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1. Coulomb gauge at leading order

The first part of this talk concerns the construction of aileg@rder truncation to the Dyson-
Schwinger equations of Coulomb gauge QCD [1]. Let us begircdmysidering the following
(standard) functional integral

Z:/.@d)e'y, Y:Yqu/dx(Ez—Bz)/Z, (1.1)

where the action¢’) is splitinto a quark component/y, and the Yang-Mills partZ® generically
denotes the integration measure. The chromomagnetic eld|l not concern us in the following.
The chromoelectric fieldE, is given by (superscript indices ... denote the color index in the
adjoint representation)

Ea_ —0055"— I_jabAB, [‘jab _ 5ab‘D’ -9 facbﬁ\c’ (1.2)

whereD is the spatial component of the covariant derivative in tjeiat color representation (the

f are the usuaBU(N;) structure constants). We work in Coulomb gaué]e,@ = 0), for which
the corresponding Faddeev-Popov (FP) operaterfﬂs D. There are two important points: the
FP operator involves purely spatial operators and the chebeatric field is linear in the temporal
component of the gauge fiel@g. We now convert to the first order formalism by introducing an
auxiliary field 7T via the identity

exp{l/dez/Z} :/@ﬁexp{l/dx[—nz/Z— ﬁa.Ea} } (1.3)

The field 7t is split into transversel{- - = 0, henceforth we drop thé) and longitudinal (1)
parts. Since the action is now linearAg, we can integrate it out, to give

z :/@cbé (i-A) 5 (i- ﬁ) Det[—ﬁ-f)} 5 (i-5<p+p) @7, p?=gfebA. 7+ gq[yPT? g,

(1.4)
wherep is the color charge (including the quark component, withrigdi@ld g and the Hermitian
color generatoil ). The ¢-field can also be integrated out to cancel the FP determ{@mitlomb
gauge is formally ghost free). However, noting the tempaesb modes of the FP operator, i.e.,
those spatially independent fields for whieh] - Do(xo) = 0, one is left with [2]

z :/@cpa(i K)s (D ﬁ)6</d2p> &7 P~ /dx[...—paﬁabpb/z] . (@5

In the above, one sees that there are two transverse dedifeesdom for the gluon and the total
color charge is conserved and vanishing. The Coulomb kérre[—[-B]~(—02)[-0-D]Lis
nonlocal inA, so we make the leading order truncation whereby it is repldwy its expectation
value, which is related to the temporal component of thempmpagatorf: — <F >~ Wpo. It is
known that in Coulomb gauge on the lattitkh is infrared (IR) enhanced, going like/q* but
with a coefficientoc somewhat larger than the Wilson string tension (see e.ds. R 4]). The
charge conservation term is rewritten in the limiting forfredGaussian, mimicking the Coulomb
term:

5 </d2p> ~ Jim &/Vexp{—l/Z/dxd)p)?éab(fé(xo—yo)p;,’}, (1.6)
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and such that we now have instantaneous four-point inferatgrms including” aarr andlMgeqq:
Lt~ / dxdy[—p)?éablfxypyb/z] , G°CeF(d) = (2m3%5(q) + 8no /g’ (1.7)

(Ce = (N2 —1)/2N.). This interaction contains the charge constraint andsleictly to a linear
rising potential with a string tensioa. To complete the leading order truncation scheme, we
restrict to one-loop terms in the following equations arstetjard all but th€ interaction terms.

2. Gluon gap equation

In the first order formalism, the transverse spatial gluogreles of freedomA, %) have been
separated such that there are three propag®#ixs, Wrmi; andWagj (i, j are the spatial indices),
correspondingly with three proper functiolgaij, [ 7zj andl aq; related via a matrix inversion
structure (see, e.g., Ref. [5]). Since the interactioneaindf our truncated system is instantaneous,
the energy dependence of these functions is trivial (andrixed functions will play no role in
the discussion here). There are two scalar dressing funsctibinterest, both functions of spatial
momentum:FAA(Ez) andr,m(r(z). The spatial gluon propagat@ixa has the form\(V; is similar)

[ rore(K2)

Wanij(k) = ttij (k) k2 — k2T Aa(K2)T rre(K2) 410, ]

(2.1)

(tij is the transverse spatial momentum projector). The tredcalson-Schwinger equations have
the mnemonic form (omitting kinematical factors etc.)

