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It has long been conjectured that certain supersymmetric Yang-Mills (SYM) theories provide us
with nonperturbative formulations of the string/M-theory. Although the supersymmetry (SUSY)
on lattice is notoriously difficult in general, for a class of theories important for the string/Mtheory various lattice and non-lattice methods, which enable us to study them on computers, have
been proposed by now. In this talk, firstly I explain how SYM and string/M-theory are related.
Then I explain why the lattice SUSY is difficult in general, and how the difficulties are solved in
theories related to string/M-theory. Then I review the status of the simulation of the simulations.
It is explained that some stringy effects are correctly incorporated in SYM. Furthermore, concrete
values can be obtained from the SYM side, even when a direct calculation on the string theory side
is impossible by the state-of-the-art techniques. We also comment on other recent developments,
including the membrane mini-revolution in 2008 and simulation of the matrix model formulation
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1. Introduction
The second superstring revolution in mid 1990’s made it clear that the lattice Monte-Carlo
simulation can play crucial roles in order to understand important problems associated with nonperturbative nature of the superstring/M theory, e.g. the microscopic origin of the black hole thermodynamics, the Big Bang singularity, the inflation, and the compactification of the extra dimensions.
The key is a deep connection between certain supersymmetric gauge theories and superstring/M
theory: it had been conjectured that the gauge theories provide the nonperturbative formulations
of superstring/M-theory [1, 2, 3, 4, 5]. According to these conjectures, one can study the nonperturbative aspects of string/M-theory by solving the gauge theories. In particular, the gauge/gravity
duality conjecture [4, 5] relates the thermodynamics of the super Yang-Mills theory and the black
hole.
The first excitement had declined rather quickly, partly because the numerical techniques to
study the supersymmetric gauge theories were rather premature. However now various tools are
available, some interesting physics have been revealed, and the studies of other important problems
are within reach. In this talk I briefly review basics of this subject. I start with giving a very
elementary introduction of the gauge/gravity duality in Sec. 2. Then in Sec. 3 I review the numerical
approach. In Sec. 4 I review the relationship between the supersymmetric Chern-Simons-matter
theory and M-theory on the multiple M2-brane background. In Sec. 5 I show an incomplete list of
other attempts.

2. The gauge/gravity duality
2.1 Open string and closed string
In the superstring theory, point particles are promoted to strings. Each oscillatory mode of
the strings can be regarded as a particle, whose mass is heavier when the oscillation is stronger.
There are two kinds of strings, a closed string and an open string (Fig. 1). The massless sector of
the closed string describes the graviton, a scalar field called dilaton, and various tensor fields. The
open string can have gauge degrees of freedom at the edges, and hence it naturally describes the
gauge fields. Other fields e.g. the massless fermions and massive fields of the Planck scale mass
also exist in the spectrum. The string perturbation theory describe the interaction of these fields.
For consistency, (1 + 9)-dimensional spacetime (1 time dimension and 9 spatial dimensions) is
required, and in order to relate it to our (1 + 3)-dimensional spacetime extra six spatial dimensions must become invisible, for example through the compactification. In this talk I consider the
noncompact (1 + 9)-dimensional spacetime unless otherwise stated.

Figure 1: A closed string (left) and an open Figure 2: Scattering of two closed strings, treelevel (left) and one-loop (right). Each loop instring (right)
volves a factor g2s .
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In the following I consider the type IIA and type IIB superstrings. There are two kinds of
massless bosonic fields in these theories: NS-NS and R-R. The NS-NS fields include the graviton
Gµν , the rank-two antisymmetric field Bµν and the dilaton φ . The expectation value of the dilaton
is related to the string coupling constant gs , which characterizes the strength of the quantum stringy
(k)
effects, by gs = eφ (Fig. 2). The R-R fields are rank-k antisymmetric tensor fields Cµ1 ···µk , where
k = 1, 3 for IIA and k = 0, 2, 4 for IIB.
type IIA
NS − NS Gµν , Bµν , φ
R−R

(1)

(3)

type IIB
Gµν , Bµν , φ
(2)

(4)

