Electrical conductivity of quark matter at finite T
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In this talk, I present the recent theoretical results on the electrical conductivity (EC) σ of quark
matter, using the Kubo formula at finite temperature and zero quark density (T 6= 0, µ = 0)
in the presence of an external strong magnetic field. The dilute instanton-liquid model with
the caloron distribution is taken into account. It turns out that σ ≈ (0.02 ∼ 0.15) fm−1 for
T = (0 ∼ 400) MeV with the relaxation time τ = (0.3 ∼ 0.9) fm. EC is parameterized as
σ /T ≈ (0.46, 0.77, 1.08, 1.39)CEM for τ = (0.3, 0.5, 0.7, 0.9) fm, respectively. These results are
well compatible with other theoretical estimations and show almost negligible effects from the
magnetic field. The soft photon emission rate from the quark-gluon plasma is discussed as well.
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Electrical conductivity of quark matter at finite T

1. Introduction

2. Theoretical framework
First, EC can be defined in Euclidean space from the Kubo formula [8]:
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Here, e f stands for the electrical charge for a light-flavor ( f ) quark. w p indicates the Matsubara
frequency for the momentum p for σ , being proportional to 2πT . Trc,γ is assigned as the trace over
the color and Lorentz indices. In order to evaluate Eq. (2.1), the dilute instanton-liquid mode is
employed [12, 13]. In Euclidean space, I define the effective chiral action (EChA) of the model:


Seff = −Spc, f ,γ ln iD/ − iM(D2 ) ,
(2.2)
where Spc, f ,γ stands for the functional trace, while M(D2 ) for the momentum-dependent effective quark mass with the U(1) covariant derivative Dµ .The external electromagnetic (EM) field is
induced to EChA via the Schwinger method [16]. From EChA, one can derive the light-quark
propagator under the external EM field in the momentum space as [17]
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where Kµ ≡ kµ + e f Aµ and σ · F ≡ σµν F µν . M0 is determined as about 350 MeV for 1/ρ̄ ≈ 600
MeV. Taking into account the T dependence of M as in Ref. [15], I can write the (|k|, T )-dependent
M as follows:
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The observation of the strong magnetic field in the peripheral heavy-ion collision at RHIC [1]
triggered abundant related research works [2 – 8]. The transport coefficients for the hot and/or
dense matter play an important role in general as well, since they determine the physical properties
of the matter, being studied by the Kubo formula [9]. In the present work, I would like to investigate
the electrical conductivity (EC) σ , relating to the vector-current correlation (VCC) in the presence
of the external static magnetic field B . EC was investigated in the hot phase of the QCD plasma
and extracted from a quenched SU(Nc ) lattice QCD (LQCD) in Refs. [7, 10]. Beside LQCD, The
authors explored EC using the Green-function method [8]. Note that EC is deeply related to the
thermal dilepton production from the quark-gluon plasma (QGP) [11]. To this end, I will use the dilute instanton-liquid model [12, 13], modified by the caloron [14, 15], resulting in that the instanton
size ρ̄ becomes a smoothly decreasing function of T , signaling weakening nonperturbative effects
of QCD. From the numerical results, it turns out that σ ≈ (0.02 ∼ 0.15) fm−1 for T = (0 ∼ 400)
MeV with the relaxation time τ = (0.3 ∼ 0.9) fm. In addition, The parameterization of EC is given
as σ /T ≈ (0.46, 0.77, 1.08, 1.39)CEM for τ = (0.3, 0.5, 0.7, 0.9) fm, respectively. These results
are well compatible with other theoretical estimations and show almost negligible effects from the
magnetic field. The soft photon emission rate from the quark-gluon plasma is discussed as well.
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Considering all the ingredients discussed so far and performing the fermionic Matsubara formula,
I arrive at
(Z
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3. Numerical results and discussions
The numerical results for EC and the comparisons with other theoretical results are presented.
In the left panel of figure 1, I show the numerical results of σ⊥ (thick) and σk (thin) for different τ
values, τ = (0.1, 0.3, 0.5, 0.9) fm in (solid, dot, dash, dot-dash) lines, respectively, as functions of
T . The external magnetic field is chosen to be B0 = m2π × 10, where B = (0, 0, B0 ), as a trial. Note
that this value of B0 is much stronger than that observed in the RHIC experiment [1]. EC shows a
rapidly increasing curve with respect to T and show the obvious increases beyond T ≈ 200 MeV. By
comparing those cases with and without B0 , one sees that the effect from the external magnetic field
is negligible and only relatively effective in the low-T region T . 200 MeV, i.e. σ⊥ ≈ σk ≡ σ . Note
that σ values for some typical temperatures are given in table 1, in which one can easily see that σ
is rather linear for T . 150 MeV, and increases monotonically after it. At Tc ≈ 180 MeV, which is
close to the transition temperature of QCD, one obtains σ = (0.023, 0.039, 0.054, 0.070) fm−1 for
τ = (0.1, 0.3, 0.5, 0.9) fm. The recent LQCD simulations [19 – 22], give the transition temperature
as Tc ≈ 155 MeV, which is lower than those in Refs. [23, 24]. Taking Tc ≈ 155 MeV, σ becomes
(0.022, 0.037, 0.052, 0.067) fm−1 for τ = (0.1, 0.3, 0.5, 0.9) fm. Hence, I conclude that only small
changes are observed for σ for Tc . 200 MeV as shown in the left panel of figure 1.

