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1. Introduction

2. Light quarks matrix elements
2.1 |Vus | from K leptonic and semileptonic decays
The lattice calculation of pseudoscalar decay constants, together with experimental measurements of pseudoscalar leptonic decay widths, can be used to extract the value of the CKM matrix
elements involved in the process. The decay constants are easy to calculate on the lattice with high
precision. The accuracy achieved is even higher for ratios of decay constants, for example fK / fπ ,
since many systematic uncertainties and statistical fluctuations cancel partially or completely between numerator and denominator. fK / fπ has been widely studied on the lattice and the precision
has reached the subpercent level. The average of the published results with N f = 2 + 1 is [1]
fK / fπ = 1.1936 ± 0.0053. Agreement between different collaborations also provides a good check
of lattice methodologies. The phenomenological interest of this quantity stems from the fact that it
is related to the ratio |Vus |/|Vud | and experimental measurements of K and π leptonic decay widths,
so it can be used to extract a value for |Vus |. Using the experimental average in [2], and the lattice
average for fK / fπ above, we get |Vus | = 0.2252(11).
Precise determinations of |Vus | provide stringent tests of first-row unitarity and give information about the scale of NP [3]. This CKM parameter can also be extracted from experimental data
on K semileptonic decay rates, given the value of the vector form factor at zero momentum transfer,
2
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The flavour physics program plays a dominant role in testing the Standard Model (SM) and
searching for New Physics (NP), providing information which is complementary to direct searches
in colliders. NP effects could be unveiled through the observation of deviations from the SM via
high-precision measurements of low-energy observables in high-luminosity experiments. Indeed,
there are several measurements of flavour observables for which there is a 2 − 3σ difference from
SM predictions. These include sin(2β ), the like-sign dimuon charge asymmetry, B leptonic decays,
unitarity triangle (UT) fits, and, more recently, the ratios of branching fractions of B semileptonic
decays to a D and a τ over the corresponding decays to a l = e, µ.
In order to test the Cabibbo–Kobayashi-Maskawa (CKM) description of the experimentally
measured CP-violating and flavour changing processes, and investigate the origin of the discrepancies mentioned above, we need a determination of the weak matrix elements involved in those
processes with matching precision. In many cases, lattice QCD can provide those non-perturbative
theoretical inputs from first principles and with errors at a few per-cent level. Accuracy in lattice
calculations requires control over all the sources of systematic error. In particular, it is essential
to take into account vacuum polarization effects in a realistic way, i.e., including up, down and
strange sea quarks on the gauge configurations’ generation. The up and down quarks are usually
taken to be degenerate, so those simulations are referred to as N f = 2 + 1. Two lattice collaborations (FNAL/MILC and ETMC) are now generating configurations which also include the effects
of charm quarks on the sea, N f = 2 + 1 + 1. The first preliminary results for flavour quantities
on those configurations are starting to appear. In the next Sections I will discuss the latest results
for non-perturbative quantities relevant for flavour studies from lattice QCD calculations with all
sources of systematic error addressed.
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f+Kπ (0). The parameter f+Kπ (0) is also one of the inputs used in UT analyses. The only unquenched
lattice calculations available for this form factor 1 are the ones by the RBC/UKQCD and ETMC
collaborations [5]. The average of the two calculations is [1] f+Kπ (0) = 0.9584(44), which gives
|Vus | = 0.2257(11), in perfect agreement with the value extracted from leptonic decays and also in
agreement with unitarity.
2.2 K 0 − K̄ 0 mixing

3. Heavy quark phenomenology
3.1 Heavy-light decay constants
The decay constant of the Ds meson, fDs , has generated a vivid interest in both experimentalists
and lattice QCD phenomenologists in the last years, especially since 2007, when an important
reduction in the errors of the lattice calculation of fDs made possible to observe a 3.8σ disagreement
between the lattice and experimental averages. Later improvements in both the theoretical and the
experimental sides, however, shift both numbers and reduced the difference. Nevertheless, the most
precise lattice calculations, including those in a preliminary stage, tend to give smaller values of
fDs than experiment. In particular, two N f = 2 + 1 + 1 preliminary results from the ETMC and the
FNAL/MILC collaborations, are around (245 − 250) MeV [8]. The lattice averages, which only
include the N f = 2 + 1 calculations already complete, are [1, 9, 10]
fD = 209.2(3.9)MeV , fDs = 248.6(3.0)MeV .

