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The effect of anisotropy for fluctuations of electric currents in magnetic field is addressed within
framework of quantum measurements theory. It is shown that for free fermions in uniform magnetic field the anisotropy is of the same sign as one expects for chiral magnetic effect and is related
to triangle anomaly. The corresponding decoherence functional contains anomalous off-diagonal
terms leading to correlation of fluctuations between observables of opposite P-parity.
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1. Introduction

Strong interactions stay apart in some sense. Leaving aside strong CP-problem and all related
issues, QCD Lagrangian without θ -term is invariant under separate C-, P- and T-transformations.
C–invariance holds at finite temperature but gets broken at finite density: there is no Furry theorem
if some levels in the upper Dirac continuum are occupied. Strong and quite general results [1, 2]
guarantee that vacuum expectation value of any local P-nonconserving observable has to vanish in
vector-like theories such as QCD, e.g.
⟨ψ̄γ 5 ψ ⟩ = 0 ; ⟨Tr Gµν G̃µν ⟩ = 0

(1.1)

Despite these results put serious constraints on possible P-parity violating phenomena in the domain of strong interactions physics, such effects (establishing limits of applicability of (1.1), in
some sense) have been studied for a long time. One can mention T.D.Lee’s idea of P-odd bubbles
and A.B.Migdal’s hypothesis of pion condensate in nuclei. Closely related effects of ρ − π mixing
at finite temperature [3] and sphaleron dynamics in QCD [4] were discussed.
Recently the topic has been revitalized in a series of papers by D.Kharzeev and coauthors [5,
6, 7, 8] and numerous subsequent publications. The two general approaches to study any vacuum
nicely work together in heavy ion collision experiments with respect to the QCD vacuum. Indeed,
test particles used in these experiments — heavy ions — are able to create, in the first instants after
the collision, highly nontrivial multi-particle state, which itself play a role of external conditions
put on the QCD vacuum. These include temperature, density and also extremely strong magnetic
field, of the order of (103 − 104 ) MeV2 in about 0.2 Fm/c after the moment of collision. This is
the first (and perhaps the only) case in physics where one can study strong and electromagnetic
interactions interplay on the same scale, without treating the latter as a weak perturbation. The
main qualitative result can be formulated as follows: if by whatever dynamical mechanism there is
an excess of quarks of definite chirality inside a fireball, it transforms into electric current flowing
along the magnetic field, whose main effect is charge asymmetry of final particles distribution
between upper and lower (with respect to the interaction plane) hemispheres. On quantitative level,
for free massless spinors with charge e, chemical potentials µL , µR for left-handed and right-handed
ones, respectively, in constant and spatially uniform magnetic field B electric current is given by
2
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One of important questions in quantum field theory is about the fate of discrete symmetries
under this or that choice of external conditions. Can one get nontrivial symmetry breaking effect
by, for example, heating quantum fields or applying external classical background? Naively all
three main discreet symmetries: charge conjugation C, parity reversion P and time reversion T
are not seen in our everyday experience, as manifested by matter over antimatter dominance in the
Universe, bio-chirality, arrow of time and numerous other facts. However as is well known the
microscopic situation is much more subtle. Namely, the interactions governing the macro-world long ranged gravity and electromagnetism - are invariant under C, P and T, while the microscopic
dynamics respect only the famous CPT product: direct P-violation is built into electroweak sector
of the Standard Model (lefts are doublets and rights are singlets), while conjugate parity CP (and
hence T - invariance) is broken by Cabibbo-Kobayashi-Maskawa mechanism.
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the following expression, known as chiral magnetic effect (CME):
j=

e2
µR − µL
µ5 B ; µ5 =
2
2π
2

(1.2)

2. Current fluctuation asymmetry and quantum measurements
The simplest case of free massless fermions in external magnetic field at finite temperature is
addressed in this section. We are interested to study how their fluctuations (both thermal and quantum) are affected by external field. In principle, this information is encoded in polarization operator
Πµν (x, y) = i⟨T { jµ (x) jν (y)}⟩ and we refer an interested reader to [12] for discussion which structures of Πµν (x, y) in magnetic field correspond to chiral magnetic effect. In what follows we take a
different attitude and consider instead the standard Unruh–DeWitt detector coupled to the current.
The corresponding Hamiltonian reads:
∫τ1

H=

d τ µ (τ )nµ ψ̄ (x(τ ))γµ ψ (x(τ ))

(2.1)