Cµ ,Cµνρ C(0) ,Cµν ,Cµνρσ

At low-energy, there is an effective description of the superstring theory in terms of the massless fields, which reproduces the scattering amplitudes calculated from string theory. This effective
theory is the supergravity, which is a supersymmetric generalization of the Einstein gravity.
2.2 Black brane and D-brane
Type IIA supergravity has a black hole solution with the R-R 1-form charge, which is called
the black 0-brane. The black 0-brane preserves half of the supersymmetry (16 supercharges). In
addition, there are (1 + p)-dimensional supersymmetric black-hole-like objects, the black p-brane,
which couples to the electric or magnetic charge of the R-R (p + 1)-form. Here p is even in IIA
and odd in IIB. The metric of the black p-brane is given by [6]
(
"
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where we have used the Yang-Mills coupling gY M and the size of the gauge group N in the corresponding super Yang-Mills theory for later convenience. A constant α 0 is the inverse of the string
tension, (t, yk ) is the coordinate of the (p + 1)-dimensions along which the brane is extended, U
and Ω are the radial and angular coordinate of the transverse directions, and U0 is the place of the
horizon, which is related to the Hawking temperature of the black brane by
(5−p)/2

T=

(7 − p)U0
q
,
4π d p gY2 M N

(2.2)

where d p = 27−2p π (9−3p)/2 Γ((7 − p)/2). When p = 3, the coefficient in front of dΩ28−p becomes
a constant independent of U, and hence the black brane geometry becomes a direct product of the
five-dimensional spacetime described by (t, yk ,U) (AdS black hole) and the five sphere S5 . When
p 6= 3, there is no simple direct product structure. The dilaton, or equivalently the string coupling
constant, is given by
φ

e =

(2π)2−p gY2 M
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At p = 3, it is independent of U.
The black brane is a classical solution to the supergravity. Because the supergravity is the
low-energy effective description of the superstring theory, the black brane must exist also in the
superstring theory, at least in the parameter region where the supergravity gives a good approximation. Then, is it possible to describe the black brane directly in the string perturbation theory?
Actually there is a counterpart, which is the D-brane (or ‘Dirichlet’ brane) found by Polchinski and collaborators [7, 8]. The Dp-brane is a membrane-like object extending to the time and
p spatial dimensions x0 = t, x1 , · · · , x p . (Again, p is even in IIA and odd for IIB, in order for
the supersymmetry to be preserved.) While the closed string can propagate anywhere in the bulk
(1 + 9)-dimensional spacetime, the endpoints of the open string must be attached to the D-brane,
or equivalently the Dirichlet (Neuman) boundary condition along x p+1 , · · · , x9 (x0 , x1 , · · · , x p ) is imposed for the endpoints (Fig. 3).
In order to understand the physics of the black brane, one considers the emission or absorption
of the graviton, which come from the closed string. On the other hand, the concept of the D-brane
manifestly relies on the open string picture. Therefore, their relationship can be understood as the
open string-closed string duality. This is intuitively very simple; as shown in Fig. 4, a loop of an
open string stretching between two D-branes can also be interpreted as an exchange of a closed
string. By using this simple picture, Polchinski showed that the D-brane has the same R-R charge
as the black brane, and that it preserves the same supersymmetry, which is the evidence that the
D-brane and the black brane are the same object.

Figure 4: A cartoon picture
of the open string-closed string
duality. A loop of an open
Figure 3: An open string must string stretching between two Dbe attached to D-branes. A branes can also be interpreted as
closed string can propagate any- an exchange of a closed string.
where in the bulk.

Figure 5:
The system of
two parallel D-branes and open
strings. Because string has the
tension, the string connecting
two different D-branes becomes
massive.

2.3 D-brane and super Yang-Mills
Let us consider the low-energy effective theory of the D-branes sitting in parallel and open
strings stretching between them. (If they are not sitting in parallel, supersymmetry is broken in
general.)
First let us consider the single D-brane (Fig. 3). Because the open strings are trapped on the
D-brane, the low-energy theory is a (p + 1)-dimensional field theory. At sufficiently low energy,
the oscillatory modes decouple and only the massless modes remain. They are the gauge field
Aµ (µ = 0, 1, · · · , p), scalar fields Xi (i = 1, · · · , 9 − p) and their superpartner ψα (α = 1, 2, · · · , 16).
Note that scalar fields describe the transverse fluctuation of the D-brane, which appears because
the strings pull the D-brane.
4
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Next let us consider the system of two D-branes (Fig. 5). Now there are two types of the
open strings: the one having both ends on the same brane, and the one connecting two different
branes. The former is massless, while the latter has the mass, (the distance between D-branes)×(the
string tension). Such a situation is realized in the U(2) Yang-Mills theory with adjoint matters, by
identifying the (i, j)-component of the matrices with the strings connecting i-th and j-th D-branes.
In fact, from the kinetic term of the U(2) Yang-Mills
1
2

