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Several astrophysical emission sources (the “foreground”) exist between the last scattering sur-
face and our vantage point. Due to the foreground contamination, certain area of CMB data is
masked out, leading to large cuts around the Galactic equator and numerous holes. Since many
CMB analyses, may be performed on a whole sky map in a straightforward and more reliable way,
it is of utmost importance to develop an efficient method to restore a whole-sky CMB map from
incomplete sky data, while preserving statistical properties. Though there is an well-established
method to produced Gaussian random field under constraints, we may not readily implement
the method on the pixellized CMB data, due to prohibitive computational cost. Noting this, we
considered implementing the method in harmonic space, where the computational cost is signif-
icantly reduced with good approximation. We validated our implementation with simulations,
and confirm restoration is made in a way compliant with the expected statistical properties. Sub-
sequently, we restored a whole-sky map from the masked WMAP sky data, and investigated a
known CMB data anomaly of lowest multipoles. Our method will be complementary to other
efforts on restoring or reconstructing the masked CMB data, and of great use for Planck surveyor
and future missions.
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1. Introduction

There exist several astrophysical emission sources between the last scatteringfor surface and
our vantage point. Due to the contamination from the ‘foregrounds’, we need to apply proper
masking on microwave sky maps, which leads to cut of varying width around the Galactic equator
and numerous holes. Since many CMB analysis, in particular on the largest angular scales, may
be performed on a whole-sky map in a straightforward and more reliable manner, there have been
many efforts to reconstruct a whole-sky map from incomplete sky data [1 – 4]. However, the fidelity
of reconstruction is limited, because it is not possible to reliably reconstruct harmonics modes
mainly confined to the Galactic cuts [2]. Therefore, there have been active attempts to fill in the
missing information in CMB sky data with a priori [5 – 7].

Historically, the act of recovering damaged parts of valuable paintings by a skilled restoration
artist is called ‘in-painting’. In digital imaging, there are various in-painting methods [8 – 11].
While these methods work well for images of periodic or predictable patterns, they may not be
suitable for CMB data, which have random Gaussian nature. On the other hand, there have been
works on generating constrained Gaussian fields, which have been used in the study of large-
scale structures [12 – 14]. However, it is not feasible for the pixel data of the WMAP or Planck
surveyor, which amounts to millions of pixels or more. Noting this, we consider implementing the
method in harmonic space, where the computational load may be significantly reduced with good
approximation. After validating it with simulation, we are going to apply the method to the mask
WMAP foreground-reduced maps and investigate the well-known anomaly of lowest multipoles.
Throughout this work, we will use the term ‘in-painting’ and ’restoring’ interchangeably.
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2. CMB anisotropy in harmonic space

CMB anisotropy over a whole-sky is conveniently decomposed in terms of spherical harmon-
ics:

T (n̂) = ∑
lm

almYlm(n̂), (2.1)

where alm and Ylm(θ ,ϕ) are a decomposition coefficient and a spherical harmonic function, and n̂
denotes a sky direction. In the standard cosmological model, decomposition coefficients of CMB
anisotropy follow the Gaussian distribution of the following statistical properties:

⟨alm⟩ = 0, (2.2)

⟨alma∗l′m′⟩ = δll′ δmm′ Cl, (2.3)

where ⟨. . .⟩ denotes the average over an ensemble of universes, and Cl denotes CMB power spec-
trum, and δll′ and δmm′ are Kronecker Delta functions. Accordingly, the CMB anisotropy T (θ ,ϕ),
which follows Gaussian distribution, have the following angular correlation:

⟨T (n̂) T (n̂′)⟩= ∑
l

2l +1
4π

Wl Cl Pl(cosθ), (2.4)

where Wl is a beam smoothing function of the observation, Pl is a Legendre polynomials and
θ = cos−1(n̂ · n̂′).

In the presence of a foreground mask, the spherical coefficients of a masked sky ãlm are related
to those of a whole-sky as follows:

ãl3m3 = ∑
l2m2

F(l2,m2, l3,m3)al2m2 , (2.5)

where

F(l2,m2, l3,m3) (2.6)

= (−1)m
3

√
2l3 +1

4π ∑
l1m1

√
(2l1 +1)(2l2 +1)

(
l1 l2 l3
m1 m2 −m3

)(
l1 l2 l3
0 0 0

)
wl1m2 ,

wl1m2 =
∫

Y ∗
l1m1

(θ ,ϕ)W (θ ,ϕ)dΩ, (2.7)

and W (θ ,ϕ) is the mask function, which is zero inside the mask and one elsewhere, and the terms
with the big parenthesis being Wigner 3j symbols. Using Eq. 2.3 and 2.5, we may show that there
exist the following relation:

⟨alm ã∗l′m′⟩= F∗(l,m, l′,m′)Cl, (2.8)

⟨ãl′m′ ã∗l′′m′′⟩= ∑
lm

F∗(l,m, l′,m′)F(l,m, l′′,m′′)Cl.

