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We investigate gluon propagators and the effective mass of the gluon fields in the MA gauge with
U(1)s X U(1)g Landau gauge fixing in SU(3) lattice QCD. The Monte Carlo simulation is per-
formed on 16 at3=5.7, 5.8 and 6.0 and 32t 3 =5.8 and 6.0 at the quenched level. To calculate

the propagators, we adopt a method to extract gauge fields from link-variables analytically in the
SU(3) case. The off-diagonal gluons behave as massive vector bosons with the approximate ef-
fective masMyy ~ 1.1—1.2GeV in the region of = 0.3— 0.8fm, and the propagation is limited
within a short range. On the other hand, the diagonal gluons behave as light vector bosons with
Mgiag >~ 0.3GeV and the propagation of diagonal gluons remains even in a large range. In this
way, infrared Abelian dominance is shown in terms of short-range propagation of off-diagonal
gluons. Furthermore, we investigate the functional form of the off-diagonal gluon propagator.
The functional form is well described by the four-dimensional Euclidean Yukawa-type function
exp(—megr) /r with myg = 1.3—1.4GeV forr = 0.1— 0.8fm. This also indicates that the spectral
function of off-diagonal gluons has the negative-value region.
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1. Introduction

For the quark-confinement mechanism, the dual-superconductor picture was suggested by
Nambu, 't Hooft and Mandelstarff]]. In this picture, there occurs color-magnetic monopole con-
densation, and then the color-electric flux between the quark and the antiquark is squeezed as a one-
dimensional tube due to the dual Higgs mechanism. From the viewpoint of the dual-superconductor
picture in QCD, however, there are two assumptions of Abelian domin&h& 4nd monopole
condensation. Here, Abelian dominance means that only the diagonal gluon component seems to
be significant to confinement.

The various lattice QCD Monte Carlo simulations support these assumptions when the maxi-
mally abelian (MA) gauge fixing is performed,[5, 6 [, 8 B 10, 171 12 13.

According to these studies, only the diagonal gluons play a dominant role for the infrared
QCD physics, which is called “infrared Abelian dominance". Infrared Abelian dominance means
that off-diagonal gluons are not significant to infrared QCD. Therefore, the essence of infrared
Abelian dominance lie in the behavior of the off-diagonal gluon propagator.

The gluon propagators in the MA gauge has been investigated in SU(2) lattice Monte Carlo
simulations[[Q [13 [I4]. To investigate the gluon propagators in the MA gauge, it is desired to ex-
tract the gluons exactly from the link-variables, because the link-variable cannot be expanded even
for a small lattice spacing due to large fluctuation of gluons. In SU(2) lattice case, the extraction
is easy to be done without any approximation, because of the SU(2) property. With this extraction,
the SU(2) lattice simulation suggests that the off-diagonal gluons do not propagate in the infrared
region due to the effective mabk ~ 1.2GeV, while the diagonal gluon widely propagai&§| [

In this paper, we propose a method to extract the gluons from the link-variable directly and
generally in SU(3) lattice QCD, and to investigate the gluon propagators in the MA gauge.

2. Formalism to extract gluon fields from link-variables

In this section, we consider a useful and general method to extract the gauge fields analytically.
and exactly from the link-variables whethagA, (x)| < 1 is satisfied or nof[3.
To this end, we first define the hermite matrix,
1

E(U—UT) =

1

A\
2i

(639A — 7139A) = sinagA (2.1)

For simplicity, we have omitted the Lorentz index and space-time arguments.
Arbitrary hermite matrix\ can be diagonalized by a unitary transformation as

A1 0
Ag = QNQT = Ao , (2.2)
0 A3
whereQ €SU(3). We can obtain the eigenvaluggi = 1,2, 3) by solving

detx1—A) =0. (2.3)
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This is a cubic equation oxwith real coefficients. The eigenvalugds i.e., the solutions of the

equation are
X0+ =20+\/0%+B/3+aq, (2.4)

where
20 = ei9/3+e7i9/3’ 2, = ei(@in()/3+efi(Gi-2rr)/3’ (2.5)
and

1
a=3TAER, B=—(A22N\s3+NsgMa1+Auaz — IN232 = [Az1)® = [A12]?) €R. (2.6)

Here,8 = 6(a,f) € R is analytically obtained and the derivation is given by Cardano’s method.
In this way, A; is obtained.

