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Dense matter as produced in core collapse supernovae or in heavy ion collisions with Pb or Au
beams is highly asymmetric in isospin. Also in the early universe the poorly constrained lepton
asymmetry might be orders of magnitude larger than the baryon asymmetry allowing for a large
isospin asymmetry. Hence, for the search of signatures of the QCD phase transition under these
extreme conditions, the dependence on finite net isospin densities should be taken into account.
We investigate the phase structure of strongly interacting matter within a Polyakov-quark-meson
model that includes the physics of chiral symmetry breaking and restoration, as well as from the
confinement-deconfinement phase transition. We present our results on the QCD phase diagram
for different asymmetries in isospin.
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The QCD Phase Transition at finite Isospin

1. Polyakov-quark-meson model at finite isospin

The goal for calculations with effective models is to find the minimum of the grand canonical
potential Ω that is a function of the relevant order parameters and thermodynamic control parame-
ters. For 2+1 quark flavours and isospin asymmetric matter the order parameters of chiral symmetry
are the chiral condensates σu, σd and σs for the different quark sectors. In the gauge sector, the
natural variables are the Polyakov loop Φ itself, and its conjugate Φ̄ that specify the free energy of
quarks and antiquarks, respectively (e.g. [1 – 6]).

Ω
(
σu,σd,σs,Φ,Φ̄; T,µ f

)
=U (σu,σd,σs)+U

(
Φ,Φ̄; T,µ f

)
+Ωqq̄

(
σu,σd,σs,Φ,Φ̄; T,µ f

)
(1.1)

The last term, Ωqq̄ represents the contribution of the constituent quarks. It contains a minimal cou-
pling to the gauge fields and a coupling to the mesons via a Yukawa-type term. The coupling with
the mesons is translated into the masses of the quarks via spontaneous and explicit chiral symme-
try breaking in the self-interaction potential of the mesons U (σu,σd,σs). Compared to previous
studies e.g. in Refs. [7, 8] of isospin symmetric matter we have to generalise this contribution to
distinguish chiral symmetry in the up and down quark sectors,
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)
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m2

2

(
σ2

u +σ 2
d

2
+σ 2

s

)
− hud
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(σu +σd)−hsσs . (1.2)

Since we want to conserve isospin symmetry of the vacuum, we imply the same explicit chiral
symmetry breaking term for up and down quarks and therefore, the parameters are the same as in
Refs. [7, 8].

The Polyakov loop potential U
(
Φ,Φ̄;T

)
includes the physics of colour confinement as a po-

tential energy for the expectation value of the Polyakov loop (e.g. [1, 2]). To include some aspects
of the backreactions of quarks to the gauge sector, the effect of finite quark chemical potentials was
parameterised in Ref. [2] as a running of the critical temperature in the gauge sector T0 (µ f ). We
generalise this description to different chemical potentials for each quark sector.

T0 (µ f ) = mτe−1/(α0b(µ f )) with b(µ f ) = b̄(N f )−bµ ∑
N f

µ2
f

m2
τ

T̃ 2
0

T̃ 2
0 +m2

f
, (1.3)

where

b̄(N f ) =
1

6π

[
11Nc −2∑

N f

T̃ 2
0

T̃ 2
0 +m2

f

]
and bµ ≃ 16

π
, (1.4)

and T̃0 is the critical temperature for one massless flavour, T̃0 ≃ 239MeV.

2. Results and discussion

With the extensions described above we can extend the analysis of the phase structure and
thermodynamics of QCD to finite isospin. Neglecting pion condensation so far, our results are
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Figure 1: Three dimensional
chiral phase diagram of the
subtracted chiral conden-
sate ∆l,s. µQ is defined as
µQ = (µu +µd)/2 and µI as
µI = (µu −µd)/2. We consider
β -equilibrium, so µs = µd as it
is the case in the early universe
and supernovae. On the yellow
surface the chiral transition is
a crossover while on the green
surface it is of first order.

strictly only valid up to µI≤mπ/2 [9], besides the Silver Blaze problem [10]. In Fig. 1 we show the
extension of the phase diagram to finite isospin. As in the two flavour studies with the PNJL model
[11] and the Quark-Meson model with the functional renormalisation group [10] the critical line at
T = 0 bends towards smaller µQ and the critical endpoint towards larger µQ with increasing isospin.
Neglecting the coupling of the charged pions to the isospin, the phase diagram is symmetric in µQ

and µI since the only dependence on the quark chemical potentials in Eq. (1.3) is quadratic. So,
the pseudocritical temperature decreases as a function of the isospin at vanishing quark density as
e.g. in Ref. [12].

In the remaining figures we show the evolution of the chiral condensates and the Polyakov-
loop variable. Figure (2) shows the common picture of a crossover transition at vanishing density
and a discontinuous transition of first order at small temperature that is induced by the transition in
the non-strange chiral sector.
Going from vanishing isospin shown in the left part of Fig. 3 to a finite isospin chemical potential
as shown on the right of Fig. 3 the evolution of the chiral condensates in the up and down quark
sectors splits. This effect becomes enhanced if we consider the evolution of the order parameters
along µQ = µI, so at vanishing chemical potential of down quarks but increasing up quark chemical
potential (Fig. 4). At finite isospin the chiral field σ3 becomes non-zero that leads to the difference
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Figure 2: Evolution of the chiral condensates and the Polyakov loop with increasing temperature at vanish-
ing density (left) and with increasing quark chemical potential at a temperature of 10 MeV (right).
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Figure 3: Evolution of the chiral condensates and the Polyakov loop at a temperature of 10 MeV with
increasing quark chemical potentials at vanishing isospin (left) and at a isospin chemical potential of µI =

(µu −µd)/2 = 65MeV.

of the chiral condensates in the up-quark sector (σu = σn + σ3) and of the down quarks (σd =

σn − σ3) around the average non-strange chiral condensate σn = (σu +σd)/2 [7, 13]. Since at
finite isospin the quark chemical potential of the down quarks is reduced (µd = µQ −µI) the phase
transition gets weaker with increasing isospin as can be seen in Figs. 3 and 4. We assume local
β -equilibrium with respect to weak flavour-mixing interactions so that µs = µd as it is the case for
the QCD transition in the early universe or in supernovae1. This implies that in Fig. 4 not only the
down quark chemical potential vanishes but also µs = 0 so that the transition in the strange chiral
sector is only induced due to the coupling to the chiral condensate of the up quarks and the chiral
condensate in the strange sector tends to stay constant.

This work can be extended to include further particle asymmetries and to study its implications
on the QCD phase transition [14].

0 100 200 300 400 500

µQ = µ
I

[MeV]

0

0.2

0.4

0.6

0.8

1

σu / fπ
σd / fπ
σs / fπ
Φ

0 100 200 300 400 500

µQ = µ
I

[MeV]

0

0.2

0.4

0.6

0.8

1

σu / f
π

σd / f
π

σs / f
π

σn / f
π

σ3 / f
π

Figure 4: Evolution of the chiral condensates and the Polyakov loop at a temperature of 10 MeV with
increasing quark chemical potential of the up quark at vanishing quark chemical potentials of down and
strange quarks, so along µQ = µI. The finite value of the condensate σ3 (shown additionally on the right)
induces the splitting of the chiral condensates of up and down quarks and their deviation from the average
non-strange condensate.

1However, in heavy ion collisions no net strangeness can be produced what implies µs = 0.
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