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We report on numerical simulations of one dimensional maximally supersymmetric SU(N) Yang-
Mills theory, by using the lattice action with two exact supercharges. Based on the gauge/gravity
duality, the gauge theory corresponds to N DO-branes system in type llIA superstring theory at
finite temperature. We aim to verify the gauge/gravity duality numerically by comparing our
results of the gauge side with analytic solutions of the gravity side. First of all, by examining the
supersymmetric Ward-Takahashi relation, we show that supersymmetry breaking effects from the
cut-off vanish in the continuum limit and our lattice theory has the desired continuum limit. Then,
we find that, at low temperature, the black hole internal energy obtained from our data is close to
the analytic solution of the gravity side. It suggests the validity of the duality.
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1. Introduction

Gauge/gravity duality asserts an equivalence between strongly coupled gauge theory and the
classical gravity on curved space, which was originally stated as AdS/CFT correspondence which
includes the supersymmetry by MaldacéfjafFrom the duality, we expect that strongly coupled
gauge theories, which are usually difficult to calculate by hand, can be analytically solved via the
gravity side. So, there are many applications from the context, getting over the barrier among
fields (for example, elementary particle physics, cosmology, condensed matter physics and so on).
However, it is a conjecture and therefore verifying the duality in some way is desirable.

We aim to verify the gauge/gravity duality from lattice simulations in one dimensional super-
symmetric Yang-Mills theory with sixteen supercharges. The theory is obtained by dimensional
reduction from 10d4" =1 SYM (or 4d.4+" = 4 SYM). Actually, we introduce temperature into
the theory by imposing the anti-periodic boundary conditions on fermions. Based on the duality,
the gauge theory corresponds to N DO-branes system in type IIA superstring theory at finite tem-
perature. In particular, at low temperature, the gauge theory becomes strong coupling and using
analytic techniques to examine the dual black hole physics from gauge theory become difficult.
So, we use the lattice gauge theory to analize the gauge theory. From comparisons between lat-
tice results and analytic solutions of the gravity side, we discuss the validity of the gauge/gravity
duality.

There are two previous works about numerical simulations of the 1d maximally supersym-
metric Yang-Mills theory: non-lattice simulations done by Nishimura dPidB[[ ] 5] and lattice
simulations done by Catterall and Wisenf@n[Supersymmetry is broken by the cut-off effects
in their regularized theories. Nevertheless, both results are consistent with the gravity side from
UV-finiteness of 1d gauge theories. In contrast, we employ the lattice formulations with a few
supersymmetric charges on the lattige[], which have been recently developing, in particular,
our lattice theory has two exact supercharges even on the lattice. We expect that the lattice theory
has some advantages, for example, clear signals etc., thanks to the exact charges, in high accuracy
verifications of the duality.

In section 2 we explain our lattice theory and then in section 3 we see some details of simu-
lation techniques. In section 4 we show that the lattice theory has the correct continuum limit by
computing the supersymmetric Ward-Takahashi relation. In section 5 we show the internal energy
of the dual black hole obtained from gauge theory side as an evidence of the gauge/gravity duality.

2. 1d SYM with 16 supercharges

The supersymmetriBU(N) Yang-Mills theory with sixteen supercharges is a gauge theory in
which a gauge field of the temporal directida interacts with nine scalar field§(i = 1,---,9)
and real sixteen fermiong, (o = 1,---,16). The continuum action is given by

Son = [t tr{;(Dlx(t»z—im (1) %)
TP + 50T OUX(O. W]}, @)
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whereA is the 't Hooft coupling constant. Here, all fields are expanded (&s= zgilld)a(t)Ta

by gauge group generatof$ of the SU(N) group® . Also, the covariant differential operatBy

is defined througiD1¢ = 919 +i[A1, §]. They are real symmetric matrices which satisfy the nine
dimensional Euclidean Clifford algebra.

The realization of supersymmetry on the lattice has been a difficult issue due to the lack of
Leibniz rule on the lattice for a long time. However, recently, Sugino proposed a lattice formu-
lation of maximally supersymmetric Yang-Mills theory with two exact superchdfyésim the
topological twisted versiofd]. In the twisted theory, the original action d2.7) can be rewritten
as a closed formSont = Q, Q_(...), using two superchargel. whereQ? are gauge transfor-
mations. From the nilpotency @, up to gauge transformations, we can see that the action is
invariant undeQ.-transformations, without the obvious use of Leibniz rule.