el P2) ~ 1 [ AR (B—RWan(K),  Tan(?) ~ 1+ [ R (B—RWim(K). (22

The charge constraint term of the interactior{i.e., the term~ %5@—?)) immediately tells us
that bothl" aa andT ;; are divergent ag — o (there is also an IR divergence), meaning that the
gluon self-energy is infinite and the propagator poles aifeshto infinity. This has the natu-
ral interpretation that one requires infinite energy to @ea(colored) gluon from the (colorless)
vacuum. If, however, we consider the static gluon propagaﬁé_z, written as

—

© iy [ I oo VG _ Tm(K?)
Wanij(K) = EWAAIJ(k)—tIJ(k)ﬁa Gk = Fan(2) (2.3)

then we can combine the Dyson-Schwinger equations to gefitloa gap equation

2 AL E __’ N L2
Gp—1+ 0 [EPH e k) [ﬁk K G | (2.9)

4 (2m)3[K| p* VG
This equation has previously been derived in the Coulomlygdiamiltonian approach [6]. The
dressing function for the static propagat@r,is IR finite and independent of the charge constraint.
Solving numerically (in units ob), one sees that the solution has the faBn= x/(x+ Kx) for
an IR constant ‘mass’ functior(x) and wherex = K2, Ky is logarithmically dependent on the
numerical ultraviolet (UV) cutoffA (dimensions ofmas$), despite the fact that the interaction
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Figure 1: [left panel]ky as a function ok = k? and [right panelk(x) as a function ok’ = x/a for various
values of the UV-cutoff\. All dimensionfull quantities are in appropriate units loétstring tensiong. See
text for details.

has the form 1g*. « is plotted in the left panel of Fig. 1. However, definiag= k (x = 0) and
introducing the scaled variabké = x/a, one finds thak(x') = k(x = Xa) — a is independent of
A\, shown in the right panel of Fig. 1. It turns out in general thyasimply writing all dimension-
full quantities in units of the (dynamically generated)@iumass function at some point, one may
constructA-independent dressing functions (and subsequésithyithout introducing a renormal-
ization constant [1].

3. Quark gap equation

Given that the interaction content arising from the Coulaiton couples to the gluon and
guark charges in the same manner, the quark sector turns batvery similar to the gluon sector
within the leading order truncation scheme considered. fidre instantaneous character of the in-
teraction leads immediately to the following form for theagkipropagator in terms of two dressing

functionsA andB (both functions of<2):

VPko — 7 KA+ By
= . 3.
1@ KA B2 110, G-

Wagq(k) = (=1)

A possible term~ yOkov-R does not appear, just as in the perturbative case [7]. The gtzark
propagator\/\/ég), can be written in terms of the mass functidm, and quasiparticle energg:

y-k— My

Bxk 2 12 2
M= — =ke+ M7, 3.2
2o M , W + Mg (3.2)

A

The Dyson-Schwinger equations for the dressing functiaadB have the mnemonic form

Wea (k) = [ 5 Wea(K) =

Ap~1+/dRF~(ﬁ—F<)/ak, Bp~m+/dﬁlf(t$—R)Mk/m<, (3.3)
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Figure 2: [left panel] Quark mass functio(x), and [right panel] dressindyl (x) — m, plotted as functions
of x = p2 for a range of quark masses. All dimensionfull quantities iarappropriate units of the string
tension,o. See text for details.

showing us via the charge constraint that the quark selfggrie divergent (like for the gluon) and
one requires infinite energy to extract a single quark froemviiacuum. However, combining the
equations in terms of the mass functidm, leads to the Adler-Davis gap equation [8]

dkF(p—Kk)
(2m)3ax

1 -k
Mp:m—i——ng,:/ k_r:ii—z (3.4)

5 Mp| -

The mass function is IR finite and independent of the chargstcaint. While the above equation
was originally derived for chiral quarks (in the Hamiltonieormalism), in the leading order trun-
cation scheme presented here one can show [1] that it alsoduges the Coulomb gauge heavy
quark limit (in the absence of pure Yang-Mills correctiof#) The mass function is plotted on the
left panel of Fig. 2. One can see that chiral symmetry is dyoaly broken, although the chiral
condensate is too small [10] (this can be improved by corisigehe spatial quark-gluon vertex
[11]). In the right panel of Fig. 2, the dressii(x) — mis plotted. As the quark mass increases
the dressing initially also increases, but for heavier kisiiecomes smaller and in the heavy quark
limit, M — m.