(3.1)

The value of fD agrees with experiment [11], fD = 206.7 ± 8.9, while fDs is around 2σ lower than
the experimental average [12], fDs = (260.0 ± 5.4)MeV. The preliminary BESIII result in [13],
fD = (203.9 ± 6.0)MeV, agrees well with the CLEO result and the lattice average.
UT fits are very sensitive to fB and different processes with potential to show up NP effects
depend on fB or fBs , so any improvement in the decay constants calculations as well as in the
understanding of the |Vub |exc. /|Vub |inc. disagreement is very important. There have been three lattice
N f = 2+1 calculations of this parameter in the last two years by the HPQCD and FNAL/MILC [14]
collaborations, which have reduced the error at the 2.5% level. The average values of fB and fBs
1 After

this conference, the FNAL/MILC collaboration has provide another result [4], compatible with those by the
RBC/UKQCD and ETMC collaborations, but with a larger central value and smaller errors. The FNAL/MILC result
implies |Vus | = 0.2238 ± 0.0009 ± 0.0005.
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The information coming from neutral Kaon mixing provides one of the most stringent constraints in UT analyses. Until a few years ago, the limiting factor to exploit that constraint was the
uncertainty in the calculation of the hadronic matrix element which encodes the non-perturbative
physics of the process, parametrized by the bag parameter BK . This is no longer true thanks to
several N f = 2 + 1 lattice QCD calculations, four of them in the last year [6], which have reduced
the error of BK under 2%. The average of all N f = 2 + 1 calculations is [1] B̂K = 0.7643(97).
This year we have also had the first unquenched (N f = 2) calculation of the matrix elements of the
four-fermion operators contributing to K 0 − K̄ 0 in extensions of the SM [7].
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from these three calculations are [1]
fB = 190.6(4.7)MeV , fBs = 227.6(5.0)MeV .

(3.2)

The direct comparison of the results in Eq. (3.2) with experimental measurements of the B leptonic
decay width is problematic due to the need of the value of the CKM matrix element |Vub | (whose
inclusive and exclusive determinations disagree at the 3σ level) and the ∼ 2σ disagreement of
BaBar [15] and Belle’s [16] measurements. Nevertheless, Belle new result seems to alleviate the
tension between theory and experiment previously observed.

There exist ∼ 2 − 3σ tensions between the inclusive and the exclusive determinations of
both |Vub | and |Vcb |. In addition to experimental measurements on, for example, B → πlν and
B → D(D∗ )lν, respectively, the exclusive determination of those CKM elements need as input
form factors that can be calculated with high precision using lattice QCD techniques. There have
not been new lattice QCD calculations of the form factors describing the B → πlν decay since
2008 [17], although several analyses are in progress. Using the lattice results in Ref. [17] and the
latest experimental data [18], |Vub |exclusive = (3.23 ± 0.30) · 10−3 .
For the exclusive determination of |Vcb |, the state-of-the art calculation of the relevant form
factors is the FNAL/MILC analysis in [19] , which studies the decay B → D∗ lν at zero recoil.
The updated result is |Vcb | = (39.7 ± 0.7 ± 0.7) · 10−3 , where the first error is experimental and
the second one the uncertainty in the lattice calculation of the form factors. The FNAL/MILC
collaboration is doing an extensive study of both B → D∗ lν and B → Dlν decays at zero and nonzero recoil [20], providing two independent modes for the extraction of |Vcb |. This study will also
provide checks of the shape of the form factors, in addition to |Vcb |.
The FNAL/MILC collaboration recently analyzed a subset of their B → Dlν data to calculate
the ratio of branching fractions R(D) = Br(B → Dτν)/Br(B → Dlν) = 0.316(14) [21]. Their
value is ∼ 1.7σ smaller than the recent experimental measurement by the BaBar collaboration [22].
They found that the value of the ratio is very sensitive to differences in the scalar form factor, so
one should be cautious in using indirect estimates of the form factors to constrain NP models in
other decay channels such as B → D∗ τν [21]. Given the present tensions, not only for R(D) but for
R(D∗ ), and the possible indications of NP that could be extracted from a combined analysis of both
set of decays, unquenched lattice QCD calculations of those two ratios should be a priority. Current
experimental measurements of these ratios are statistics-limited, so Belle II should significantly
reduce the errors of those measurements. The Cambridge group and the FNAL/MILC collaboration
have also presented preliminary results for the different form factors describing the rare decays
B → K(K ∗ )l + l − [23, 24].
3.3 D semileptonic decays
The semileptonic modes D → Klν and D → πlν allow us not only to extract the values of the
CKM matrix elements |Vcs(d) |, but to test lattice QCD techniques and methodology by comparing
DK(π)