τ0

Here x(τ ) parameterizes the detector’s world-line, τ - proper time along it, nµ - constant vector,
fixing a direction the current is measured in, and µ (τ ) - internal quantum variable of the detector
whose evolution in τ is described by the standard two-level Hamiltonian with the levels E0 and E1 ,
E1 − E0 = ω > 0. An amplitude for the detector to "click" is given by
A =i

∫τ1

d τ ⟨1|µ (τ )|0⟩ · ⟨Ω|nµ jµ (x(τ ))|Ω0 ⟩

(2.2)

τ0

where jµ (x(τ )) = ψ̄ (x(τ ))γµ ψ (x(τ )) and |Ω0 ⟩ stays for initial (thermal vacuum) state of the field
sub-system, while |Ω⟩ represents final (after the measurement) state. The corresponding response
function reads:
µ ν

µ ν

F (ω ) ≡ n n Fµν (ω ) = n n

∫τ1
τ0

dτ

∫τ1

′

′
d τ ′ e−iω (τ −τ ) · G+
µν (τ − τ )

(2.3)

τ0

where
′
′
G+
µν (τ − τ ) = ⟨Ω0 | jµ (x(τ )) jν (x(τ ))|Ω0 ⟩

3
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The expression (1.2) first explicitly obtained in [9] (not in heavy ion collision context) is a robust
theoretical result and can be reproduced in many ways. What is special and important about the
result (1.2) is that proportionality coefficient there is universal and fixed by the famous triangle
anomaly [10, 11].
In this talk complementary view of the problem is presented using methods of quantum theory of measurements. Throughout the text h̄ = c = 1, the Minkowski metric tensor is gµν =
diag(1, −1, −1, −1) and constant uniform magnetic field is chosen in the third direction: F12 = B.
Also the notation p∥ = (p0 , 0, 0, p3 ), p⊥ = (0, p1 , p2 , 0), p∥ γ ∥ = p0 γ 0 − p3 γ 3 , p⊥ γ ⊥ = p1 γ 1 + p2 γ 2
is used for four-vector components parallel and perpendicular to the field and their products.
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Usually one is interested in detector excitation rate in unit time. For infinite observation time
range (τ0 → −∞, τ1 → ∞) it is determined by the power spectrum of the corresponding Wightman
function:
∞
F˙ (ω ) =

∫

ds e−iω s G+ (s)

(2.5)

−∞

where the gauge-dependent phase ϕ (x, y) is irrelevant for gauge-invariant quantities and Fourier
transfrom S̃(p) reads:
∫∞

S̃(p) =

2 tan(qBu) −m2 )
qBu

du eiu(p0 −p3 −p⊥
2

2

[

]
P0 (p∥ , p⊥ ) + P1 (p∥ )

(2.7)

0

where
P0 (p∥ , p⊥ ) = p∥ γ ∥ − p⊥ γ ⊥ (1 + tan2 (qBu)) + m ; P1 (p∥ ) = (p∥ γ ∥ + m)γ 1 γ 2 tan(qBu)

(2.8)

and q stays for quark electric charge. We take in the rest of the paper m = 0. It will be seen that only
the tensor structure P1 (p∥ ) is responsible for charge fluctuations asymmetry and also for anomalous
⟨ jµ jν5 ⟩ correlation.
It is customary in quantum measurements theory to compare response functions of a given
detector in a state of inertial movement versus some non-inertial one. We are interested in another
kind of asymmetry, namely between the detector oriented to measure current along the magnetic
field direction and perpendicular to it. This choice is fixed by the vector nµ = (0, n). With respect to
its spatial movement the detector is supposed to be always at rest, so we can take x(τ ) = (τ , 0, 0, 0).
Therefore it is convenient to switch to the coordinate space (as in (2.5) we denote s = τ − τ ′ ):
isγ 0
S(s) =
32π 2

∫∞

du
u3

(

)
s2
qBu
1 2
+ γ γ qBu e−i 4u
tan(qBu)

(2.9)

0

The response function asymmetry given by δ F˙ (ω ) = F˙33 (ω )−(F˙11 (ω )+ F˙22 (ω ))/2 is quadratic
in B for all values of the magnetic field.1 Explicitly, one gets:

2
∫∞
2
2
s
du qBu
−i 4u
 s
 − (qB)
e
(2.10)
G+
(s)
=
−
33
16π 2
u3 tan(qBu)
16π 4 s2
0



G+
11 (s) = −
1 Notice

s
16π 2

∫∞

2
du qBu
e
u3 tan(qBu)

0

s2
−i 4u

2
 + (qB)
16π 4 s2

that F˙11 (ω ) = F˙22 (ω ) for our choice of the field along the third axis.

