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We present first, preliminary results for the QCD equation ofstate with 2+1+1 flavors of highly

improved staggered quarks (HISQ), that is, including the effects of a dynamical charm quark.

This first study uses a line of constant physics (LCP) with thelight-quark mass atml = ms/5

and physical strange- and charm-quark masses. With increasing temperature, the effects of the

charm quark, as in earlier partially quenched studies, start to be visible at temperatures where the

equation of state is becoming insensitive to the value of thelight (up/down) quark mass.
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1. Introduction

Using (highly) improved staggered fermion actions two groups have brought the computation
of the QCD equation of state (EoS) with 2+1 flavors (up/down and strange)within reach [1, 2]. Both
groups use a tree-level improved gauge action. The Budapest-Wuppertal collaboration, Ref. [1],
uses staggered fermions with stout smearing and the HotQCD collaboration, Ref. [2], uses the
highly improved staggered quark (HISQ) action [3]. The HISQ action wasdesigned to allow
inclusion of a dynamical charm quark with controlled discretization errors. Indeed, the MILC
collaboration has started an extensive zero-temperature simulation program with 2+1+1 flavors,
including dynamical charm, [4].

Since charm was certainly present in the evolution of the early Universe,it appears to make
sense to include dynamical charm in theab initio computations of the QCD EoS. A perturbative
calculation indicates that the effects of charm become visible aroundT ∼ 350MeV [5], i.e., at a
temperature only about twice the QCD crossover temperatureTc. Nonperturbative computations,
with charm treated partially quenched with 2+1 flavors of asqtad sea quarks, gave similar results
[6]. The charm quark appears to start contributing to the EoS at temperatures reached in heavy
ion collision experiments, in particular at the LHC. Thus, if charm thermalizes quickly enough,
inclusion of charm in the EoS might even be important for the description of heavy ion collision
experiments.

The Budapest-Wuppertal collaboration has began 2+1+1 flavor EoS computations with the
stout staggered action [7]. Here we present preliminary results of the MILC collaboration using
the HISQ action, which was designed, in part, to allow inclusion of dynamical charm with small
discretization errors.

2. Lattice setup

The simulations for the present study use the same actions as MILC’s zero-temperature 2+1+1
flavor HISQ project [4]. The gauge action is the one-loop Lüscher-Weisz action with tadpole
improvement. It thus depends on the tadpole factoru0(β ) = 〈TrUp/3〉1/4 which is determined
during thermalization. For the fermions we use the highly improved staggered quark (HISQ) action
[3]. For the charm quark, withamc not very small, this includes a mass (and therefore gauge
coupling) dependent correction factorεN for the so-called Naik term in the action. This term
insures that the charm quark has the correct, relativistic dispersion relation to good accuracy.

Here we compute the EoS along a line of constant physics (LCP) defined byml = ms/5, with
ms andmc roughly tuned to the physical strange- and charm-quark masses, using the pion, kaon
and spin-averaged charmonium ground state. The zero-temperature ensembles of Ref. [4] were
supplemented by, so far, five new ones for this thermodynamics project. Two, on coarser lattices
than considered in Ref. [4], were used for the determination of the LCP, and three further ones are
needed for zero-temperature subtractions. Prior to starting creation of an ensemble the strange- and
charm-quark masses can only be estimated. Table 1 lists the ensembles used to define the LCP used.
It also shows thea posterioridetermined corrected strange- and charm-quark masses.r1 ≈ 0.31
fm, a parameter determined from the force between a static quark-anitquarkpair by r2

1F(r1) = 1,
is used to set the lattice scale.
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β ams amc u0 εN a/r1 size amcorr
s amcorr

c

5.4 0.091 1.339 0.83496 -0.7995 0.708(12) 163×48 0.1058(30) 1.3386(22)
5.6 0.0785 1.080 0.84577 -0.5168 0.5828(27) 163×48 0.0799(6) 1.1021(13)
5.8 0.065 0.838 0.85535 -0.3582 0.4857(54) 163×48 0.0668(15) 0.8472(16)
6.0 0.0509 0.635 0.86372 -0.2308 0.3883(26) 243×64 0.0516(7) 0.6363(9)
6.3 0.037 0.440 0.87416 -0.1204 0.2858(20) 323×96 0.0367(5) 0.4396(7)
6.72 0.024 0.286 0.88577 -0.0533 0.1872(6) 483×144 0.0225(1) 0.2768(3)

