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We analyze the transition of QCD effective potential from the Coulomb regime to the confine-
ment regime in the heavy quark approximation. The instability of Coulomb potential in that
approximation can be derived from first principles which confirms the Gribov picture of quark
confinement. The transition is made possible by the breaking of conformal symmetry induced
by the heavy quarks which allows the transition from a asymptotic freedom regime to a quark
confinement regime. We find the critical distance between a quark anti-quark pair where the tran-
sition between the two regimes occurs for a small enough value of the strong coupling. This is
in contrast with what happens in some supersymmetric theories where the phenomenon does not
occur. The results point towards a confinement mechanism driven by thick strings rather than by
fundamental strings.
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1. Intoduction

The most popular picture of confinement is provided by the dual superconductor scenario. In
that picture the QCD vacuum behaves like a dual superconductor generated by the condensation
of chromo-magnetic monopoles where the chromo-electric flux is expelled by the dual Meissner
effect [1][2]. The immersion of a heavy quark-antiquark pair in such a magnetic superconducting
vacuum generates a concentration of the chromo-electric flux lines along the segment connecting
the two particles, which induces an effective quark-antiquark potential growing linearly with the
distance. At large distances between a pair of quark-antiquark the flux tube behaves like a string
which leads to quark confinement. This picture has been numerically confirmed but there is no
analytic proof from first principles. Only in N = 2 supersymmetric Yang-Mills theories an analysis
carried out by Seiberg and Witten suggests that it could be the real confinement mechanism, but
those models are not close to real QCD [3].

An alternative picture for confinement was suggested by Gribov in the early nineties [4][5].
Motivated by the instability of relativistic hydrogenoid atoms with Z > 137 Gribov raised the pos-
sibility of a QCD vacuum instability due to the very large values that the effective αs coupling
constant can reach at the infrared regime. The instability would imply a vacuum decay on light
quark-antiquark pairs [6]-[7]. From the Dyson-Schwinger equations of the light quark Green func-
tion Gribov found a critical value of αs

αcrit =
2Nπ

N2−1

(
1−
√

2
3

)
(1.1)

beyond which αs > αcrit the theory becomes unstable [6]-[9].
In this note we shall show that the Gribov picture holds also for heavy quarks. To obtain some

analytic understanding of the mechanism of quark confinement in real QCD we propose a new
semi-classical approach, for SU(2) Yang-Mills theory coupled to a static heavy quark. A trivial
classical solution of the equations of motion is represented by the Coulomb potential, however we
shall show that this potential is not stable for couplings larger than a critical value αc =

√
5/2. A

similar critical value was found in earlier analyses [10]-[21] of Yang-Mills equations in a Coulomb
background. However, our approach is based on the Euclidean path integral approach which per-
mits the comparison with numerical results of the lattice gauge theories approach. Our main result
is the discovery in that regime of a critical distance between a heavy quark-antiquark pair beyond
which the Coulomb phase becomes unstable, while asymptotic freedom is preserved a shorter dis-
tances.

2. Heavy Quark Coulomb Instability

In presence of a static heavy quark theYang-Mills action is given by

SY M(A) =− 1
2g2

∫
d4xTr(FµνFµν)+Q

∫
dx0 A3

0(0), (2.1)

where for simplicity the quark color has been chosen to have only projection on the third component
of Gell-Mann matrices. The quantum theory is encoded by the Euclidean functional integral which
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is dominated by the static critical configurations of the Euclidean action, i.e. Coulomb solutions of
Euclidean Yang-Mills equations

~A = 0, A3
0(x) = i

g2Q
4π|~x|

= i
α

|~x|
, α =

g2Q
4π

. (2.2)

Coulomb gauge fields are imaginary because we are in the Euclidean formalism. They should be
considered as saddle points which dominate the functional integral outside the physical real range
of gauge fields. The Gaussian approximation around these Coulomb backgrounds is given by the
second order variation of the Euclidean action

δ
2S =−

∫
d4xTr τ

µ(−δµνD2 +DµDν −2[Fµν .·])τν . (2.3)

If the second order differential operator involved in (2.3) is positive the functional integral reduces
to the inverse square root of its determinant. However, if the operator is non-positive their negative
eigenvectors will give rise to vacuum instabilities. Having in mind the dual superconductor picture
of QCD vacuum the search for vacuum instabilities can be restricted to pure static magnetic gauge
field perturbations

