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The calculation of the hadronic light-by-light scatteringntribution to the muory — 2 cur-
rently relies entirely on models. Measurements of the foagctdrs which describe the inter-
actions of hadrons with photons can help to constrain theefsaghd reduce the uncertainty in
aluhawI LbyL _ (116+40)x 10711, In the numerically dominant pion-exchange contributibe, form
factor 0., ((q1 + 42), 4, 03) with an df-shell pion enters. In general, measurements of the
transition form factoﬁoy*y(Qz) =F 0%y (m2,—Q?,0) are only sensitive to a subset of the model
parameters. Thus, having a good description?f,gn;y*y(QZ) is only necessary, not ficient, to

) .0
determlnea;bbyL”r .

Simulations have shown that planned measurements at KL&H®2d be able, within one year
of data taking, to determine thé€ — yy decay width to 1% statistical precision and tHg — 7°
transition form factof,,oy*y(Qz) for small space-like momenta,d@l Ge\? < Q? < 0.1 Ge\?,
to 6% statistical precision in each bin. Note that in the tamp integral for the pion-exchange
contribution the relevant regions of momenta are in theedhgl.5 GeV.

With the decay widtlf;wa [rjg["f;q and current data for the transition form factgp, .. (Q?),

.0
the error onatbyL'” is +4x 1011 [+2x 10711, not taking into account the uncertainty re-

lated to the @-shellness of the pion. Including the simulated KLOE-2 da&@duces the error
to +(0.7-1.1)x 1011, For models like VMD, which have only few parameters that coe-
pletely determined by measurements?@,ﬁy*y(Qz), this represents the total error. But maybe
such models are too simplistic. In other models, e.g. thased on larg?d. QCD, parameters

describing the fi-shell pion dominate the uncertaintya’ab_tg'r'g;i;o,\lc =(72+12)x 10711,
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1. Introduction

The anomalous magnetic moment of the magmprovides an important test of the Standard
Model (SM) and is potentially sensitive to contributions from New Physics.sBme time now a
deviation is observed between the experimental measurement and the dBMiqnmeaﬁxp— af'\" ~
(250-300)x 10712, corresponding to 3 3.5 standard deviation§][[l, 2]. Hadronifects dominate
the uncertainty in the SM prediction af.. In contrast to the hadronic vacuum polarization in the
g — 2, which can be related to data, the estimates for the hadronic light-by-ligt [lscattering
contributiona)*® "" = (105+ 26)x 1011 [§] andal*® ™" = (116+40)x 10-11 [, [i] rely entirely
on calculations using hadronic models which employ form factors for theaictien of hadrons
with photons. Some papefg [5] yield a larger central value and a langeraéi(150+ 50)x 10711,
see also further analyses and partial evaluations of hadronic Lbytesng in Refs. [6[]7]. To
fully profit from future planned; — 2 experiments with a precision of ¥3.0-1%, these large model
uncertainties have to be reduced. Maybe lattice QCD will at some point gel@hle number, see
Ref. [8]. Meanwhile, experimental measurements and theoretical cmtstof the relevant form
factors can help to constrain the models and to reduce the uncertairm]}?g b

In most model calculations, pion-exchange gives the numerically domipatrilmution. The
relevant momentum regiohgor all the light pseudoscalars?, 7,7/, can be inferred from Tablg 1,
where we list, for dferent models of the form factor, the results obtained for a given UMtito
in the 3-dimensional integral representation derived in REf. [1]. Theffdoounds the length of the
two Euclidean momentdQ);| < A,i = 1,2 in the two-loop integral. The third integration variable is
the angle between the two 4-vect®s The di-shell LMD+V model [I1,[}}] is based on largse
QCD matched to short-distance constraints from the operator produgh&®p. For the vector-
meson dominance (VMD) model, the vector meson mass has been obtained gyl&tar{Ip] for
the pseudoscalar-photon transition form factors. The model pararaeteitse same as in Ref] [4].