Z

d p+1 x Tr Dµ Xi

2

≡

1
2

Z

(1)

2
d p+1 x Tr ∂µ Xi − i[Aµ , Xi ] ,
(2)

(1)

(2.4)

(2)

around the diagonal background Xi = diag(xi , xi ) the mass term (xi − xi )2 · |(Aµ )12 |2 is obtained. Mass terms of the scalars and fermions appear from the interaction terms in the same
manner. After a little bit more detailed argument, it turns out that the maximally supersymmetric
U(2) Yang-Mills in (p + 1)-dimension1 ,


Z
2 1
1
1
1 2
2
µ
i
p+1
S= 2
(2.5)
F + Dµ Xi − [Xi , X j ] + iψ̄γ Dµ ψ + ψ̄γ [Xi , ψ] ,
d x Tr
4 µν 2
4
gY M
gives the low-energy effective action. When there are N D-branes, the U(N) maximal super YangMills appears. (Here ‘maximal’ means the theory with 16 supercharges. If more supercharges
exist, fields with spin larger than one necessarily appear, and it is difficult to construct a consistent
local quantum field theory.)
2.4 The gauge/gravity duality
Now we have two descriptions for the Dp-branes: super Yang-Mills (open string picture) and
the supergravity, or more precisely weakly coupled type IIA/IIB superstring theory, around the
black p-brane (closed string picture). Can these descriptions become valid simultaneously?
Because SYM takes into account only the open strings, one has to consider the limit where the
closed strings decouple. Furthermore, because the SYM does not contain the oscillatory modes of
the open strings, such modes must become heavy. Such a situation is realized when the D-branes
√
are sitting very close to each other (the distance is much smaller than α 0 ) and the physics near
√
the horizon (closer than α 0 ) is considered. In order for the weakly coupled closed string picture
around the black brane background to make sense, the stringy corerction must be small. Therefore
√
the curvature radius of the metric (2.1) must be large compared to α 0 and the string coupling
(2.3) must be small. When p = 3, these conditions are equivalent to gY2 M N  and gY2 M  1. In this
parameter region, at least formally, SYM and weakly coupled IIA/IIB string theory picture become
valid simultaneously. 2
Based on that observation, Maldacena conjectured these two theories are the same (Fig. 6).
More precisely, the conjecture is as follows:
1 In

this proceeding we will consider the Euclidean theories, because we want to put them on computer. Therefore
when we wrote ‘(3 + 1)-d’ it should be interpreted as 4d Euclidean spacetime. The boundary condition is not necessarily
thermal (i.e. anti-periodic b.c. for the fermion along the Euclidean time); we also consider the periodic boundary
condition, which preserves the supersymmetry.
2 Of course whether this condition is sufficient for the weakly coupled description is a highly nontrivial issue– we
are trying to apply a naive perturbative string theory picture to a very short distance!
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Figure 6: The gauge/gravity duality.

Figure 7: The center broken phase (left, bottom)
and unbroken phase (right, bottom) correspond
to the black hole (left, top) and uniform black
string (right, top).

• The large-N and strong ’t Hooft coupling limit of SYM corresponds to the supergravity.
• The large-N and finite ’t Hooft coupling corresponds to the classical string theory, i.e. α 0 > 0
but gs = 0.
• Finite-N, finite ’t Hooft coupling corresponds to the full quantum string theory, α 0 > 0 and
gs > 0.
By now most string theorists believe the first two statements are true, while the last one is still
controversial.
Because the supergravity is just a classical theory and hence much easier than SYM, people
often solve the supergravity to learn about SYM. However, once the stringy correction is taken
into account, the gravity side suddenly becomes very difficult. If we can somehow study the gauge
theory side, we can make various predictions for the string theory. Here lattice theorists can play
important roles.