Let us consider one dimensional lattice of the dizevith the periodic boundary condition.
Scalars and fermions are defined on sites labeled=b9, - - - L — 1 while a gauge field is defined
on links through the link fieldl; to realize the exact gauge invariance. Our lattice action is defined
by

3

S= Q+Q_ % tr [—I ZB. Z &jkBi (t)[Bj (t),Bk(1)]
Ij =

- z Y (OP_p( ZE—H —*"I+()’7 O, (@2

where), is a dimensionless 't Hooft coupling constant definedpy: A a® with the lattice spacing

a. Here,B;,C, @, andy., N+, &+ are some combinations of original scalars and those of fermions,
respectively (our notation followH], or see[[J)). Lattice Q. -transformations are defined over the
new variableg,

QrUi(t) =igga(tUs(t),  Quiur(t) =igur(V)Pua(t) Tilaqe(t), --- . (2.3)
From the definitions abov&? are gauge transformations with gauge parameser€,
Qi = 5—i(0+7 Q% = d§077 {Q+7Q—} = 5—iC7 (24)

whered,, is a gauge transformation with the parameterAs a result Q. -invariance is realized
even on the lattice, because of B and the exact gauge invariance of the lattice theory.

The continuum limit is realized by takingy to zero while keeping a typical scale of this
system (e.g., the dimensionful 't Hooft coupliind. Also, the lattice action has no doublers because
(DSDO)(p) = 4sirf(py1/2) whereD, is the free limit of the lattice Dirac operator.

To introduce temperature, we change the boundary condition on fermions from periodic one
to anti-periodic one, while keeping that on bosons,

Ui(t) =Usi(t+L), Xi@t)=Xt+L), (i=1,---,9), (2.5)
Wa(t):—‘-lla(t+|—)a (Cf:l,-",lB), (26)

where temperature is defined By= 1/(La). Temperature breaks all supersymmetries explicitly
and, of courseQ. -invariance. Hereaftef, denotes a dimensionless temperafliyd 1/3,

1The generator§? satisfy the normalization condition,(#2TP) = &,
2The transformations here are thoselfgrand s, 1 (for the others, se@f ).
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3. Simulation details

We use the standard Hybrid Monte Carlo method. But, there are two additional difficulties in
our fermion sector: the 4-fermi interaction and the pfaffian, as explained below.
After Q.-transformations, the action €B.9) includes a cut-off order 4-fermi interaction as

QuQ-tr(Wyon) ~tr({Winya)’) — w(P+o{paypal). G

For the 4-fermi interaction, we introduce an auxiliary fieldo write it as the third term in e@@().
We treat tfo?) as a part of the boson action anfatf s, 1, _1}) as a part of the fermion bilinear
S = ST (1)DyY(t), without integratings. So, we regard 10+1 bosonic fieldls, Az, - - -, Ao, T,
as configurations generated by HMC method.

The integration of fermions becomes the pfaffiar{(3f which generally takes complex val-
ues. We treat the absolute value and the complex phase of the pfaffian, individually, to avoid
the sign problem. The absolute value can be given as an integral by pseudo ferminoe
Ipf(D)| = detD'D)/4, and the 4th root is approximately by the rational expansion,

SRR
° iZLDTD+Bi

where the ordeM and the coefficients;, 3 of the approximation are determined from the range
of D'D’s eigenvalues measured in the simulations. We compute inversidb&fvith shifts 5

in eq.B2 by using multi-mass shifted solver. Also, for the phase of pfaffian, we use the phase
guench, or use the phase reweighting method if we want to include the effect in the results.

ForT > 1, HMC method stably works and we can obtain sufficient statistics. However, as
temperature decreases, at some temperature (which actually degghdimmagnitudes of scalar
fields monotonically increase against Monte Carlo trajectories and therefore the thermalization
does not occur. This instability is related to the classical flat direction of the boson action. To
avoid the instability, in parameter regions where run-away modes to the flat direction appear, we
introduce a mass term of scalar fields,

L-1
Ipf(D)| = / DcoTqueXp{— Z) o' (t)
=

(p(t)}, (3.2)

L-1 9

N
Snass= Mg —— tr (X2(t)), 3.3
s = 550 3 3 r(XE(0) (3.3)
wherepg is a dimensionless mass. Hereaftedenotes a dimensionless mags\ /3.