Table 1: The zero temperature lattices used to determine the line of constant physics withml = ms/5.
Columns 2 and 3 give the simulation strange- and charm-quarkmasses and columns 6 and 7 thea posteriori
determined corrected values. Columns 4 and 5 give the tadpole factor,u0, and the Naik term,εN. a/r1 is
used the set the lattice scale.
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Figure 1: The bare strange- and charm-quark mass as a function ofβ along the line of constant physics with
aml/ams = 1/5, and the fitted parametrizations of the form Eq. (2.1).

The bare strange- and charm-quark masses are shown in Fig. 1 togetherwith a parametrization
of the form

amq(β ) =
c(0)q f (β )+c(2)q (10/β ) f 3(β )

1+d(2)
q (10/β ) f 2(β )

(

20b0

β

)4/9

(2.1)

for q= s,c, where

f (β ) =
(

10b0

β

)−b1/(2b2
0)

exp(−β/20b0) (2.2)

is the integrated perturbative two-loopβ -function.1 The coefficientsc(0)q , c(2)q andd(2)
q were de-

termined by a fit of (2.1) to the data. The lattice scaler1, also listed in Table 1, is fit to a similar
form,

(r1/a)(β ) =
c(0)r f (β )+c(2)r (10/β ) f 3(β )

1+d(2)
r (10/β ) f 2(β )

. (2.3)

1We have used the three-flavorβ -function for this work. Switching to the four-flavorβ -function is compensated by
changes in the fit coefficients and has a negligible effect on the EoS results.
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3. Ingredients to the equation of state

The quantity convenient to compute on the lattice is the trace anomaly, or interaction measure,
in units ofT4

Θµµ(T)
T4 ≡

ε −3p
T4 = T

∂
∂T

(p/T4) (3.1)

with the pressure given byp/T = V−1 lnZ. Integration of the trace anomaly along the LCP then
gives the pressure.

Changes in the temperatureT = 1/(aNτ) come, at fixedNτ , from changes in the lattice spacing
a along the LCP, and are related to changes in the gauge coupling given by the β -function

Rβ (β ) = T
dβ
dT

=−a
dβ
da

= (r1/a)(β )
(

d(r1/a)(β )
dβ

)−1

. (3.2)

We introduce similarβ -functions describing the changes of bare quark masses, tadpole factor u0(β )
and Naik-term correction factor for the charm quark,εN(β ), with the gauge coupling,

Rmq(β ) =
1

amq(β )
damq(β )

dβ
for q= l ,s,c, (3.3)

with Rml = Rms along the considered LCP, and

Ru(β ) = β
du0(β )

dβ
, Rε(β ) =

dεN(β )
dβ

. (3.4)

To evaluateRu(β ) we fittedu0 asu0(β ) = c1+c2e−d1β . Rε , finally, is obtained using a polynomial
fit to the numerical values forεN(β ).

To normalize the interaction measure to zero at zero temperature we subtractobservables com-
puted on zero-temperature lattices from those computed on lattices with temporalextentNτ , defin-
ing

∆(X) = 〈X〉τ −〈X〉0 (3.5)

where the latter is the expectation value on the zero-temperature lattices at the same (bare) param-
eters. Thus we have

Θµµ(T)
T4 = N4

τ Rβ (β )
{

−∆(sG)−Ru(β )∆(
dsG

du0
)+IF

}

, (3.6)

wheresG denotes the gauge action density andIF indicates the “fermion terms”:

IF = Rms(β ) [2aml ∆(ψ̄l ψl )+ams∆(ψ̄sψs)]+Rmc(β )amc∆(ψ̄cψc)+Rε∆(ψ̄c[dMc/dεN]ψc) .

(3.7)
In the last term,Mc denotes the charm-quark fermion matrix.