~τ(x) =
~x×~n
|~x|

φ(~x)T12, τ0 = 0,

with negative eigenvalues of the second order variation operator

(−δµνD2 +DµDν −2[Fµν , ·])τν =−λ
2
τµ , (2.4)

where~n is any unit vector and T12 is any normalized linear combination of the first two components
of Gell-Mann matrices (T2

12 =−1/4).
In spherical coordinates if we assume that φ(~x) = φ(r) with r = |~x| the eigenvalue equation

(2.4) becomes (
d2

dr2 +
2
r

d
dr
− 2−α2

r2

)
φ (r) = λ

2
φ(r). (2.5)

This equation is well know and presents three different regimes depending on the strength of the
coupling constant α [22]. If α2 < 5

4 there is no solution of (2.5) vanishing on the quark and in
the absence of negative eigenvalues the Gaussian integral is convergent and the system is stable. If
5
4 < α2 < 9

4 there is one solution of (2.5) with λν = 2Λ

(
Γ(1+ν)
Γ(1−ν)

) 1
2ν

and

φ(r) =
Kν(λνr)√

λνr
(2.6)

satisfying the boundary condition

lim
r→0

2rφ
′(r) = lim

r→0
(−1+2ν coth[ν log(Λr)])φ(r), (2.7)

where ν =
√

9/4−α2. The arbitrary parameter Λ introduced by the boundary condition (2.7) in
order to guarantee the hermiticity of the second order variation operator of the Euclidean action
breaks conformal invariance and is crucial for the existence of the negative eigenvalue

−λ
2
ν =−4Λ

2
(

Γ(1+ν)

Γ(1−ν)

) 1
ν

. (2.8)
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If α2 > 9
4 there is an infinity of solutions of (2.5)

φn(r) =
Kν(λnr)√

λnr
(2.9)

with

λn = 2Λexp
(

iπn
ν

+
1

2ν
log

Γ(1+ν)

Γ(1−ν)

)
satisfying the boundary condition

lim
r→0

(−1+2iν cot[iν log(Λr)])φn(r) = lim
r→0

2rφ
′
n(r). (2.10)

This is a case of extreme instability of the Coulomb solution for the heavy quark background and
again the parameter Λ introduced by the boundary condition (2.10) breaks conformal invariance,
but not completely since a discrete conformal symmetry is preserved. The boundary condition and
the spectrum are invariant under the discrete rescaling of Λ→ Λ e2πi/ν [25].

The instability of the Coulomb phase is intrinsically associated to the breaking of conformal
symmetry. In perturbation theory this emerges from the renormalization of the coupling constant
α . In this picture it arises from the need of fixing the boundary conditions of the singularity of
quark potentials. The novelty is that in this case it implies the instability of the Coulomb vacuum
background for large enough coupling constant. However, the connection of the picture with real
confinement is not yet clear because one quark background alone does not match the global gauge
invariance conditions of Gauss law. For this reason is convenient to analyze what happens with
several quarks and their interactions.

3. Quark-Antiquark Coulomb Instability

In the presence of a pair of heavy quark-antiquark the instability of Coulomb phase should
persist at large quark-antiquark distances but it is not clear whether or not it holds at all distances.
The distance between the two quarks introduces a new scale in the theory which might affect the
stability behavior.

In this case the Coulomb background solution of Euclidean Yang-Mills equations reads

A3
0(~x) =

α

|~x−L~e3|
− α

|~x+L~e3|
. (3.1)

Possible unstabilities can arise from static magnetic field perturbations of the form

~τ(x) =
~x×~e3

ρ
φ(ρ,z)T12, τ0 = 0,

where φ(ρ,z) satisfies the eigenvalue equation ∂ 2

∂ρ2 +
∂ 2

∂ z2 +
1
ρ

∂

∂ρ
− 1

ρ2 +α
2

(
1√

ρ2 +(z−L)2
− 1√

ρ2 +(z+L)2

)2
φ(ρ,z)=λ

2
φ(ρ,z), (3.2)

in cylindric coordinates. If we consider the same boundary conditions introduced in the previous
section for both quarks we have the same three regimes of the coupling constant α . The behavior
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Figure 1: Unstable modes disappear at short q− q̄ distances

in the three regimes is similar to that of only one quark but with some relevant differences. If
α2 < 5

4 there is no solution of (3.2) vanishing at the quark and antiquark positions. The absence of
negative eigenvalues implies again the stability of the Coulomb regime. If 5

4 <α2 < 9
4 there are two

solutions φ± of (3.2) satisfying the boundary condition (2.7). One solution φ+ is even and the other
φ− odd under z-reflection. Although the system is not invariant under the interchange of quark and
anti-quark, the second order variation operator in (3.1) in invariant under this interchange.