For the pion the bulk of the contribution comes from the region betow 1 GeV, about
82% for the LMD+V form factor and about 92% for the VMD form factor. For the VMD form

A 0 n n

[GeV] | LMD+V (h3=0) LMD+V (hs = 0) VMD VMD VMD

025 | 14.8(20.6%) | 14.8(20.3%) | 14.4(25.2%)| 1.76 (12.1%)| 0.99 (7.9%)
0.5 38.6 (53.8%) | 38.8(53.2%) | 36.6 (64.2%)| 6.90 (47.5%)| 4.52 (36.1%)
0.75 | 51.9(72.2%) | 52.2(71.7%) | 47.7 (83.8%)| 10.7 (73.4%)| 7.83 (62.5%)
1.0 58.7 (81.7%) | 59.2(81.4%) | 52.6(92.3%)| 12.6 (86.6%)| 9.90 (79.1%)
1.5 64.9 (90.2%) | 65.6(90.1%) | 55.8 (97.8%)| 14.0 (96.1%)| 11.7 (93.2%)
2.0 67.5(93.9%) | 68.3(93.8%) | 56.5(99.2%)| 14.3 (98.6%)| 12.2 (97.4%)
5.0 71.0(98.8%) | 71.9(98.8%) | 56.9 (99.9%)| 14.5 (99.9%) 12.5 (99.9%)
20.0 | 71.9 (100%) 72.8 (100%) | 57.0 (100%)| 14.5(100%)| 12.5 (100%)

Table 1: The pseudoscalar exchange contributiah?,yupsx 1011, PS= 795,77, for different models with
a cutdt for the two Euclidean momentfQ;| < A,i = 1,2 in the two-loop integral. In brackets, the relative
contribution of the total obtained with = 20 GeV.

1For attempts to visualize the relevant momentum regions in hadronic Liatesing for the pseudoscalars and for
other contributions, see Reff] [9] Ip, 6].



Hadronic light-by-light scattering in the muon g — 2: impact of KLOE-2 Andreas Nyieler

factor, the small contribution from the region with momenta higher than 1 Ge\Wbeamderstood
from the weight-functions in the integrals derived in Rff. [9], which paaiund 06 GeV, and the
strong fall-df of the VMD form factor at large momenta. For thé-ehell LMD+V form factor, the
region with larger momenta is more important as the form factor dréigess quickly and there is
no damping at the external vertex, see Rgf. [4]. Fontla@dr’, the peaks of the relevant weight
functions in the integrals are shifted to higher valueg@f and the saturationfieect only sets in
aroundA = 1.5 GeV, with about 95% of the contribution to the total.

In Ref. [I3] it was shown that planned measurements at KLOE-2 cotedrdime ther® — yy
decay width to 1% statistical precision and tig — #° transition form facto#o,.,(Q?) for small
space-like momenta,. @ Ge\V? < Q? < 0.1 Ge\?, to 6% statistical precision in each bin. The
simulations have been performed with the Monte-Carlo program EKHARR fiirdthe process
ete” > etey'y* — ete a0, followed by the decay® — yy and combined with a detailed detector
simulation. The results of the simulations are shown in Fifjure 1. The KLOE-8urements will
allow to almost directly measure the slope of the form factor at the origin aexkdhe consistency
of models which have been used to extrapolate the data from larger valQéslown to the origin.
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Figure 1. Simulation of KLOE-2 measurement 6{Q?) (red triangles) with statistical errors for 5th
corresponding to one year of data taking. The dashed liteB(Q?) form factor according to the LMBV
model, the solid line i$(0) = 1/(47%F) given by the Wess-Zumino-Witten term. Da@[lZ] from CELLO
(black crosses) and CLEO (blue stars) at higfhare also shown for illustration.

.0
2. Impact of KL OE-2 measurements on abbyL’”

Any experimental information on the neutral pion lifetime and the transition f@wtof is
important in order to constrain the models used for calculating the pion-egeheontribution.
However, having a good description, e.g. for the transition form fagoonly necessary, not
suficient, in order to uniquely determim,J-;byL;”o. As stressed in Ref[]]L5], what enters in the
calculation ofal';by“’ro is the fully of-shell form factorF,o-,.... (01 + d2)2. 62, 63) (vertex function),
where also the pion isfhshell with 4-momentumd + g2). Such a (model dependent) form factor
can for instance be defined via the QCD Green'’s functitviP), see Ref.[[4] for details. The form
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factor with on-shell pions is then given 5o, (ql,qz) F a0y (Mg, ql, q2) Measurements of
the transition form factofo,.,(Q?) = %o+, (MG, —Q?,0) are in general only sensitive to a subset
of the model parameters and do not allow to reconstruct the fiafifell form factor.