4. Supersymmetric Ward-Takahashi relation

Supersymmetry is broken by the lattice cut-off. In the classical continuum limit, the break-
ing effects by the cut-off identically vanish. By contrast, in the quantum theory, it is not so clear
whether the breaking effects generally vanish in the continuum limit because of ultra violet diver-
gences and non-perturbative effects. Fortunately, the 1d gauge theory is UV-finite and any opera-
tors which break supersymmetry are not generated radiatively, so our lattice theory has the correct
continuum limit, at least, in the perturbation theory. However, we do not know a-priori whether
the similar argument is possible beyond the perturbation theory. Also, we must divide the cut-off
effects from the other breaking sources, the temperature and the mass td8mM).eq.(



One dimensional supersymmetric Yang- Mills theory with 16 supercharges Daisuke Kadoh

o
H
&

_—
i [

aeoweenan
BHAGHRERA

ERRRARAL b nna
o R oBBUEGHROKDE
o
S
5

fit M y
input Mu

s ET
i
&

o e

Figure 1: The ratio% is plotted against the temporal direction foe= 3 (Left) andN = 4 (Right)
on theL = 16 lattice. The labelsl, - -, s16 denote the spin indices of supercurréntRed lines represent

the fitted masses obtained by fitting plateaus. They are consistent with the rigbsack lines) within
statistical errors. Deviations from the plateaus near the lattice boundary correspond to the contact terms.

For the issue, Kanamori and Suzuki used a method which can extract only the cut-off effects
in lattice simulations of 2d4” = (2,2) SU(2) SYM[L{. The method is a simple one measuring of
the partially conserved SUSY current on the lattice. We use the same method and check whether
the cut-off effects vanish in the continuum limit without relying on the perturbation theory.

For the continuum theory with mass term, we have the partially conserved supersymmetric

Ward-Takahashi relation,
(01014 (t)0(8)) = K?(Ya(t)O(9)) = 3(t —9) (QuO(9)) (4.1)

where ¢ is an arbitrary operator anQ,(a = 1,---,16) are supercharges which generate super-
symmetric transformations. Hede andY are the supercurrent and the breaking term from mass

term, respectively, which are defined as

9 16 1 9 16
ha = [Zl Wap tr (WD1X) +5 5 5 (U¥j)ap (WX Xi]) |, (4.2)
|,J:18:1
N 9 16
Yo = + le V)ap tr {Xys}. (4.3)

In the continuum theory, the supersymmetric Ward-Takahashi relatiod, BgHolds even at
finite temperature. It means that we can find the cut-off effects by measuring a lattice counterpart

of the relation. Actually, we compute the following ratio,

< O331a(t)Y(0) >

f =1---,16 4.4
<Ya(t)YB(O) > Y Or a?B Y 9y gl ( )

Wheremf is the symmetric covariant difference operator. Here we only use the forward covariant
difference operator in the lattice definition of the supercurdenilso, for fixeda,  is uniquely
determined because correlators in the denominator with @tlaee nearly zero, that is, the ratio is
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Figure 2: The internal energy of black hole, normalized¥¥. Data points(red circles) are our results for
N = 14. The dashed green line corresponds to the result obtained by high temperature expansion at next to
leading order in the large N limit. The dashed blue curve represents the analytic solution of the gravity side.

meaningless. If the cut-off effects vanish in the continuum limit, the ratio mualzbe the limit,
from eq.E.J).

In Figurell], we plot the ratio foN = 3 andN = 4 with T = 1, y? = 0.01 and the lattice size
L = 16. The horizontal axis represents the temporal direction. The corresponding lattice spacing
is a= 0.0625 in the unit ofA = 1. For both cases, clear plateaus are observed within statistical
errors. We perform the constant fit for the plateaus. The obtained values are consistgrit with
0.01 within the statistical errors. The result suggests that cut-off effects mostly vanish near the
continuum limit and our lattice theory has the correct continuum limit beyond the perturbation
theory for, at leasfT = 1 of N =3 andN = 4.

5. Internal energy

The internal energy of the black hole, associated with the black hole thermodynamics, is one
of simple examples to test the gauge/gravity duality. In the gravity side, the internal éhésgy
related to temperature through an analytic formul&f],

1/ E T \5 9 [ 1o, m1NY®
N2<A1/3>:c<}\1/3> , 0214{4 15 (7> } —741... . (5.1)

We computeE = —%Inz, wheref is the inverse temperature, from our data and compare it with
the above analytic formula.
In Figureld, we show the internal energy versus temperaturéfer 14 andu? = 0. We used
two different lattice sized, =8 for T > 1 andL = 16 for T < 1. For high temperature, we see
that our data and the result obtained by high temperature expansion at next to leadirif@prder|
agree as expected. However, as temperature decreases, our data departs from the curve of the high
temperature expansion aroufid= 1.5 and it is smoothly close to the analytic curve of the gravity
side, eq[B.J). This suggests the validity of the gauge/gravity duality in this system.
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In N = 14, HMC-runs are stable far > 0.5 without the mass term, however, for< 0.5, the
instability from the flat direction occurs. So, we must dse 14 to explore possible further lower
temperature. Also, simulations with different lattice spacings at same temperature are necessary to
take the continuum limit. Such simulations to obtain high accuracy results are in prigkess|
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