The needed
〈

ψ̄qψq
〉

0,τ for q = l ,s,c and〈ψ̄c[dMc/dεN]ψc〉0,τ are evaluated using stochastic
estimators. Because of the “rooting procedure” they are the contribution from a single taste,i.e.,
with a factor 1/4 implied.

We have generated data from finite-temperature simulations withNτ = 6, 8, 10, and 12, which
should allow us, with sufficient statistics, to perform a controlled continuum extrapolation. The
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Nτ = 6 Nτ = 8 Nτ = 10 Nτ = 12 T = 0

β T TU T TU T TU T TU TU

5.400 163 10,990 5,295
5.600 182 10,990 136 10,990 5,295
5.800 218 10,990 163 10,990 5,300
6.000 272 10,990 204 10,990 163 10,990 136 12,990 5,560
6.180 247 11,990 197 8,900 164 6,290 2,195
6.300 369 10,990 277 10,990 222 10,990 185 10,990 ∼6,000
6.530 352 11,990 282 9,610 235 10,990 3,180
6.720 567 10,990 425 10,990 340 10,990 283 10,990 6,720
6.875 329 11,990 3,374

Table 2: Finite-temperature ensembles with temperature values in MeV and statistics in time units (TU).
The last column gives the statistics in time units for the corresponding zero-temperature lattices used for the
zero-temperature subtractions.

statistics assembled on the finite-temperature ensembles so far are listed in Table2. Also given in
the table are the statistics assembled for the zero-temperature subtractions, Eq. (3.5). Three new
ensembles are being generated, in addtition to those listed in Table 1,i.e., the ones with, so far, less
than 4000 TUs.

The contributions to the trace anomaly from the gauge action, including from the variation of
the tadpole factoru0, and from the light-, strange- and charm-quark condensates are shown in Fig. 2.
The contributions from the gauge action and the light- and strange-quark condensates peak around
T = 200 MeV, with the strange-quark condensate peaking at a slightly higher temperature than the
light-quark condensate. The contribution from the charm-quark condensates sets in more gradually
than the other contributions, and at somewhat higher temperatures. Within thetemperature range
explored so far, up to about 550 MeV, we do not observe a clear peak.

The contribution due to the variation of the charm-quark Naik term has, so far, been computed
only at two temperatures,T = 272 MeV andT = 369 MeV, onNτ = 6 lattices and the corre-
sponding zero-temperature ensembles. As expected, the contribution to thetrace anomaly is small,
−0.028(5) and−0.067(4), respectively, less than 2% of the other contributions combined, and
well within their statistical errors.

4. The preliminary EoS

The current, preliminary status of the trace anomaly with 2+1+1 flavors is shown in Fig. 3
(left) for the variousNτ . The contribution for the variation of the Naik term, found to be negligible
for the two points where we have computed it so far, is not included. No continuum extrapolation
has been attempted yet. In Fig. 3 (right) we compare the EoS with and without the valence charm-
quark contribution from the condensate. Both versions, of course, account for the effect of the
sea-charm quarks.
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Figure 2: The contributions to the EoS from the gauge part of the action, i.e., the first two terms in Eq. (3.6)
(top left), the light-quark condensate (top right), the strange-quark condensate (bottom left) and the charm-
quark condensate (bottom right).
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Figure 3: The current status of the EoS including the charm-quark contribution (left) and comparison of the
EoS with and without the valence charm-quark contribution (right).
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5. Conclusion and outlook

The MILC collaboration has started a study of the QCD EoS with 2+1+1 flavors, including a
dynamical charm quark, using the HISQ action. The first study uses an LCP withml/ms= 1/5 with
physical strange and charm sea-quark masses. We have preliminary results for finite temperature
lattices withNτ = 6, 8, 10, and 12, but have not attempted a continuum extrapolation yet.

The effect of the charm quark on the EoS, as determined from the valence charm-quark con-
tribution, sets in very gradually compared with the contributions from the gluons and light and
strange quarks. It appears to become significant only at temperatures above the peak in the trace
anomaly. At those temperatures, the value of the light-quark mass has a negligible influence on
the trace anomaly. Thus, the result for the LCP withml/ms = 1/5 studied here should be close to
that in the case of physical light-quark masses. The present study will becompleted, with a proper
continuum limit, in the near future.
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