4

(2.11)
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The details of this standard procedure can be found in [13, 14], see also [15] in the context of vector
current measurements.
To compute (2.5) it is convenient to use the exact fermion propagator in external magnetic
field given by [16]
∫
d 4 p ip(x−y)
S(x, y) = eiϕ (x,y)
e
S̃(p)
(2.6)
(2π )4
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−∞

∞

Taking into account that ∑

k=−∞

(−1)k
x+ik

=

π
sinh π x

and doing the integral with the help of residues

(see, e.g. [17]):
∫∞
−∞

e−iω s ds
(−1)n
=
sinh2n (s − iε ) (2n − 1)!

(

2π
ω

)

n (
)
1
ω 2 + 4(n − l)2
∏
πω
e − 1 l=1

(2.13)

one gets

(qB)2 ω
δ F˙ (ω ) =
(2.14)
4π 3 eβ ω − 1
Expression (2.14) is the main result of this section. It is positive, which corresponds to the fact
that the detector measuring the current along magnetic field clicks more often than measuring
perpendicular currents. It is also worth noticing the change of statistics from Fermi-Dirac to BoseEinstein - what is relevant is the statistic of operators whose fluctuations are being measured by the
detector (Bose-currents in our case) and not the statistics of primary fluctuating fields.
The fact that current fluctuations are suppressed in perpendicular direction is obvious from
general physics: the charged particle moving in the orthogonal plane is deflected by the magnetic
field (or, using quantum mechanical language, confined to Landau levels). What is less obvious is
that fluctuations along the field are enhanced (exactly by the same amount), since classically (i.e.
neglecting spin effects) magnetic field has no influence on a charge moving in parallel direction.
This enhancement is caused by spin interaction with the magnetic field and, to our view, can legally
be called a particular case of CME.
It is instructive to compare (2.14) with fluctuation pattern without magnetic field. The latter
can easily be obtained from (2.10) or (2.11) putting B = 0. The result reads:
(
( )2 ) (
( )2 )
1
ω
2
π
2π
ω2 + 4
ω2 +
(2.15)
F˙ (0) (ω ) =
3
β
ω
60π e − 1
β
β
The ratio is maximal for ω → 0 but even in this region it is rather small numerically:
15 (qB)2
(qB)2
δ F˙ (0)
=
·
≈
0.0024
·
4
4
T
T4
F˙ (0) (0) 64π

(2.16)

At large magnetic fields the fluctuations are frozen in 1 − 2 plane, so that
+
G+
11 (s) → 0 ; G33 (s) = −

5

(qB)2
8π 4 s2

(2.17)
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+
and G+
11 (s) = G22 (s). These results are exact for free fermions in external magnetic field in the
massless limit.
To compute the response function one needs to take into account s → s − iε prescription corresponding to definition of the Wightman function (2.4) and switch on the temperature introducing
sum over periodic shifts in imaginary time with β = 1/kT and Fermi-Dirac statistics factor (−1)k
for fermions (see, e.g. [13, 14]):
[
]2
+∞
+∞
k
2 ∫
(−1)
(qB)
−i
ω
s
ds e
δ F˙ (ω ) = F˙33 (ω ) − F˙11 (ω ) = −
(2.12)
∑
8π 4
k=−∞ (s − iε + ikβ )
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and correspondingly
F˙33 (ω ) − F˙11 (ω )
→1
F˙33 (ω ) + F˙11 (ω )

(2.18)

The pattern (2.17), (2.18) is easy to understand in term of the corresponding energy-momentum
tensor. Indeed, at zero magnetic field one has the standard thermal pressure for massless fermions
T11 = T22 = T33 =

7π 2 T 4
180

(2.19)

T11 = T22 → 0 ; T33 =

qBT 2
12

(2.20)

It is interesting to note that for strong but slowly varying magnetic field the plasma as a whole is to
experience buoyancy force in the direction of the field gradient:
f3 = −

∫

d3x
V

∂ T33
∂z

(2.21)

This effect can be called magnetic Archimedes force. Since in real scattering events the fields
are indeed highly inhomogeneous, this effect could be important for such phenomena as charge
dependence of the elliptic flow etc. These questions are to be explored in future research.