the shape of the corresponding form factors, f+
(q2 ), with experimental data. The method
developed by the HPQCD collaboration that employs a Ward identity to relate the matrix element
4
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3.2 B semileptonic decays
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ξ
BBs /BBd

HPQCD
1.258(33)
1.05(7)
q

FNAL/MILC
1.27(6)
1.06(11)

HPQCD: fBs B̂Bs = 266(6)(17) MeV,
q
HPQCD: fBd B̂Bd = 216(9)(13) MeV,

RBC/UKQCD
1.13(12)
B̂Bs = 1.33(6)
B̂Bd = 1.26(11)

Table 1: B−meson mixing parameters. ξ is defined as the ratio of the parameters in the second and third
rows. In the case where there are two errors, the first one is statistical and the second one systematic.

|Vcs | = 0.961(11)(24) , |Vcd | = 0.225(6)(10) ,

(3.3)
D→K(π)

where the first error is from experiment and the second one is the lattice error in f+
(0). This
is compatible with unitarity (|Vcs | = 0.97345(16) and |Vcd | = 0.2252(7)), and it is competitive with
the determination of |Vcd | from neutrino scattering, |Vcd | = 0.230(11) [27].
There are several on-going projects that study the dependence of the form factors on the momentum transfer, showing a good description of the experimentally measured shape. HPQCD
has quoted a preliminary number extracted from a global fit to Belle, BaBar, and CLEO data, of
|Vcs | = 0.965(14) [28].
3.4 Neutral B−meson mixing
It has been argued that differences observed between measurements of some flavor observables
and the corresponding Standard Model (SM) predictions may be due to beyond the SM (BSM)
physics affecting the neutral B-meson mixing processes [29, 30]. Although the most recent analysis seem to indicate that there are not large BSM contribution to neutral B-meson mixing [31],
the future will bring new twists, and precise calculations of the non-perturbative inputs parametrizing the mixing in the SM and beyond are necessary for a thorough understanding of quark flavor
physics. The current status of N f = 2 + 1 lattice calculations of the non-perturbative quantities
parametrizing the mass differences between the heavy and the light mass eigenstates in both the B0d
and B0s systems, as well as the SU(3) breaking ratio ξ , is summarized in Tab. 1. The HPQCD [32]
and FNAL/MILC [33] collaborations use the same light quark formulation, but a different description for the b quarks. In the exploratory study by the RBC/UKQCD collaboration in the table heavy
quarks are static [34]. The average of the results in Tab. 1 for ξ gives the value ξ = 1.251 ± 0.032.
Beyond the SM the mixing parameters can have contributions from ∆B = 2 four-fermion operators which do not contribute in the SM. The study of these contributions can provide very useful
constraints on the allowed BSM theories. There is not a final unquenched lattice calculation of
the matrix elements of all the operators in the ∆B = 2 effective hamiltonian, but FNAL/MILC and
ETMC have presented preliminary results for the complete basis in [35, 36]. Those preliminary
5
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of a vector current to that of the corresponding scalar current, and the use of highly improved lattice
discretizations to treat the charm quarks relativistically, have allowed a reduction of the errors in
the lattice calculation of the form factors f+D→π (0) and f+D→K (0) from around a 10% to a 5%
and a 2.5% respectively. The average of the results in [25, 26] by the HPQCD and FNAL/MILC
collaborations are
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results include the matrix elements needed for the determination of the decay width differences,
∆Γd,s , for which there is not currently an unquenched calculation in the continuum limit.
The authors of Ref. [37] suggested that the branching fractions of the rare decays Bq → µ + µ −
(for q = s, d) could be determined from the experimental measurement of the mass difference in
the neutral Bq -meson system, ∆Mq , and the lattice calculation of the bag parameter B̂Bq since
Br(Bq → µ + µ − )/∆Mq = [known factors]/B̂q