3. Super Yang-Mills on computer
3.1 (No) fine tuning problem
Even if a given lattice action becomes the target theory at tree level, it does not necessarily
converge to the correct continuum limit at quantum level. In order to understand this point, let us
recall why the Wilson’s plaquette action works. The key is the exact symmetries; it has the exact
gauge symmetry, discrete translation symmetry, 90 degree rotation symmetry, charge conjugation
symmetry etc at discretized level. Therefore, radiative corrections must respect these symmetries,
which assures the emergence of the correct continuum limit. If some of these exact symmetries
are not kept, we might obtain a wrong continuum limit, which is not gauge invariant or translation
invariant or whatever. The same problem is more familiar when one considers the fermion; with
the Wilson fermion, for example, the mass-parameter fine tuning is needed because of the lack of
the chiral symmetry on the lattice.
The trouble with the lattice supersymmetry comes from the simple fact that the supersymmetry
algebra contains the infinitesimal translation (the spacetime derivative), which is broken on lattice
by construction. Therefore it is impossible to preserve the whole supersymmetry algebra. (For detailed arguments, see e.g. [9].) Still, however, various theories allow fine-tuning free formulations:
6
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• In 4d N = 1 pure SYM (i.e. a theory of gluons and gluinos, without matter fields), one can
use the chiral symmetry to forbid SUSY breaking radiative corrections [10].
• In 2d extended SYM (i.e. the dimensional reductions of 4d N = 1, 2 or 4), one can preserve a
part of the supersymmetry unbroken. This exact supersymmetry, combined with other global
symmetries, assures the correct continuum limit. It was first argued at perturbative level
[11][12, 13, 14, 15] and then confirmed nonperturbatively by the Monte-Carlo simulation
[16, 17, 18].
• For 3d and 4d SYM, matrix model techniques play important roles. In short, lattice-like
structure can be embedded in big matrices, so that SYM theories are realized around special
vacua of matrix models. In [19] and [20, 21], it has been shown that the (2+1)-d and (3+1)d U(k) gauge theories can be obtained around the k-coincident fuzzy sphere background of
SU(Nk) theory in (0 + 1)d and (1 + 1)-d, after taking an appropriate large-N limit. (0 + 1)-d
and (1 + 1)-d theories can be regularized as we have seen before. Another formulation can be
found in [22], which showed an equivalence between (3 + 1)-d SYM and a certain multiple
fuzzy sphere background of the plane wave matrix model [23]. Among the formulations for
(3 + 1)-d SYM, the one in [20, 21] has advantage that finite gauge group can be realized. On
the other hand, although the method in [22] is valid only for U(∞) gauge group, it preserve
all the supersymmetry in a very elegant manner. (Note that, though four-dimensional lattice
theories requires the fine tunings, however, the number of the fine tunings can be small and
hence the fine tuning approach might be practical; see [24, 25].)
• For 1d theories, one does not have to worry about the radiative corrections so seriously3 ,
thanks to the UV finiteness. It enables us to use a very efficient non-lattice method [27]. For
a lattice approach, see [28]. See also [29] for Hamiltonian formulation.
Although several interesting theories like the supersymmetric QCD do not allow any fine-tuning
free formulation yet, most theories important for the string theory can be put on computer without
any fine tuning.
3.2 (No) sign problem
Another possible obstacle for the lattice SUSY simulation is the sign problem, that is, the
determinant (or Pfaffian) of the Dirac operator is complex. However, rather surprisingly, it can
simply be avoided by using the phase quenched ensemble in all examples so far studied.
• In 2d N = (2, 2) SYM (i.e. the dimensional reduction of 4d N = 1 pure YM), there is no
sign problem in the continuum limit. Although the complex phase appears as a lattice artifact
[30, 31], one can take the correct continuum limit without the complex phase by using the
phase quenched ensemble [17, 18, 32].
• In 1d and 2d maximal SYM at finite temperature (i.e. antiperiodic boundary condition for the
fermion along the temporal circle), the Pfaffian is almost real positive at high temperature
3 One