For different models, thefiects of the €-shell pion can vary a lot. In Ref[][4] theffeshell
LMD +V form factor was proposed and the estlma't%yMDJrV = (72+12)x 10711 was obtained.
The error estimate comes from the variation of all model parameters, wieetatiertainty of the
parameters related to thé&@hellness of the pion completely dominates the total error. In contrast
to the df-shell LMD+V model, many other models, e.g. the VMD model or constituent quark
models, do not have these additional sources of uncertainty related tfi-gteetiness of the pion.
These models often have only very few parameters, which can all belfyxewasurements of the
transition form factor or from other observables. Therefore, fahsuodels, the precision of the
KLOE-2 measurement can dominate the total accuraajbdf;”o.

Essentially all evaluations of the pion-exchange contribution use for theatization of the
form factor¥,o-....(Mg,0,0) = 1/(47°F,), as derived from the Wess-Zumino-Witten (WZW) term.
Then the valud-, = 924 MeV is used without any error attached to it, i.e. a value clode;te
(922+0.14) MeV, obtained fronx* — 1*v,(y) [L8]. If one uses the decay widthyo_,,,, for the
normalization of the form factor, an additional source of uncertainty gntehnich has not been
taken into account in most evaluatiofis][17]. We account for this by usitegifits:

e IFPC =7.74+0.48 eV from the PDG 201(T}6]
. I“P””‘EX: 7.82+0.22 eV from the PrimEx experimer{t 18]
. FKLOYE 2=7.73+0.08 eV for the KLOE-2 simulation (assuming a 1% precision).

The assumption that the KLOE-2 measurement will be consistent with thet\Wdhd VMD
models, allowed us in Rei[[ll3] to use the simulations as new “data” and évaheimpact on the
precision of thea,';by“r calculation. We fit the models to the data s€t$ [12] from CELLO, CLEO

and BaBar for the transition form factor and the values for the decay \gidém above:

AO0: CELLO, CLEO, PDG BO: CELLO, CLEO, BaBar, PDG
Al: CELLO, CLEO, PrimEx B1: CELLO, CLEO, BaBar, PrimEx
A2 : CELLO, CLEO, PrimEx, KLOE-2 B2: CELLO, CLEO, BaBar, PrimEx, KLOE-2

The BaBar measurement does not show th@?lbehavior as expected from theoretical con-
siderations[[19] and as seen in the data of CELLO, CLEO and Belle. Th® YiMdel always
shows a 1Q? fall-off and therefore is not compatible with the BaBar data. The NDnodel has
another parameteh;, which determines the behavior of the transition form factor for l&@geTo
get the 7Q? behavior, one needs to $at= 0. However, one can simply leatig as a free parameter
and fit it to the BaBar datd [].7]. Since VMD and LMY with h; = 0 are not compatible with the
BaBar data, the corresponding fits are very bad and we will not incluegeetresults in the current
paper. We use two ways to calcula{é’y“’ro: the Jegerlehner-Nieler (JN) approacH][4] 1] with
the df-shell pion form factor and the Melnikov-Vainshtein (MV) approafH|[2@h the on-shell
pion form factor at the internal vertex and a constant (WZW) form faatohe external vertex.