(2.9)

Unlike the whole-sky case (c.f. Eq. 2.3), there are non-zero off-diagonal correlation in the masked
sky.
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3. In-painting in harmonic space

2*nside There exists an efficient algorithm on the simulation of constrained Gaussian fields
developed by [14]. According to the work, we may simulate Gaussian random field f (r) under
constraints f (r j) by the following:

f (r) = fmc(r)+∑
i j

bi (C−1)i j ( f (r j)− fmc(r j)),

(3.1)

where

bi = ⟨ f (r) f (ri)⟩,
Ci j = ⟨ f (ri) f (r j)⟩,

and the subscript ‘mc’ denotes unconstrained Gaussian Monte-Carlo simulation. Applying Eq.
3.1 to CMB pixel data, we may restore the values of the masked pixels [7]. Though in a slight
different context, the power spectrum estimation by the Gibbs sampling, which includes generating
an underlying CMB map according to the conditional distribution, have some overlapping [15, 16].

As seen in Eq. 2.4 and Fig. 3, there exist pixel correlation at wide range of separation angles,
which makes us to take into account tremendous amount of pixels even for in-painting a single
pixel. Therefore, we may not readily apply the method to the modern data, which have millions of
pixels. In the limit of a whole-sky coverage and a homogeneous noise, the covariance in harmonic
space becomes diagonal (c.f. 2.3). Therefore, harmonic space may provide the optimal environ-
ment than the pixel space, as far as the unmasked area is much greater than the masked area. Let
us consider in-painting in harmonic space. Since CMB anisotropy in harmonic space (i.e. alm) are
expected to follow Gaussian distribution, we may simply rewrite Eq. 3.1 for the CMB anisotropy
in harmonic space as follows:

alm = amc
lm +bC−1 (ãaa− ãaamc), (3.2)

where ã is a column vector consisting of ãl′m′ and

b = ⟨alm ãaa†⟩,
C = ⟨ãaa ãaa†⟩.

As discussed previously, the off-diagonal elements of the covariance matrix C are non-zero,
which may require a inversion of a huge matrix. However, let us consider the widely foreground
mask, which is shown in Fig. 1. In the same figure, we show Wl = (2l + 1)−1 ∑m |wlm|2, which
indicates the multipole dependence of the mask in harmonic space. As shown in Fig. 1, the
magnitude of wlm are only significant at lowest multipoles (i.e. wlm ≈ 0 (l ≫ 1)). Using this
and Eq. 2.6 and the triangular inequalities of Wigner 3j symbol, we may see F∗(l,m, l′,m′) ≈ 0
for |l − l′| ≫ 1. This indicates alm are almost independent of ãl′m′ for |l − l′| ≫ 1 (c.f. Eq. 2.8).
Therefore, we need to consider only constraints ãl′m′ , whose multipoles do not differ from those of
the interested alm very much. Given this approximation, we may implement in-painting by Eq. 3.2,
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Figure 1: The WMAP teams’ KQ85 foreground mask (left), Wl = (2l +1)−1 ∑m |wlm|2 (right)

without incurring prohibitive computational cost and losing much accuracy. We may summarize
the procedure as follows: First, we generate unconstrained alm by Monte-Carlo simulation, and
then transform them by Eq. 3.2. From the result of Eq. 3.2, we synthesize CMB anisotropy map
T (θ ,ϕ), as necessary.

4. Application to simulated data

In order to validate our method, we first generated simulated CMB data, where we assumed the
WMAP concordance ΛCDM model and the WMAP beam smoothing at V band [17, 18]. We set
the simulation to contain the multipoles up to 700, and produced it with the HEALPix pixellization
Nside=512. We masked the simulated data by the WMAP KQ85, which admits pixel data of sky
fractions 78%. At the top of Fig. 2, we show the simulated map with the foreground mask applied.

Figure 2: the simulated input map with the KQ85 mask applied (top), restored maps (middle, bottom): both
are equally likely, given the constraints
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We applied the procedures described in the previous section to the masked simulated data, and
restored a whole-sky map from the masked map. In Fig. 2, we show two restored maps, which
are obtained from different unconstrained realizations (i.e. the terms of subscript ‘mc’ in Eq. 3.2).
Both of them are equally likely, given the constraints. Given the random Gaussian nature of CMB
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Figure 3: angular autocorrelation of restored maps

anisotropy, it is not possible to reconstruct the exact realization, which happens to be our Universe.
Therefore, our intention is filling-in the missing information in a way compliant with the expected
statistical properties. In order to see that our restored maps, indeed, satisfy the expected statistical
properties, we estimated angular correlations, which are plotted in Fig. 2.4. In the same plot, we
show the angular correlation of the WMAP concordance model [17], where the dotted line and
shaded region denote the theoretical prediction and 2σ ranges. As shown in Fig. 3, the angular
correlation of our restored maps are in good agreement with the theoretical expectation.

