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The arena of doubly and triply heavy baryons remains experimentally unexplored to a large ex-
tent. This has led to a great deal of theoretical effort being put forth in the calculation of mass
spectra in this sector. Although the detection of such heavy particle states may lie beyond the
reach of experiments for some time, it is interesting to compare results between lattice QCD com-
putations and continuum theoretical models. Several recent lattice QCD calculations exist for
both doubly and triply charmed as well as doubly and triply bottom baryons. In this work we
present preliminary results from the first lattice calculation of the mass spectrum of doubly and
triply heavy baryons including both charm and bottom quarks. The wide range of quark masses
in these systems require that the various flavors of quarks be treated with different lattice actions.
We use domain wall fermions for 2+1 flavors (up down and strange) of sea and valence quarks,
a relativistic heavy quark action for the charm quarks, and non-relativistic QCD for the heavier
bottom quarks. The calculation of the ground state spectrum is presented and compared to recent
models.
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1. Motivation

Experimental observations of charmed and bottom baryons date back to the mid 1970’s with
the discovery of the Λ+

c , and to the early 1990’s with the discovery of the Λb. Since that time,
the experimental spectrum has filled out with many very precise measurements of the ground state
energies of singly charmed and bottom baryons. In the past 10 years, results from BaBar and Belle,
as well as the D0 and CDF experiments at Fermilab have provided more precise measurements
of heavy flavour ground and excited states as well as a first glimpse of several new states, most
notably the controversial Ωb at CDF [1] and D0 [2] and the Ξcc at SELEX [3, 4]. Although the
former controversy has been resolved by a more recent measurement at the LHCb [5], the latter
observation has still received no experimental verification to date, and is generally in disagreement
with most current theoretical results by ∼200 MeV. It is controversies like these, as well as the
prospect of observations of new states that make this an exciting time for lattice QCD. The op-
portunities for heavy flavour spectroscopy from the lattice are twofold: 1) Lattice results can help
to resolve controversies like the ones presented above (and provide an excellent comparison with
current experimental measurements) and 2) Lattice results can help to provide predictions for as yet
unobserved states. The predictive power of lattice QCD is especially exciting in the context of the
upcoming increase in operating energy at the LHC scheduled for 2014. It is with this motivation
that we present the first lattice calculation of the charmed bottom baryon spectrum.

2. Heavy Quarks in Lattice QCD

Lattice QCD is a discretized version of the Feynman path integral formulation of QCD. By
defining QCD on a four dimensional Euclidean space time lattice with lattice spacing a, we reg-
ulate the continuum theory with an ultraviolet cutoff at energies greater than 1

a . By necessarily
performing calculations in a finite volume (with spatial length L and periodic boundary condi-
tions), the lattice also introduces an infrared cutoff at energies less than 1

L . To make contact with
QCD, extrapolations in both the lattice spacing and lattice volume are necessary. The desired scale
hierarchy for lattice calculations is:
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where mh is the mass of a heavy quark. Due to the increase in computational cost associated with
reducing the lattice spacing and pion mass, this hierarchy is currently not computationally feasible,
and it is common to work with the following hierarchy instead:

1
mh

< a�{ 1
phadron

,
1

ΛQCD
,

1
mπ

}< L, (2.2)

with mπ > mphys
π . In order to account for the unphysical pion mass, chiral perturbation theory is

often used to perform extrapolations to the physical point. Heavy quarks are treated differently
due to computational limitations. With standard fermion actions, the required lattice spacings to
correctly resolve charmed and bottom quarks are a < 0.06 fm and a < 0.02 fm respectively, while
current typical lattice spacings lie in the range of 0.08−0.12 fm. Because of this, heavy quarks are
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often handled through the use of effective theories for heavy quarks and specialized discretizations
of the QCD action. Two such treatments of heavy quarks on the lattice (used in the current work)
are non-relativistic QCD (NRQCD) [6], and the relativistic heavy quark action (RHQ) [7]

NRQCD is an effective field theory in which the hard modes at or above mh have been in-
tegrated out. The action contains local operators of increasing dimension, which are suppressed
by increasing powers of the typical heavy-quark velocity. Lattice NRQCD is a discrete version
of continuum NRQCD, and requires a cutoff a−1 < mh. This requirement, together with the rate
of convergence of the heavy-quark expansion, means that lattice NRQCD is well-suited for bot-
tom quarks, but not for charm quarks. For the charm quarks, we use the RHQ action, which is
a Wilson-like action with improvement terms (proportional to powers of the lattice spacing, a)
and an anisotropy ν between the spatial and temporal directions. By tuning this anisotropy, the
heavy quark dispersion relationship, which is badly broken due to the scale discrepancy between
the heavy quark mass and the lattice spacing, can be restored.

3. Lattice Spectroscopy

Masses are extracted from lattice calculations by looking at the Euclidean time behaviour of
two point correlations functions of interpolating operators O(~x, t) that have the quantum numbers
of the state of interest. Explicitly, we have the relation:

C (t) = ∑
~x

〈
O(~x, t)O(0,0)

〉
= ∑

i
Aie−mit , (3.1)

where the mi are the masses of all states that couple to the chosen operators. At large times, the
ground state mass dominates the correlator signal and a single exponential fit is often sufficient to
extract the ground state energy at large times provided there are no other sources of contamination
to the signal in this region.