The unitary matrixQ can be also derived as follows. By solving = A&, we obtain normal-
ized eigenvectorg = '(x;,Vi,z) (i = 1,2,3). Because ofg| = 1, there is non-zero component, so
thatz is assumed to be nonzero without loss of generality and rescale jtzgy 1

N (x/zyi/z 1) =A"(x/zYi/z1). (2.7)

This is solved easily as

X/z\ _ _ 1 N2— A =M1 N13
(yi/2i> = —{(A11—A)(N22— Ai) — A12M\o1} 1( "o /\11—)\i> (/\23>' (2.8)

From the normalization conditiofg| = 1, we obtairQ' = (€}, &, &).
When we diagonalizé with the unitary matrix, the gluon fieldA are diagonalized. Thus,
the link-variabled) = €292 are also diagonalized with the unitary matfdas

Ug = QUQT — dagra’ Ediag(eigl,e“’?,ei%>, (2.9)

where—mm< 6 < (i =1,2,3) is taken.
In this way, we can derive gluon fieldsfrom link-variabledJ analytically by diagonalizing
them,

6 O L 6 O
6, = A= ;QT 6, Q. (2.10)
0 6 9 \o s

1

QAQT = —
ag

This formalism is quite general, because the derivation is correct in any gauge and even without
any gauge fixing.

3. SU(3) lattice QCD results for gluon propagators in the MA gauge

Using the SU(3) lattice QCD, we calculate the gluon propagafid@isifi the MA gauge with
the U(1xxU(1)s Landau gauge fixing. In the MA gauge, to investigate the gluon propagators, we
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use the above-mentioned method. The Monte Carlo simulation is performed with the standard pla-
quette action on the f@attice with =5.7, 5.8 and 6.0 and 32vith 8 = 5.8 and 6.0 at the quenched
level. All measurements are done every 500 sweeps after a thermalization of 10,000 sweeps using
the pseudo heat-bath algorithm. We prepare 50 configurations withnt520 configurations with
32* at eachB. The statistical error is estimated with the jackknife method.

Here, we study the Euclidean scalar combination of the diagonal (Abelian) and off-diagonal
gluon propagators as

GLel(r) = 5 > (A00m0)), G = LS (mAy). (3.1)
a=3,8 a#£3,8

The scalar combination of the propagator is expressed as the function of the four-dimensional
Euclidean distance = /(x, —yu)?. When we consider the renormalization, these propagators
are multiplied by am-independent constant, according to a constant renormalization factor of the
renormalized gluon fields.

We show in Figllthe lattice QCD result for the diagonal gluon propag@@ﬁ}e'(r) and the off-
diagonal gluon propagat@ﬂf[,(r) in the MA gauge with the U(3)xU(1)s Landau gauge fixing.
In the MA gauge G;5¢!(r) andGST,(r) manifestly differ. The diagonal-gluon propaga@fi®®'(r)
takes a large value even at the long distance. In fact, the diagonal ghﬁoA% in the MA gauge
propagate over the long distance. In contrast, the off-diagonal gluon propéﬁ;(:rr) rapidly
decreases and is negligible for> 0.4fm in comparison witrﬁﬁff'(r). Then, the off-diagonal
gluonsA} (a# 3,8) seem to propagate only within the short range as0.4fm. Thus, “infrared
abelian dominance" is found in the MA gauge.
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Figure 1: The SU(3) lattice QCD results of the gluon propagatef$®(r) and G2 (r) as the function of

r = /(X —yu)? in the MA gauge with the U(})xU(1)s Landau gauge fixing in the physical unit. The
Monte Carlo simulation is performed on the*liattice with 38 = 5.7, 5.8 and 6.0. The diagonal-gluon
propagatoﬁﬁze'(r) takes a large value even at the long distance. On the other hand, the off-diagonal gluon
propagatoGﬁfL(r) rapidly decreases.