must not be too naive; see [26].
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region. Even at rather low temperature where a good agreement with the gravity dual is
observed, the Pfaffian is still almost real and positive [33, 34][35].
• With the periodic boundary condition, non-negligible phase fluctuation had been observed
at N ≥ 3. Still, however, the phase quench simulation gives consistent results with the gravity dual. The validity of the phase quenching can also be confirmed numerically, without
referring to the gravity dual; see [36] for details.
• For a class of Wess-Zumino models, the world-line formalism and the worm algorithm can
be used to avoid the sign problem [37].
3.3 (0 + 1)-d SYM and black hole thermodynamics
Now let us see the simulation results and interpret them from string theory point of view. We
start with the (0 + 1)-d maximal SYM, which is (conjectured to be) dual to type IIA string theory
around the black zero-brane. Because the coupling constant has the dimension of (mass)3 , this
theory is not conformal. However the gravity dual predicts a conformal-like behavior at large-N.
For example, there are many massless modes whose correlators show a power-law decay, and this
theory is deconfining (in the sense that the Polyakov loop has a nonzero expectation value) at any
nonzero temperature. The Monte-Carlo study does not just reproduces such predictions but also
provides us with further insights.
• The theory has a flat direction [Xi , X j ] = 0. Because of the supersymmetry, it is not lifted by
the quantum correction. However, if one takes the initial condition as Xi = 0, a metastable
state appears. That is, eigenvalues of Xi fluctuate around zero for a while and then run to
infinity. The metastable state becomes more and more stable as N becomes larger. It is consistent with the stringy picture: because the scalars represent the D0-branes, the metastable
state is the bound state of the D0-branes, which is regarded as the black zero-brane in the
gravity picture. There is no instability in the black brane solution at classical level (N = ∞),
and the instability appears through the quantum effect (1/N correction).
In order to take the expectation value, one has to take N large enough, so that sufficiently
many configurations are obtained before the metastable state collapses.
• The thermal excitation energy E in SYM corresponds to the ADM mass of the black hole.
At large-N, on the gravity side, it is evaluated as
(λ −1/3 E)
= 7.41(λ −1/3 T )2.8 + c(λ −1/3 T )4.6 + · · · ,
(3.1)
N2
where a constant c has not yet determined analytically. Note that the ’t Hooft coupling
constant λ = gY2 M N has the dimension of (mass)3 .
Numerical study of this quantity had been performed in [33, 34, 38, 39]. In particular, in [38]
−1/3
the next leading term had been studied. By using (λ N 2 E) = 7.41(λ −1/3 T )2.8 + c(λ −1/3 T ) p
as the ansatz, we obtain p = 4.58(3) and c = −5.55(7), which is consistent with the analytic
prediction p = 4.6. By a one-parameter fit with p = 4.6, the overall coefficient is determined
as c = −5.58(1). This is a prediction from SYM, which should be reproduced from the string
theory.
8
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• In the gauge/gravity duality, the supersymmetric Wilson loop which involves the scalar field
loop
can easily calculated on the gravity side [40]. In (0 + 1)-d, one can consider the Wilson
R
1
dt(iA+X)
winding on the temporal circle (the Polyakov loop), which is given by W = N TrPe
,
where X is one of the scalars X1 , · · · , X9 . The prediction from the gravity side is hlog |W |i ∼
1.89T −3/5 +C, where C is an unknown constant. The simulation result in the gauge theory
is consistent with this prediction, by taking C = −4.95 for N = 4 and −4.58 for N = 6 [41].
• At large-N and at strong coupling, correlation functions can be calculated by using the
Gubser-Klebanov-Polyakov-Witten relation [42] by solving the gravitational equations of
motion. In [43, 36], various two-point functions had been calculated numerically on the
Gauge theory side, and perfect agreement with the dual gravity prediction [44] had been
observed already at N = 2.
3.4 (1 + 1)-d SYM and black hole/black string transition
Let us consider the (1 + 1)-dimensional U(N) maximal SYM on spatial S1 with circumference
L. We impose the periodic boundary condition both for the bosonic and fermionic fields. This
theory describes the system of N D1-branes winding on the circle. By taking the T-duality along
the circle, it can also describe the system of N D0-branes. The compactification radius becomes
L0 ≡ 2πα 0 /L. The positions of Rthe D0-branes correspond to the eigenvalues of the Wilson line
along the spatial circle, W = Pei Ax dx . When the Wilson line phases clump to a point (hW i 6= 0),
they describe a bunch of D0-branes localized along the S1 , which is the black hole (black 0-brane)
in the gravity picture. On the other hand, when the Wilson line phases are uniformly distributed
on the unit circle (hW i = 0), the D0-branes form the (uniform) ‘black string’. (Note that this black
string is an object in type IIA string, which is different from the black 1-brane in type IIB.) One
can also consider other objects like nonuniform black string and multiple black hole.
Let us fix the temperature and change the radius of the spatial circle. When the radius is
sufficiently large, the black hole solution in the noncompact space provides us with a good approximation. As the radius becomes as small as the size of the black hole, the compactified direction
gets completely filled by the black hole; then the black hole winds on the circle and turns into the
black string. This is the black hole/black string transition [45]. In the gauge theory, this transition
can be identified with the breaking of the ZN center symmetry W → e2πi/N W , because W is an
order parameter of the center symmetry (Fig. 7). By looking at the eigenvalue distribution of W as
a function of temperature T and compactification radius L, one can study the stringy effect on the
transition.
At low temperature, the phase transition can be studied from the gravity side, by comparing
the free energy of the black zero-brane and black string solutions to type IIA supergravity [46].
(At small volume, strings winding on the compact circle become light, so that the IIB supergravity
approximation is not good. Then by taking the T-dual, the winding modes are mapped to the KK
momentum, and description with IIA supergravity becomes valid. It can be shown that the phase
transition takes place where type IIA supergravity, rather than type IIB supergravity, gives a good
approximation.) It turns out the black hole (center broken phase) is preferred at small L, and there
is a first order transition to the uniform black string (center unbroken phase).
9
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At high temperature, because all the KK modes along the temporal direction (and hence all
the fermionic degrees of freedom) decouple, the system reduces to the bosonic matrix quantum
mechanics (bMQM). Note that the spatial S1 in the two-dimensional theory corresponds to the
temporal S1 in the bMQM; hence the deconfinement transition of the latter can be regarded as a
remnant of the black hole/black string transition. See [46, 47] for detail studies of bMQM from
this point of view.
In [35], the phase structure had been studied by using the twisted SUSY formulation. Although
larger scale simulation with larger N and finer lattice is needed for rigid conclusion4 , the result
seems to interpolate known results in high and low temperature regions. It is very important to
pursue this direction further by using several lattice formulations.
3.5 Toward the simulation of (3 + 1)-d maximal SYM
Although a simulation of the four-dimensional maximal SYM is very expensive, there is steady
progress.
• In [48, 49], a numerical simulation had been performed by using the large-N equivalence
between a special vacuum of a (0 + 1)-dimensional matrix model and the 4d SYM [22].
They had evaluated certain Wilson loops [48] and correlation functions [49], and confirmed
the prediction of the AdS/CFT duality.
• As argued in [32], although all known lattice formulations have a fine-tuning problem, the
lattice simulation may still be manageable. After the conference an interesting paper [25]
appeared, in which a lattice simulation had been performed with this philosophy. As a first
guess, the simulation has been performed without any parameter fine tunings. At all bare
couplings they studied, their results look consistent with the theoretical predictions. The
next important step should be to see the restoration of the supersymmetry, with a possible
parameter fine tuning.
• Four-dimensional SYM can also be regularized by combining the two-dimensional lattice
and fuzzy sphere [20, 21]. Because the same technique is applicable for the 3d SYM [19],
which is numerically much cheaper, it should be easier to test the validity of this method at
nonperturbative level by a simulation of 3d SYM.
• It has been argued that physics of the supersymmetric sector in the strong coupling region
can be captured by a simple matrix model [50]. For numerical work along this direction, see
e.g. [51].