τ
τ
τ
τ

= 0.3 fm
= 0.5 fm
= 0.7 fm
= 0.9 fm

T =0
0.020
0.034
0.048
0.062

T = 100 MeV
0.021
0.036
0.050
0.064

T = 200 MeV
0.024
0.040
0.056
0.072

T = 300 MeV
0.031
0.053
0.074
0.095

T = 400 MeV
0.049
0.083
0.116
0.149

Table 1: Typical values of σ [fm−1 ] at B0 = 0 for different T and τ values.

For practical applications as in the LQCD simulations [10, 25], it is quite convenient to parameterize EC as follows:
σ (T ) = CEM

∑ Cm T m ,

m=1

3

Cm
∈ R,
fmm−1

(3.1)
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The energy of the quark is given by Ek = (kk 2 + Mk2 )1/2 . I note that I inserted Fk2 (kk 2 ) in the integrals
in Eq. (2.5) to tame the UV divergence smoothly in integrating over k , instead of setting a threedimensional cutoff. σk can be easily obtained by putting B0 = 0 in Eq. (2.5). Details of the present
theoretical framework are given in Refs. [15, 17, 18].
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where CEM is defined as ∑ f e2f ≈ 0.051 for the SU(2) light-flavor sector. The coefficients computed up to m = 3 are given in table 2. As understood from the coefficients, EC becomes almost linearly as functions of T , i.e. |C2,3 | ∼ 0. Hence, one can approximate them as σ /T ≈
(0.46, 0.77, 1.08, 1.39)CEM for τ = (0.3, 0.5, 0.7, 0.9) fm, respectively, to a certain extent.
τ = 0.5 fm
0.77
6.66 × 10−6
−4.87 × 10−6

τ = 0.7 fm
1.08
9.33 × 10−6
−4.88 × 10−5

τ = 0.9 fm
1.39
1.20 × 10−6
−4.88 × 10−5

Table 2: The coefficients C1,2,3 for different τ values.