Figure 2: Unstable parity even mode of a heavy quark-antiquark system for α =
√

17/8. The thick string connecting
the two quarks suggests a confinement mechanism driven by thick strings rather than fundamental strings.

A novel interesting property is that for 2 < α2 < 9
4 these two negative eigenvalues disappear

at short distances. There is a critical value 2Lc of the distance between the two quarks where the
parity even negative gauge field perturbation becomes a zero mode (see Fig. 1). This critical value
marks the stability limit of Coulomb regime. The parity odd negative eigenvalue disappears at
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larger distances. Although the solutions are not analytic we can show numerically that they are
essentially concentrated near the two quarks (see Fig. 2 and Fig. 3). The dependence of the critical
distance 2Lc with the coupling constant is also displayed in Fig. 4.

This result means that in this regime the Coulomb background provides a good description
of the system a short distances L < Lc. If one includes one loop corrections we get asymptotic
freedom in this regime. However, for L > Lc the Coulomb background field is not stable and one
expects to enter in the realm of confinement. Moreover, the lowest unstable mode (Fig. 2) exhibits a
prominent thick string connecting the two quarks, supporting a picture of QCD where confinement
is likely to be induced by thick strings rather than by fundamental strings [26, 27].

Figure 3: Unstable parity odd mode of a heavy quark-antiquark system for α =
√

17/8

In the strong coupling regime α2 > 9
4 there is an infinity of solutions of (3.2) for any non-null

distance 2L > 0 between the quarks. All these unstable modes disappear as the quarks get closer
and closer but for any finite distance the number of unstable modes is always infinite.

The above instabilities do not mean that the functional integral is not well defined. In fact the
imaginary character of the Coulomb background field remind us that this is a saddle point of the
Euclidean action. Choosing an integration contour locally orthogonal to the negative modes in the
complex plane the Gaussian integral gives a positive finite contribution. However, the instability
persists due to the fact that the quantum Hamiltonian of the field theory in such a background in
not unitary. The above instability modes reappear in the form of time dependent zero modes with
complex energies [28].

4. Conclusions

The above analysis provides new evidences showing that the Gribov’s picture of confinement
can be derived from first principles in the heavy quark approximation. The semiclassical expansion
of the Euclidean functional integral around the Coulomb gauge field background is unstable for
gauge coupling larger than some critical value α > αc =

√
5/2. The critical value of α know
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Figure 4: Dependence of q− q̄ critical distance on α

since the seventies [10]-[21] from a Minkowskian analysis of Yang-Mills equations in a Coulomb
background is slightly higher α ′c = 3/2. Our analysis is different but the nature of the singular
problem is the same, which explains why the results are so similar. From a fundamental point of
view our result, obtained in the Euclidean functional integral framework, is closer to the lattice
approach were the numerical results provide complete evidence of quark confinement.

It is interesting to note that this critical value of the strong coupling constant on the presence
of heavy quarks is of the same order of magnitude as the Gribov’s critical value αcrit (1.1) for light
quarks [4]. This provides another consistency check of Gribov’s picture of confinement.

Another interesting feature of this approach is the mechanism of conformal symmetry break-
ing. In this case the symmetry is broken by the need of a boundary condition (2.7) in order to guar-
antee the hermiticity of the second order variation operator of the Euclidean action. The boundary
condition introduces a dimensionfull parameter Λ which breaks conformal invariance and gener-
ates unstable modes of the Euclidean action. On the other hand in this picture the compatibility of
asymptotic freedom and confinement is explicit. Indeed, in the weak coupling regime

√
2 < α < 3

2
there is a critical quark-antiquark distance Lc such that Coulomb phase is stable for L < Lc and
instable for L > Lc. This implies that at short distances the quarks interact via Coulomb interac-
tion which leads to asymptotic freedom once one takes into account only loop contributions to the
renormalization of the coupling constant α . However, at large distances L > Lc their interaction is
different which opens the possibility of a confining behavior. This proof of confinement requires
further analysis but it can approached from this perspective [28].

The Coulomb phase instability does not appear in the supersymmetric case because there are
the same negative modes for gauge fields that for the supersymmetric partners canceling out both
pathological contributions to the Euclidean functional integral. This explains why supersymmetric
theories can have a stable Coulomb phase at all distances [3].
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