5. Application to the WMAP data

In order to reduce foreground contamination in microwave sky data, the WMAP team sub-
tracted diffuse foregrounds by template fitting, and produced ‘foreground-reduced maps’, which
are available at Q, V and W band respectively [19]. Besides the foreground-reduced maps, there
is the Internal Linear Combination (ILC) map, which is often used without foreground masking.
Despite contamination from bright point sources and Galactic foregrounds in the ILC map, the
whole-sky ILC map is widely used for study of non-Gaussianity, because of difficulty of inves-
tigating lowest multipoles on a masked sky data [20 – 36]. Not surprisingly, foreground-reduced
maps with foreground mask is more reliable a36nd contains less foreground contamination than the
whole-sky ILC map. Therefore, it is worth to investigate the anomaly at lowest multipoles, using
the foreground-reduced maps. By using our method, we restored a whole-sky map from masked
foreground-reduced maps, where the WMAP team’s KQ85 mask is used. The restoration process
is the same with the one described in the previous sections, except that Cl in Eq. 2.9 should be
replaced by Cl +Nl with Nl being the power spectrum of instrument noise. In order to estimate
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Figure 4: Restored maps from the foreground-reduced map of Q band, two restored maps (middle and
bottom)

Figure 5: Restored maps from the foreground-reduced map of V band, two restored maps (middle and
bottom)

7



P
o
S
(
B
i
g
3
)
0
2
3

Restoration of a whole-sky CMB map Jaiseung Kim

Figure 6: Restored maps from the foreground-reduced map of W band, two restored maps (middle and
bottom)

the noise power spectrum, we used the WMAP noise model σ0/
√

Nobs, where σ0 is 2.197 mK,
3.137 mK and 6.549 mK for Q, V, and W band respectively, and Nobs is the number of observation
for the pixel [18]. We generated 1000 simulated noise maps, from which we estimated the noise
power spectrum Nl . In Fig. 4, 5 and 6, we show the restored whole-sky maps. For each frequency
band, we show two restored maps. Each restored maps have the beam smoothing of the original
maps, which are all different for each band. Note that all restored maps are generated from differ-
ent unconstrained realizations for all restoration, restored maps from different bands have different
morphology inside the masked area, besides the beam smoothing. From the restored maps, we
estimated the quadrupole and octupole components.

Using the quadrupole and octupole anisotropy of restored maps, we investigated the anomalous
alignment between the quadrupole and octupole, which are found in the multipole vector analysis
of the ILC map [21 – 23]. In the original study by [21 – 23], three dot products D1, D2, and D3

were estimated, where the most anomalous alignment is associated with D1. Since our restoration
method is statistical, we generated 10,000 restored maps for Q, V and W bands respectively. From
each restored map, we computed the alignment between multipole vectors, which are quantified
by three dot products D1, D2, and D3, where a higher value of a dot product correspond to higher
alignment [21 – 23]. For D1, we find most of restored maps have even more anomalous alignment
than the ILC map. It is also interesting to note that D2 and D3 values of the V band map are much
higher than the other bands, even though the V band map is expected to contain least foreground
contamination. Given our result, we find it difficult to attribute the anomalous alignment to the
residual foregrounds. Previously, [2, 37] investigated anisotropy at lowest multipoles, by applying
the power equalization filter to the cut-sky foreground-reduced maps. Our result is consistent with
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Figure 7: the distribution of the multipole vector alignment between the quadrupole and octupole compo-
nents of restored maps: the alignment of the whole-sky ILC is marked as dashed lines for comparison.

their finding that the alignment anomaly is robust with respect to the frequency and sky cut [2, 37].

6. Discussion

Foreground masking leads to large cuts around the Galactic equator and numerous holes in the
CMB map data. Therefore, there have been a lot of effort on restoring the CMB data to a whole-
sky maps. There have been well-established methods on constrained Monte-Carlo simulation for
Gaussian fields. Therefore, we may restore a statistical ensemble of a whole-sky maps, given the
data, with the assumption that our early Universe is Gaussian and statistically isotropic. However,
we may not readily apply the method, due to the prohibitive computational cost. Noting this, we
implemented in-painting in harmonic space, where the computational load may be greatly reduced
with good approximation. We validated our method with simulations, and subsequently applied it
to the WMAP data. From the simulation result, we found the the restoration is made in a way com-
pliant with the expected statistical properties. Using the restored maps from the masked WMAP
foreground-reduced maps, we investigated the anomalous alignment between the quadrupole and
octupole components, which are originally found in the multipole vector analysis of the WMAP
whole-sky ILC map. From the analysis, we find the alignment in the restored maps is even higher
than that of the ILC map. We also notice that V band maps show rather higher alignment than
other bands, despite the expectation of the V band map being cleanest. Therefore, we find it hard
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to attribute the alignment to residual foregrounds. We believe our method will be of great use for
the Planck data analysis and future missions.
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