4. ABJM and membrane mini-revolution
The gauge/gravity duality is expected to hold also in M-theory, whose precise definition is
yet to be known. In particular, a stack of multiple M2-branes (i.e. the usual supermembranes in
eleven dimension [52]) should be described by a three-dimensional supersymmetric conformal field
theory, whose dual gravitational description is the M-theory on the AdS4 × S7 background. Such a
4 Because

N is not large enough to stabilize the flat direction, a small scalar mass is introduced.

10

Masanori Hanada

Monte Carlo approach to the string/M-theory

theory had been found in 2008 by Aharony, Bergman, Jafferis and Maldacena (ABJM) [53]. It is a
U(N) ×U(N) Chern-Simons theory with bifundamental matter fields, which is rather complicated.
Its coupling constant, or equivalently the Chern-Simons level, is quantized to be integer k. Mtheory on AdS4 × S7 /Zk gives a good description when N  k5 , while type IIA superstring theory
on AdS4 × S7 /CP3 is good when k  N  k5 . The dual M-theory geometry predicts a peculiar
√
scaling of the free energy, F ∼ kN 3/2 .
It looks hopelessly difficult to study this system on lattice. However, rather unexpectedly,
Monte Carlo approach turned out to be very effective for studying this system.
The key is the localization method [54, 55], which maps the ABJM theory to a much simpler
matrix model. Let us consider the partition function,
Z

Z=

[dφ ]e−S[φ ] .