In Refs. [10] and [25], employing the SU(3) quenched LQCD simulations, it was estimated
that σ /T = 7CEM for 1.5 < T /Tc < 3 and σ /T = (0.4 ± 0.1)CEM for T /Tc ≈ 1.5, respectively.
Note that there is one order difference between these σ values, although the temperature ranges
are not overlapped. In the left panel of figure 1, I depict these two LQCD values from Ref. [10]
(square) and Ref. [25] (circle), using Tc ≈ 180 MeV as a trial, although the transition temperatures
are slightly higher than this value in general in the quenched LQCD simulations. It is shown that
the data point from Ref. [25] is well consistent with our results for τ ≈ 0.3 fm. In contrast, the
data point from Ref. [10] for T = 270 MeV is much larger than ours for τ = (0.3 ∼ 0.9) fm. I
verified that, in order to reproduce it, τ becomes about 5 fm in our model calculation as shown
in the left panel of figure 1 in the dot-dash line. In Ref. [26], the characteristic τ was estimated
using Ref. [10], resulting in ∼ (2.2 T /Tc ) fm with a conservative estimate of the QGP medium size.
Taking T ≈ 270 MeV = Tc ×1.5 MeV, it is given that τ ≈ 5 fm, which is in good agreement with our
model results as depicted in the left panel of figure 1. Comparably, at T ≈ 1.45 Tc , it was suggested
that σ /T ≈ (1/3 ∼ 1)CEM in Ref. [7]. If I choose Tc ≈ 180 MeV again, this result provides that
σ = (0.022 ∼ 0.067) fm−1 , which is drawn in the left panel of figure 1 (triangle) and it corresponds
to τ ≈ (0.3 ∼ 0.7) fm in comparison with our results. The typical time scale of τ was given by
τT = 0.5, giving τ ≈ 0.38 fm at T ≈ 1.45 Tc [7]. Interestingly, this time scale is compatible with
ours.
In Ref. [27], the quenched SU(2) LQCD was performed, and EC was also estimated as σ =
(0.076 ± 0.010) fm−1 at T = 350 MeV with the transition temperature ∼ 313 MeV, due to T =
1.12 Tc . To be consistent with others using Tc = 180 MeV as above, I depict the data point of
Ref. [27] at T = 1.12 × 180 MeV ≈ 202 MeV in the left panel of figure 1 (diamond), although it
was evaluated at T = 350 MeV. Being different from other LQCD data, Ref. [27] presented the
longitudinal and transverse components of σ separately in the presence of the external magnetic
field. Those LQCD data showed that σ⊥ ≈ σk beyond Tc for arbitrary values of B0 , whereas
σ⊥ 6= σk at T = 0 and the difference between them is enhanced by increasing B0 . Qualitatively,
this observation of the LQCD results are consistent with ours as indicated by the thick and thin
lines in the left panel of figure 1. In our calculations, σk (thin) is smaller than σ⊥ , mainly due to
that the negative sign in front of the term ∝ (e f B0 )2 in Eq. (2.5) in the vicinity of T ≈ 0. On the
contrary, σk gets larger than σ⊥ at T = 0 in Ref. [27].
Beside the LQCD data, one has several theoretical estimations for EC via effective approaches
4

PoS(Confinement X)200

C1
C2 [fm]
C3 [fm2 ]

τ = 0.3 fm
0.46
4.00 × 10−6
−4.87 × 10−5
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Figure 1: (Color online) Left: EC σ as functions of temperature T for different relaxation times τ =
(0.3 ∼ 0.9) fm. The thick line indicate the case with B0 = 0 (σk ), whereas the thin ones for B0 = m2π × 10
(σ⊥ ). SU(Nc ) LQCD estimations are taken from Refs. [10] (Gupta), [25] (Aarts), [7] (Ding), and [27]
(Buividovich). Right: Soft photon emission rate Rγ in Eq. (XXX) as functions of T for different τ’s in the
same manner with the left panel. For all the curves in the left and right panels, I have chosen Tc ≈ 180 MeV
as a trial.

using the Green-function method [8] and ChPT [28]. In Ref. [8], EC was computed for finite
temperature and quark density, T = 100 MeV and µ = 400 MeV, which corresponds to the future heavy-ion collision facilities (FAIR, NICA). By choosing τ = 0.9 fm, it was given that σ ≈
0.04 fm−1 . Note that this value corresponds to τ = (0.5 ∼ 0.7) in our results for zero density. In
other words, by increasing the quark density, EC decreases at a certain temperature, as expected.
Finally, I would like to estimate the (differential) soft photon (w p → 0) emission rate from
QGP for the dilepton decay rates which is related to EC as follows [10, 7]:
Rγ ≡ lim w p
w p →0

dRγ
3αEM
=
σ T.
3
p
d |p |
2π 2

(3.2)

The numerical results for Rγ in Eq. (3.2) are given in the right panel of figure 1 for different τ,
being similar to the left panel of figure 1. The LQCD results are also depicted there. It turns out
that the value of Rγ increases rapidly near T = 0. Beyond that, the slope of Rγ becomes rather flat
for T .

4. Summary and conclusion
EC is an increasing function of T and depends on τ of the quark matter. The effective quark
mass was modified into a decreasing function of T and |kk |. Typically, it turns out that σ ≈ (0.02 ∼
0.15) fm−1 for T = (0 ∼ 400) MeV with the relaxation time τ = (0.3 ∼ 0.9) fm. Recent LQCD data
are well reproduced for τ = (0.3 ∼ 0.7) fm for a wide T range. The effects of the external magnetic
field are negligible on EC even for the very strong B . Using the present numerical results obtained,
EC is parameterized for T = (0 ∼ 400) MeV with σ = CEM (C1 T + C2 T 2 + C3 T 3 + · · ·) and, in this
parameterization, the coefficients for T 2 and T 3 are tiny in comparison to C1 . As a result, I have
σ /T ≈ (0.46, 0.77, 1.08, 1.39)CEM for τ = (0.3, 0.5, 0.7, 0.9) fm, respectively. These results are
5
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