4. Estimation of diagonal and off-diagonal gluon mass in the MA gauge

Next, we investigate the effective mass of diagonal and off-diagonal gliéhs//e start from
the Lagrangian of the free massive vector figjdwith the massM # 0 in the Euclidean metric. In
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the infrared region with larg®lr, the propagatoG,, (r; M) reduces to
3 M 3VM e M
Guu(r;M) = (A (XAL(Y)) = — —Ki(Mr) ~ —, (4.1)
N R
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Figure 2: The logarithmic plot of%/2Gf! (r) andr3/2Gjb¢!(r) as the function of the Euclidean distance
in the MA gauge with the U(k)xU(1)s Landau gauge fixing, in the SU(3) lattice QCD with*1 3 = 5.7,
5.8 and 6.0. The solid line denotes the logarithmic plaf&AGy,, (r) ~ r/2Ky(Mr) in the Proca formalism.
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Figure 3: The logarithmic plot of%/2Gf! (r) andr3/2Gjb¢!(r) as the function of the Euclidean distance

in the MA gauge with the U(&)x U(1)g Landau gauge fixing, in the SU(3) lattice QCD with*3# 3 = 5.8
and 6.0.

In Figll we show the logarithmic plot af*/2G2f (r) andr¥2Gf%¢!(r) as the function of the
Euclidean distancein the MA gauge with the U(&xU(1)g Landau gauge fixing. From the linear
slope orr3/2foL(r) in the range of = 0.3— 0.8 fm, the effective off-diagonal gluon malky is
estimated. Note that the gluon-field renormalization does not affect the gluon mass estimate, since
it gives only an overall constant factor for the propagator. We summarize in Table 1 the effective
off-diagonal gluon masMys obtained from the slope analysis with“1ét 8 =5.7, 5.8 and 6.0.



SU(3) lattice QCD study of the gluon propagator in MAG Shinya Gongyo

Therefore, the off-diagonal gluons seem to have a large Mggs~ 1.1 — 1.2 GeV. This result
approximately coincides with SU(2) lattice calculati@]

On the other hand, for the diagonal gluons, their propagator seems to have some dependence
on 3 and lattice volume. Therefore, we estimate the effective diagonal gluonvaagsvith larger
lattice size, 32. In Fig[3, we present the logarithmic plot ot/2Gf (r) andr®/2GJ%¢!(r) with 32*
at3 =5.8 and 6.0. From the linear slope of2G)’?!(r) in the range of = 0.3— 0.8 fm, the
effective diagonal gluon mass is estimatedvagg ~ 0.3GeV at eaclf3.

Table 1: Summary table of conditions and results in SU(3) lattice QCD. In the MA gauge, the off-diagonal
gluons seem to have a large effective milkg ~ 1.1 — 1.2 GeV and the functional form in the range of

r =0.1— 0.8 fm is well described with the four-dimensional Euclidean Yukawa functiaexp(—mgsr) /r

with megs ~ 1.3— 1.4 GeV.

lattice size B alfm] Moi[GeV] my[GeV

5.7 0.186 1.2 13
16* 5.8 0.152 11 13
6.0 0.104 11 1.4

Finally in this section, we discuss the relation between infrared abelian dominance and the
off-diagonal gluon mass. Due to the large effective nmdgg, the off-diagonal gluon propagation
is restricted within abou¥ ¢ ~ 0.2fm in the MA gauge. Therefore, at the infrared scale as
0.2fm, the off-diagonal gluona; (a # 3,8) cannot mediate the long-range force like the massive
weak bosons in the Weinberg-Salam model, and only the diagonal gﬁip@ can mediate the
long-range interaction in the MA gauge. In fact, in the MA gauge, the off-diagonal gluons are
expected to be inactive due to the large mislgg in the infrared region in comparison with the
diagonal gluons. Then, infrared abelian dominance holds forM .

5. Analysis of the functional form of off-diagonal gluon propagator in the MA gauge

In this section, we investigate the functional form of the off-diagonal gluon propa@%‘{p{r)
in the MA gauge in SU(3) lattice QCILH. In the previous section, we compare the off-diagonal
gluon propagator with the massive vector boson propagator and estimate the gluon mass. In fact,
the gluon propagator would not be described by a simple massive propagator in the whole region
ofr=0.1-0.8 fm.