(4.1)

Suppose the action and the path-integral measure are invariant under a fermionic symmetry generated by Q. We consider a one-parameter deformation, St ≡ S + tQV , where V is an arbitrary
R
fermionic function and 0 ≥ t, and consider Zt ≡ [dφ ]e−St . Then
d
Zt = [dφ ]QVe−St = [dφ ]Q(Ve−tQV )e−S = Z × hQ(Ve−tQV )i = 0,
(4.2)
dt
and hence Zt is actually t-independent. In the limit t → ∞, tQV gives an infinitely steep potential,
the path-integral ‘localizes’ to the classical solution to this potential, and one-loop calculation
around the classical solution provides us with the exact answer. With a clever choice of V , the
classical solution becomes very simple, sometimes as simple as one matrix, and then the partition
function Z is the same as that of the matrix model. In 4d maximal SYM, for example, the resultant
matrix model is simply Gaussian [54]. The same argument can be repeated for the expectation
values of the Q-invariant operators; for example, a supersymmetric Wilson loop in 4d maximal
SYM can be calculated by using the Gaussian matrix model.
The localization method had been applied to the ABJM theory in [55]. The partition function
can be written as

 

"
#
µi −µ j 2
νi −ν j 2
Z
N
N
2
sinh
2
sinh
∏
i<
j
2
2
d µ d ν
ik N 2
1
ABJM
2
Z
=
exp

2
∑ (µi − νi ) .
(N!)2 (2π)N (2π)N
4π i=1
µi −νi
∏i, j 2 cosh 2
Z

Z

(4.3)
√ 3/2
Analytic studies of this theory confirmed F ∼ kN including the prefactor [56], and important result on the 1/N correction had been obtained [57]. On the other hand by using the standard
Monte Carlo technique this integral can be studied much more easily [58]; because the simulation is so cheap, we can obtain quite accurate numerical values. As a result, by combining the
analytic and numerical techniques the analytic expression to all order in 1/N-expansion, which
corresponds the string perturbation theory, had been obtained [57, 58]. After the lattice conference,
analytic techniques to study this integral has been developed further; exact values are obtained for
various N and k [59], and by subtracting the perturbative contribution the instanton effect has been
discussed [60]. Now the gauge theory side is under perfect control, and the quantum correction
on the gravity side is going on, in order to test the AdS/CFT duality at fully quantum level. It is
interesting to apply similar numerical techniques to other important theories.
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5. Other topics
There are many other interesting developments in the numerical simulations. Here is an incomplete list:
• 4d N = 1 minimal super Yang-Mills has been actively studied [61]. Probably the first target
is the spontaneous breakdown of the Z2N symmetry (here N is the size of the gauge group
SU(N)) due to the gaugino condensation.
• Spontaneous SUSY breaking is also a very important subject. Hori and Tong [62] conjectured that in the two-dimensional N = (2, 2) SYM, which is obtained from 4d N = 1
minimal SYM through the dimensional reduction, the supersymmetry is spontaneously broken. Although numerical work by Kanamori et al [63] is consistent with unbroken SUSY,
it is not clear whether they observe the same vacuum Hori and Tong consideredand further
study is needed.
• The Wess-Zumino models on lattice are also actively studied. See [64, 65] for the restoration
of supersymetry in the continuum limit, [66] for the RG flow, [67] for a use of the Nicolai
map and the relation to a certain superconformal minimal model, [68] for an improvement of
the lattice actions of the matrix quantum mechanics, and [69, 37] for the spontaneous SUSY
breaking.
• In [70] the ground state structure of the IKKT matrix model [2], which is the dimensional
reduction of the 4d N = 4 SYM to zero dimension, has been studied. In this model, the
distribution of the eigenvalues may be regarded as the spacetime; there are ten matrices, and
if the eigenvalue distribution is four-dimensional it might be regarded as the emergence of
our four-dimensional spacetime. In a sharp contrast to previous studies, they considered the
Lorentzian version directly, and found that one time direction and three expanding spacial
dimensions appear.
Emergence of the spacetime from the point of view of the noncommutative geometry is also
actively studied. (See e.g. [71] for recent progress. ) It would be interesting to apply
numerical techniques to such scenarios.
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