For the current work, charmed bottom interpolating operators are of the form

O5 = εabc (Cγ5)βγ
qa

β
q′bγ q′′cα , O j = εabc (Cγ j)βγ

qa
β

q′bγ q′′cα , (3.2)

where q(q′,q′′) are the quark flavours u,d,s,c,b, and Greek and Roman indices used for spin and
color degrees of freedom respectively. The operators O j can be projected to either J = 1/2 or
J = 3/2.

4. Lattice Details

The spectroscopy calculation was performed using field configurations generated by the RBC
UKQCD Collaboration [8, 9]. These configurations use the Iwasaki gauge action and include 2+1
flavours of light domain wall fermions (with Ls = 16), with a−1 ∼ 1.76 GeV, 2.33 GeV for coarse
and fine lattice spacings. The range of pion masses for these ensembles is 295 MeV - 352 MeV,
and we compute propagators corresponding to valence pion masses in the range 227 MeV - 352
MeV. The strange quark mass for the ensembles is approximately 10% above the physical point,
however we also generate strange-quark propagators with slightly lower mass to interpolate to the
physical value.
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The RHQ action is used for the charm quarks, with tree level tadpole improved values for
the coefficients cE and cB. This leaves two free parameters which we nonperturbatively tuned: the
RHQ anisotropy "ν" and the bare quark mass "m0". These two parameters are tuned simultaneously
to restore the J/Ψ dispersion relation:

c2 =
E2
|p|=1−E2

|p|=0

p2
|p|=1

= 1, (4.1)

as well as match to the experimental value of the spin averaged charmonium mass: M = 1
4 Mηc +

3
4 MJ/Ψ. It should be noted here that we choose to use Eq. (4.1) in tuning the dispersion relation
over performing a linear fit for a larger number of momenta.

The lattice NRQCD action used here for the bottom quarks is accurate through order v4,
Λ2

QCD/m2
b [6], and is tadpole improved using the Landau gauge mean link. The matching coef-

ficients ci are set to their tree-level values, except for c4 (which controls hyperfine splittings). For
c4, the one-loop results are used [10], kindly provided by Tom Hammant for the case of the Iwasaki
gauge action used here. The bottom quark mass is tuned nonperturbatively to reproduce the correct
spin-averaged kinetic mass for the bottomonium 1S states.

5. Results

In Figure 1 we present the low lying spectrum of baryons containing charmed and bottom
quarks. The masses shown are calculated from mass splittings with respect to experimental masses
from the Particle Data Group. For states containing light quarks, nc charm quarks and nb bottom
quarks we have:

MO = Mlatt
O −ncMlatt

Λc
−nbMlatt

Λb
+ncMPDG

Λc
+nbMPDG

Λb
(5.1)

This particular choice is made in an attempt to cancel some of the quark mass dependence, as
well as the NRQCD energy shift, from the values we present. For states containing only heavy
quarks, MΛb (MΛc) is replaced by 1

2 Mϒ

(1
2 MJ/Ψ

)
. The preliminary results presented here are at a

finite lattice spacing of∼ 0.11fm, and a valence pion mass of∼ 270MeV. As stated in the previous
section, the calculation was performed at two lattice spacings with several different pion masses
which allows for extrapolations to both the continuum (a→ 0) and chiral limits.

In light of the fact that no previous lattice calculations of the mixed charmed bottom baryon
exist, it is interesting to compare this lattice calculation with other theoretical results that exist from
calculations with various models. In Figure 2 we compare our value of Ω

(∗)
cb to several other theo-

retical values that exist in the literature. Because the Ω
(∗)
cb lacks any light valence quarks, the pion

mass dependence is expected to be very weak (entering only at the level of loop diagrams). In com-
paring the various models to our lattice calculation we find agreement with only the results from
Ref. [14]. This could be indicative of the shortcomings of calculations using various flavours of
the quark model, although there is still room for movement in our lattice values from interpolating
to the physical strange quark mass.
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Figure 1: Charmed bottom spectrum at non-zero lattice spacing and pion mass of mvv
π ∼ 270MeV. Blue

lines are J = 1/2 and red are J = 3/2.
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Figure 2: Comparison of Ω
(∗)
cb to various theoretical models. The uncertainty quoted for the lattice results are

statistical only; systematic uncertainty from fitting is expected to contribute less than the statistical error. The
other calculations are as follows: QM is a quark model calculation presented in [11], RTQM is a relativistic
three quark model result from [12], RQM is relativistic quark model from [13], and FHM is from [14] using
the Feynman-Hellmann theorem.

6. Conclusions

We have presented preliminary results from the first lattice calculation of the low lying charmed
bottom baryon spectrum, motivated by recent observations of new charm and bottom baryons and
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their resonances. We present a comparison of several states to other theoretical models and find
relatively weak agreement with all but one previous calculation. Future plans include performing
extrapolations to the continuum and chiral limits and an extrapolation to the physical strange quark
mass to make the connection with QCD.
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