There is the similar situation in the Landau gau@d.[ The functional form of the gluon
propagator cannot be described by @xMr)/r3/2 with an effective mas#l in the whole region
of r =0.1— 1.0 fm. The appropriate form is the four-dimensional Euclidean Yukawa-type function
exp(—mr)/r with a mass parameten.

In the same way, in the MA gauge, we also compare the gluon propagator with the four-
dimensional Euclidean Yukawa function. In Elgwe show the logarithmic plot chﬁfL(r) and
rGﬁﬁe'(r) as the function of the distancen the MA gauge with the U(Z)xU(1)s Landau gauge
fixing. Note that the logarithmic plot GszL(r) is almost linear in the whole region of= 0.1 —

0.8 fm, and therefore the off-diagonal gluon propagator is well expressed by the four-dimensional
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Euclidean Yukawa functiode "' /r with a mass parameten,; and a dimensionless constant
A. The best-fit mass parametegs is given in Table 1 at eac = 5.7, 5.8 and 6.0.
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Figure 4: The logarithmic plot of G (r) andrG}%¢!(r) as the function of the Euclidean distanci the
MA gauge with the U(13xU(1)s Landau gauge fixing, using the SU(3) lattice QCD wittt #63=5.7, 5.8
and 6.0. ForGf,fL(r), the approximate linear correlaton is found.

We comment on the four-dimensional Euclidean Yukawa-type propadgfpr If the func-
tional form of the off-diagonal gluon is well described by the four-dimensional Yukawa function,
we analytically calculate the off-diagonal zero-spatial-momentum propa%ﬁt,) =/ d3xG§’fL (r),
and obtain the spectral functi@?™ (w) by the inverse Laplace transformation in the MA gauge:

47TAITbﬁ 4T[A/\/ 2moff

P (w) = _We(w_ Moff) + (0= moﬁ)l/zé(w_ Mot ). (5.1)

6. Summary and Concluding Remarks

We have performed the study of the gluon propagators in the MA gauge with thell{(})s
Landau gauge fixing in the SU(3) quenched lattice QCD. To investigate the gluon propagators in
the MA gauge, we have considered to derive the gluon fields analytically from the SU(3) link-
variables.

With this method, we have calculated the Euclidean scalar combin@tigfr) of the diag-
onal and the off-diagonal gluon propagators, and have considered the origin of infrared Abelian
dominance. The Monte Carlo simulation is performed on tHeldffice at3=5.7, 5.8 and 6.0 and
on the 32 at 3=5.8 and 6.0 at the quenched level. We have found that the off-diagonal gluons be-
have as massive vector bosons with the effective ivgs~ 1.1 — 1.2 GeV forr = 0.3 - 0.8 fm.

The effective gluon mass has been estimated from the linear fit analysis of the logarithmic plot of
r3/zG,°fL (r). Due to the large value, the finite-size effect for the off-diagonal gluon mass is expected
to be ignored. The large gluon mass shows that the off-diagonal gluons cannot mediate the interac-
tion over the large distance as> Mgﬁl, and such an infrared inactivity of the off-diagonal gluons
would lead infrared Abelian dominance in the MA gauge.
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On the other hand, from the behavior of the diagonal gluon propaGafsi(r) andr®/2GL5¢!(r),
the diagonal gluons seem to behave as light vector boson$Ayith~ 0.3 GeV forr =0.3—0.8 fm
[14], considering also the larger-volume analysis witi 823 = 5.8 and 60.

Finally, we have also investigated the functional form of the off-diagonal gluon propagator
fo{,(r) in the MA gauge. We show thatgf{,(r) is well described by the four-dimensional Eu-
clidean Yukawa-type form with the mass parametgg ~ 1.3 — 1.4 GeV in the whole region of
r = 0.1— 0.8 fm. This indicates that the spectral functiof (w) of the off-diagonal gluons in the
MA gauge has the negative-value regifif| as in the Landau gaug@{, (18 [19.
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