(3.4)

Br(Bs → µ + µ − )|ys = (3.65 ± 0.20) × 10−9 ,

Br(Bd → µ + µ − ) = (1.04 ± 0.09) × 10−10 (. 3.5)

The direct calculation of these branching fractions have become competitive with the one in
(3.5) [40] thanks to the recent improvements in the calculation of the B-meson decay constants on
the lattice described in Sec. 3.1. Including the correction factor 1/(1−ys ) for the Bs → µ + µ − decay
rate, and using the same inputs as in Ref. [40] except for fB and fBs , for which I use the averages
described in Sec. 3.1, and τBs , which I take equal to its PDG 2012 value, τBs = 1.497(15)ps, I get
Br(Bs → µ + µ − )|ys = (3.64 ± 0.23) · 10−9 ,

Br(Bd → µ + µ − ) = (1.07 ± 0.10) · 10−10 . (3.6)

The agreement between the two set of numbers in (3.5) and (3.6) is excellent, giving us confidence on the SM prediction for these branching fractions. This is very important since LHC is
approaching the SM predictions, with the ïňArst
˛ evidence for one of these two processes [41],

−9 , which is consistent with the SM prediction.
Br(Bs → µ + µ − ) = 3.2+1.5
·
10
−1.2
Another recent contribution of lattice QCD to the study of Bs → µ + µ − rare decays has been
the calculation by the FNAL/MILC collaboration of form-factors ratios between the semilep−
tonic decays B̄0 → D+ l − ν̄ and B̄0s → D+
s l ν̄ [42]. These ratios are a key theoretical input in
a new strategy to determine the fragmentation fractions of neutral B decays, which are needed
for the experimental measurement of Br(Bs → µ + µ − ). The result for the ratio of form factors,
f0s (m2π )/ f0d (m2K ) = 1.046(44)(15), gives a value of the fragmentation fraction which agrees well
−
+ −
with that of the D+
s π /D K hadronic method and with LHCb’s determination via a method employing semileptonic decays. This calculation included only a subset of the B → Dlν data which is
being analyzed by the FNAL/MILC collaboration for the determination of |Vcb |, so we can expect
a considerable improvement when they finish analyzing their full data set.

4. Outlook
Lattice QCD calculations of non-perturbative parameters relevant for flavour phenomenology
have achieved accuracies at the per-cent level for many key quantities. The agreement between
results from different collaborations for the same quantities also allows an important check of lattice
6
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In order to compare experimental measurements and the theory predictions for the decay rate
of
one should include the effects of a non-vanishing ∆Γs [38]. This can be done in the SM by
rescaling the theory prediction by 1/(1 − ys ), where ys ≡ τBs ∆Γs /2 [38]. Multiplying Eq. (3.4) by
that factor for the B0s → µ + µ − decay and using the HPQCD determination of the bag parameters
B̂Bs = 1.33(6) and B̂Bd = 1.26(11) [32]; together with τBs = 1.497(15)ps, τBd = 1.519(7)ps [27],
and ∆Γs = 0.116 ± 0.019ps−1 [39], one gets
B0s ,
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