Table[? shows the |mpact of the PrimEx and the future KLOE-2 measuremettie omodel
parameters and on tfa#by"” uncertainty. The other parameters of the (on-shell dfidiell)
LMD +V model have been chosen as in the papgr§][ff,]1, 20]. We stress thestomate of the
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Model Data | y?/d.o.f. Parameters abby“”o x 101
VMD A0 6.6/19 | My =0.778(18) GeV F, = 0.0924(28) GeV (57.2+4.0);n
VMD Al 6.6/19 | My =0.776(13) GeV F, = 0.0919(13) GeV (57.7+2.1)5n
VMD A2 75/27 | My =0.778(11) GeV F, = 0.0923(4) GeV (57.3+1.1)n
LMD+V, h; =0 | AO 65/19 | hs=6.99(32) GeV¥ hy; = -14.81(45) Ge\P (723+35);,
(79‘8 + 4~2)MV
LMD+V,hy =0 | Al 6.6/19 | hs=6.96(29) GeV hy = -1490(21) GeV} (730=1.7)3,
(80.5 + 2-O)MV
LMD+V, h; =0 | A2 75/27 | hs=6.99(28) GeV*  h; = -14.83(7) Ge\? (725 0.8);,
(80‘0i 0-8)MV
LMD+V, hy #0 | AO 6.5/18 | hs=6.90(71) GeV¥ h;=-14.83(46) GeV¥ h; =-0.03(18) GeV¥ | (724+3.8);,
LMD+V, hy #0 | Al 65/18 | hs=6.85(67) GeV h;=-1491(21) GeV¥ h;=-0.03(17) GeV¥ | (729+2.1);
LMD+V, h; #0 | A2 75/26 | hs=6.90(64) GeV¥ hy=-1484(7) GeV hy =-0.02(17) GeV | (724+15);
LMD+V, hy #0 | BO 18/35 | hs=6.46(24) GeV¥ hy=-1486(44) Ge¥ hy=-017(2) GeV? | (719+3.4)),
LMD+V,h; #0 | B1 18/35 hs =6.44(22) GeV  hy =-14.92(21) Ge\ hy =-0.17(2) GeV? (724+1.6)3
LMD+V, hy #0 | B2 19/43 | hs=6.47(21) GeV¥ hy=-1484(7) GeV hy =-0.17(2) GeV? | (718+0.7)}

Table 2: KLOE-2 impact on the accuracy etbyL;”o in case of one year of data taking (5 #. The values
marked with asterisk (*) do not contain additional uncenttiais coming from the “fi-shellness” of the pion.

abbyL;”O uncertainty is given only by the propagation of the errors of the fittechpetiers in Tabl¢] 2.

We can clearly see from Tabf 2 that for each given model and eachagpp(IN or MV), there

is a trend of reduction in the error fatby";”o by about half when going from A0 (PDG) to Al
(including PrimEx) and by about another half when going from Al to A2l(iding KLOE-2):

e Sets A0, BOwa-Y"™ ~ 4x 101 (with repe )
e Sets A1, B15a¥"™ ~ 2x 1071 (with rhmex)
e Sets A2, B26a-¥"™ ~ (0.7-1.1)x 10°11 (with simulated KLOE-2 data)

This is mainly due to the improvement in the normalization of the form factor, retatédte
decay widthz® — vy, controlled by the parametefs or hy, respectively, but more data also better
constrain the other model parametdfg or hs. This trend is also visible in the last part of the
Table (LMD+V, h; # 0), when we fit the sets BO, B1 and B2 which include the BaBar data.

Note that both VMD and LMBV with h; = 0 can fit the data sets A0, Al and A2 for the
transition form factor very well with essentially the sagfeper degree of freedom for a given data
set. Nevertheless, the results for the pion-exchange contribufi@n diy about 20% in these two
models. For VMD the result is-"" ~ 57.5x 101 and for LMD+V with hy = 0 itis 725x 1011
with the JN approach and 8010~ with the MV approach. This is due to thefidirent behavior,
in these two models, of the fullyfbshell form factorFo-,....-((c + d2)2, 4. 43) on all momentum
variables, which enters for the pion-exchange contribution. The VMD hisdeown to have a
wrong high-energy behavior with too strong damping. For the VMD modelsoreanents of the
neutral pion decay width and the transition form factor completely determirmadldel parameters
F. andMy and the error given in Tab@z 2 is the total model error. Note that a smaltardes not
necessarily imply that the VMD model is better, i.e. closer to reality. Maybe it isitoplistic.

We conclude that the KLOE-2 data with a total integrated luminosity of % fill give a
reasonable improvement in the part of ﬂt@y";”o error associated with the parameters accessible
via then® — yy decay width and the*y — #° transition form factor. Depending on the modelling
of the dt-shellness of the pion, there might be other, potentially larger sourcexeftainty which
cannot be improved by the KLOE-2 measurements.
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