4. Bethe-Salpeter equation

Within this leading order truncation scheme, it is possiblstudy the quark-antiquark Bethe-
Salpeter equation for (color singlet, flavor nonsinglegumoscalar and vector mesons with arbi-
trary quark masses [10]. The pseudoscalar case will bestisduhere — the vector case is similar.
In the Coulomb gauge rest frame, the Bethe-Salpeter vastgxstudoscalar meson can be written
(omitting flavor factors)

Mps(B;Po) = v [Fo+ Poy’T 1+ - Pra+ Poy°y- pra) (4.1)
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wherePg = M%s is the total energy squared (at resonance) for the quareemk pair andg the
spatial momentum flowing along the quark line. The dressimgtionsl’; all have the argument
p2. There are two basic quantities of initial interest (tragerdirac matrices):

fes | _ Neq [ dk [Py’ O (L
{ hps} - MF%STrd/ W{ MZsy® }Wan(k*)FpS(k’ Po)Wgq(k™). (4.2)

wherek™ represents the energy and spatial momentum argu(h%ﬂiPo/Z,R) and the two quark
propagatorsvl\(ng| correspond to bare quark masses fpsis the pseudoscalar meson leptonic decay
constant.hps is related tofps via the axialvector Ward-Takahashi identity (AXWTI) [1®]land
this can be compared to the Gell-Mann-Oakes-Renner relatithe chiral limit

_ mt— _
M3sfes= (M +m )hps, hps™=° — <qg> /fps, (4.3)

indicating thathps is a generalization of the chiral condensate to finite, eahjitmass quarks.
Evaluating the trace and energy integrals for the rightdhside of Eq. (4.2), one obtains spatial
integrals over a combination of terms involving IR diverggnantities such aé. However, fps
andhps must be IR finite. Assuming the form

dk
(2mPay o
the combinations of divergent factors are then containgdinvihe two functionsf andh. Here

is where Coulomb gauge does something special: when onadxpiae truncated Bethe-Salpeter
equation

_ - dk MM
frs=21 | @maf o (o + o]

fi. Mps= 2INe / W+, (4.4)

ool P%) = ~17Ce [~ F (B~ Ry s R ), (49

(2m)*
the right-hand side takes the mnemonic fdfm- [ F[.. ][ or h] where the terms represented by
the dots [...]) involve combinations of only the finite functiormlf or wﬁ[ The Bethe-Salpeter
equation can thus be rewritten in terms of ofilgndh. The equal mass case is

P2 1 dkF (p—k k
hp —Ofp+§gch/L{hk—hpﬁ—2},

- 403 (2m)3ax B
1, dkF(P-K) [ﬁh 'V'p'V'k} Bk
fo=hp+ 59 Cr / (23w { fi [RZ N ME} - fp? . (4.6)

The arbitrary mass case has a similar form. The correspgndiotor meson equation is also sim-
ilar, but involves four functions. One can see that the aldoxm for the Bethe-Salpeter equation
thus behaves like the previously discussed gap equatiod dadM, where the charge constraint
and IR divergences cancel and despite the interactionutieionsf andh are finite. The equa-
tions can be compared to those of, for example, Refs.[13].

Turning to the results, the normalized (see Ref. [10]) psscdlar and vector meson dressing
functions are plotted for the chiral quark case in Fig. 3 and sees that indeed, the functions
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Figure 3: [left panel] Pseudoscalar and [right panel] vector noreealivertex functions with (equal) chiral
quarks, plotted as a function &f= k2. All dimensionfull quantities are in appropriate units b&tstring
tension,o. See text for details.
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Figure4: Pseudoscalar and vector meson masses [left panel] andiegeray constants [right panel] with
equal mass quarks, plotted as a function of the quark masslilénsionfull quantities are in appropriate
units of the string tensiorg. See text for details.

are all finite. In Fig.4, the meson masses and leptonic degastants for equal quark masses are
plotted (in units of the string tensiom). Inserting typical values foo [10], it becomes obvious
that whilst dynamical chiral symmetry breaking is visibMpg ~ /m asm — 0), the leptonic
decay constants are too small, as is the mass-splittingeleetwstates for larger quark masses.
Looking at the case for one fixed chiral quark plotted in Figobe sees that both the pattern
for chiral symmetry breakingMps ~ v/m asm — 0) and the leading order heavy quark limit
(frsv/Mps, /My ~ const. asn — ) are present. The leading order Coulomb gauge truncation
scheme thus qualitatively accommodates both chiral andytepzark physics.
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Figure 5: Pseudoscalar and vector meson masses [left panelfandVps, fv/My [right panel] with
one fixed chiral quark, plotted as a function of the other gumass. All dimensionfull quantities are in
appropriate units of the string tensian, See text for details.
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