3. Parity violation and decoherence
It is rather clear that if one is monitoring some P-odd observable, it can lead to nonzero result
for measurement of correlated P-odd quantity. The simplest way to see it is to use a language of
decoherence functionals ([18], see also [19]) and path integral formalism. Generally, for some filter
function α [Φ] the amplitude is given by
Ψ[α ] =

∫

DΦ α [Φ] eiS[Φ]

(3.1)

The most important missing ingredient in our discussion so far is the fact that in strong interaction
domain the singlet axial vector current is not conserved because of triangle nonabelian anomaly:

∂ ν jν5 (x) = −η (x) = −

g2 N f a
G (x)G̃aαβ (x)
16π 2 αβ

(3.2)

We are interested to find common distribution for the vector current and some P-odd quantity,
which we have chosen in this section to be the field η (x) from (3.2). The corresponding amplitude
reads:
∫
∫
∫
µ
Ψ[λ , κ ] = D ψ̄ D ψ DAµ eiSQCD +i dxλ (x)nµ j (x)+i dxκ (x)η (x)
(3.3)
The vector current is given by the standard expression jµ = ψ̄ Qγµ ψ , where Q is quark electric
charges diagonal matrix in flavor space. The closed-time-path functional is given by
′

′

eiW [λ ,κ ;λ ,κ ] = Ψ[λ , κ ]Ψ∗ [λ ′ , κ ′ ]
6

(3.4)
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which is isotropic. At large magnetic field, however, all the pressure is along the magnetic field
and there is no pressure in orthogonal directions:
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and the mean current is
⟨nµ j µ (x)⟩[λ , κ ] = −i

′ ′
δ
eiW [λ ,κ ;λ ,κ ]
δ λ (x)

κ =κ ′
λ =λ ′

(3.5)

It is a functional of P-even field λ (x) and P-odd field κ (x).
It is easy to compute Ψ[λ , κ ] in Gaussian approximation and get expression for the induced
current. As a model example we take concrete profile for the κ -field, corresponding to timedependent 3-dimensional "decoherence volume" V (y0 ):
∫

d 3 w δ (3) (y − w)

(3.6)

V (y0 )

It leads to the following expression for the current parallel to magnetic field:
⟨ j3 (x)⟩[0, κ ] =

∫
Nc TrQ2
˙V (x0 , x) · e− d pκ (p)ℑ{Π5 (p)}κ (−p)
·
(
κ
B)
·
f
2π 2

where
Π (p) = i
5

∫

dx eipx ⟨T {η (x)η (0)}⟩

(3.7)

(3.8)

and we switched off the P-even filter (λ = 0), but has kept the P-odd one. The above expression is
a generalization of (1.2) with the field κ (3.6) being direct analog of time-dependent θ -term. The
current is linear both in κ and in B and vanishes being integrated over κ in symmetric limits. Notice
that the current flows only inside the volume (where the measurement has been done) and what is
important it has a maximum in κ . This maximum in κ transforms into optimal (i.e. maximizing the
current) speed of 3-volume expansion: for too slow expansion the current is small due to f˙V (x0 , x)
factor, while for too fast one would expect strong damping from the region of effective large timelike momenta in decoherence exponent.

4. Conclusion
We discussed the phenomenon of CME using the ideas of quantum measurements theory.
First, it was shown that in the simplest case of free massless fermions the nonzero asymmetry of
electric current fluctuations in magnetic field is detected by the standard Unruh–DeWitt detector at
rest. This asymmetry (2.14) is of desired sign (i.e. detector clicks more often measuring current
components along the field than in perpendicular plane) but numerically it is rather weak for usual
thermal fluctuations even in its maximum. We find it remarkable that this asymmetry is exactly
quadratic in magnetic field B and gets no higher order corrections. Despite the effect is not linear
in B as conventional (abelian) triangle anomaly is, its origin can be traced to the same asymmetry
in the fermion Green’s function in the magnetic field which is responsible for CME in the standard approach. Second, taking into account singlet axial vector current non-conservation due to
nonabelian anomaly, we computed the electric current (3.7) along magnetic field under assumption
that particular P-odd quantity (dual field to the topological charge density in our example) can be
treated as external (classical). This can be understood as a model for chiral chemical potential µ5
generation in quark-gluon dense and hot medium via decoherence along well known line of thought
about classical features of intense gluon field in this system.
7
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κ (y) = κ · fV (y0 , y) = κ ·
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