist-four.

In order to write the result we define nonlocal (light-ray) vector and axial-vector operators as
the generating functions for local twist-two operators

O(z1x,z2x) =
[
q̄(z1x)/x (γ5)Q2 q(z2x)

]
l.t.. (2.2)

Here xµ is an arbitrary four-vector (not necessarily light-like), z1, z2 are real numbers, Q is the
matrix of quark electromagnetic charges and the Wilson line between the quark fields is implied.
The leading-twist projector [. . .]l.t. stands for the subtraction of traces of the local operators so that

O(z1x,z2x) = ∑
N

xµxµ1 . . .xµN

N!

{
q̄(0)γµ [z1

←
Dµ1 +z2

→
Dµ1 ] . . . [z1

←
DµN +z2

→
DµN ]Q

2q(0)− traces
}
.

As a consequence the nonlocal operator (2.2) satisfies the Laplace equation ∂ 2
x O(z1x,z2x) = 0 . The

explicit form of the projector [. . .]l.t. is irrelevant for what follows. Useful representations can be
found e.g. in [11, 24].

Thanks to crossing symmetry the vector (axial-vector) operators enter the OPE (2.1) antisym-
metrized (symmetrized) over the quark and antiquark positions so it is convenient to define:

OV (z1,z2) =
[
q̄(z1x)/x Q2 q(z2x)

]
l.t.− (z1↔ z2) , (2.3)

OA(z1,z2) =
[
q̄(z1x)/x γ5 Q2 q(z2x)

]
l.t.+(z1↔ z2) .

The leading-twist expressions for the functions V,A are well known and can be written as (cf. [24])

Vt=2
µ =

1
2

∂µ

∫ 1

0
duOV (u,0) , At=2

µ =
1
2

∂µ

∫ 1

0
duOA(u,0) . (2.4)

Note that the separation of the leading-twist terms [. . .]l.t. from the nonlocal operators produces
a series of kinematic power corrections to the amplitudes, which are similar to Nachtmann target
mass corrections in DIS [5]. Such corrections are discussed in detail in [10, 11, 9, 12, 13, 14, 15].

For the twist-three functions we obtain (cf. [8, 9, 10, 16])

V(A)t=3
µ

=
[
iPν ,

∫ 1

0
du
{

iεµαβνxα
∂

β ÕA(V )(u)+
(

Sµανβ xα
∂

β + lnu∂
µx2

∂
ν

)
ÕV (A)(u)

}]
, (2.5)

Here Pν is the momentum operator, [iPν ,q(y)] = ∂νq(y), and we used the notation

ÕV (A)(z) =
1
4

∫ z

0
dwOV (A)(z,w) . (2.6)
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One can verify that xµVt=3
µ = ∂ µVt=3

µ = 0 and similarly for At=3
µ . The term ∼ lnu in Eq. (2.5) is

itself twist-four and can be omitted if the calculation is done to twist-three accuracy. The resulting
simplified expression is in agreement with Refs. [8, 9].

The twist-four contributions to Eq. (2.1) is our main result. To present it in a compact form we
define new nonlocal operator which is the generating function for the local operators (∂O)N

RV (A)(z1,z2) =
∫ z1

z2

dw
∫ w

z2

dw′

z12

w′− z2

z1−w′
×
[

1
2

S+O
V (A)
1 (w,w′)− (S0−1)OV (A)

2 (w,w′)
]
, (2.7)

where S+,S0 are differential operators

S+ = w2
∂w +2w+w′2∂w′+2w′ , S0 = w∂w +w′∂w′+2 (2.8)

and the operators O1,2 are defined in terms of the leading-twist operator Ot=2
++ (z1,z2) as follows:

O
V (A)
1 (w,w′) =

[
iPµ ,

[
iPµ ,O

t=2
V (A)(w,w

′)
]]

, O
V (A)
2 (w,w′) =

[
iPµ ,

∂

∂xµ
Ot=2

V (A)(w,w
′)
]
. (2.9)

In these notations the the twist four functions X and Y take the form

X=−1
8

∫ 1

0

du
u2

[
RV (u,0)−RV (0,u)

]
, Y=

1
8

∫ 1

0

du
u2

[
RV (u,0)+RV (0,u)

]
. (2.10)

Similarly, the functions Vt=4
µ and At=4

µ can be written as follows

Vt=4
µ = x2

(
∂µV+ xµ

∆V
)
, At=4

µ = x2
∂µA , (2.11)

where

∆V=− 1
4

∫ 1

0
duRV (u,0) ,

V=− 1
8

(
RV (0,1)+

∫ 1

0

du
u2

[
RV (0,u)− (1−u2)RV (u,0)

])
,

A=
1
8

(
RA(0,1)+

∫ 1

0

du
u2

[
RA(0,u)+(1−u2)RA(u,0)

])
. (2.12)

The OPE of the electromagnetic currents iT{ jem
µ (z1x) jem

ν (z2x)} for arbitrary z1,z2 is more compli-
cated and can be found in Ref.[2]. We note also that conservation of the electromagnetic current
implies that ∂ µTµν(x) = 0 and ∂ νTµν(x) = i[Pν ,Tµν(x)]. We have checked that these identities are
satisfied up to twist-5 terms.

3. Conclusions

We have given a complete expression for the time-ordered product of two electromagnetic
currents that resums all kinematic corrections related to quark GPDs to twist-four accuracy. The
results can be applied to various two-photon processes, e.g. to the studies of deeply-virtual Comp-
ton scattering and γ∗→ (π,η , . . .)+ γ transition form factors. The twist-four terms calculated in
this work give rise to both a ∝ t/Q2 correction and the target mass correction ∝ m2/Q2 for DVCS,
whereas for the transition form factors these two effects are indistinguishable as there is only one
scale. The main remaining question is whether QCD factorization itself is valid in such reactions
to twist-four accuracy, at least for kinematic contributions.
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