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By looking at the complex plane of the pion-mass squared webksh a dispersion relation
which the static quantities, such as baryon masses, magnetnents, polarizabilities, should
obey. This dispersion relation yields insight into the elifinces between the heavy-baryon and
relativistic calculations in the baryon sector of chiraitpebation theory.
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1. Introduction

It is well-known that the chiral perturbation theoryRT) is able to predict some ‘non-analytic’
dependencies of static quantities (masses, magnetic nigneta.) on pion-mass squared, or the
quark massr ~ my). It is therefore interesting to examine the origin of thelspendencies
arising by considering the analytic properties of chirglaxsion in the entire compla®’, plane.

(a) (b) () (d)

Figure 1: Examples of chiral-loop corrections to the nucleon massléan (pion) propagators are denoted
by solid (dashed) lines.

Considering the chiral loops with external nucleons T
on shell, as in the graphs of Fig. 1 arising in the origi- . A
nal (manifestly Lorentz-invariant) formulation of baryon
XxPT (BxPT) [1], we observe that they are analytic func-
tions of m2 everywhere except for the branch cut along
the negative axis, see Fig. 2. In this case it is possible to
write down a simple dispersion relation in the pion-mass
squared [2]:
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1 0 Im f(t Figure 2: The branch cut and the con-
== /dt m —, (1.1) tour defining the analyticity domain in
n t—mg+ 'O the complex plane df=m2.

wheref is a chiral-loop correction to a static quantity, or
the static quantity itself; 0is an infinitesimal positive number.

Several applications of this dispersion relation have baisoussed in [2]. Here we shall
focus on a study of large discrepancies between the leantihey- heavy-baryon (HB) [3, 4] and
BxPT [1, 5] calculations encountered in e.g. Refs. [6-9].

2. BXPT vs. HBXPT at (p®)

The chiral expansion of a static quantityis an expansion in the quark masg around the
chiral limit (my — 0), which in xPT becomes an expansion jn= my/A,, the mass of the
pseudo-Goldstone boson of spontaneous chiral symmetakingeover the scale of chiral symme-
try breaking/\, ~ 4mf; ~ 1 GeV. Because of the branch cut in the compigxplane along the
negative real-axis, the chiral expansion is not a seriearesipn (otherwise, it would have a zero
radius of convergence), but rather an expansion in nogéntpowers ofm? [ my.

By writing the dispersion integral as:

0o N
1 : Im f(t)
f(me) = - ZZJF/ i 2.1)
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it is evident that the second integral can be expanded igéntgowers ofn,ZT//\)Z(. Hence this term
is of analytic form and can only affect the values of the LE@sgleed, the physics above the scale
Ay is not described by PT and therefore its effect should be absorbable in the LECs.

The second integral generates an infinite number of anaias, while the number of LECs
to a given order of the calculation is finite. The higher-ordealytic terms are present and not
compensated by the LECs at this order, but their effect shoat exceed the uncertainty in the
calculation due to the neglect of all the other higher-otéems. That is, the second integral can
be dropped, while the resulting cutoff-dependence reptegbe uncertainty due to higher-order
effects. We are thus led to examine the cutoff dependendegfibn-mass dispersion relation [10]:

F(M2:A2) = ——/dtlmf ( >n, 2.2)

A2

wheren indicates the number of subtractions around the chiraltli®ur main aim is to see at
which values of the cutoff any deviation occurs between tBe &hd ByPT results. If the deviation
begins atA < 1 GeV, then the differences between the two expansions tdeneconciled in a
natural way. In the next section, this situation is examingidg several specific examples, and for
each of them a different picture is obtained (cf. Fig. 3).
At chiral orderp®, the imaginary parts of the nucleon mass, the proton andare&MMs,

and the magnetic polarizability of the proton are given by:

3@M3 T /1
(4mfp)2 2 <§

Im&{d (t) = (3;'}":)2 2/\"<2r+)\)2[1—g(%r+)\)] X (—t), (2.3b)

ImM& () =

r+)\> 0(—1), (2.3a)

M 2m /1 2
|mK,§3>(t):_(4%7327(5”/\) 6(—t), (2:30)

€/Amga T
m By () = - ((4n/fn)2)l\7|i, 2473

— (3160 — 471 T2+ (54 — 212 13+ 27r4} 0(-1), (2.3d)

[2 — 72\ + (418\ — 246)T

whereMy ~ 939 MeV is the physical nucleon mag8/4mm ~ 1/137 is the fine-structure constant,
and the following dimensionless variables are introduced:

1
T=—5, A= Zrz—r. (2.4)

M3
The corresponding HB expressions at orgécan be obtained by keeping only the leading in
1/My term (i.e,A ~ /—T, etc.):

Imm (t) 28 (igépﬂf'zgﬁ B(-t), (2.50)
Imkp? (t) = (gg}"ﬁ)z 2m/~16(-t) E —Imk (1), (2.5b)
mp® ) B (E/ANR T o (2.50)

(4mfp)°My 12/ -1
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The full, renormalized result for a given quantity is ob&drby substituting these imaginary
parts into the dispersion relation of Eq. (2.2). The numbesubtractions required in each case
differ: n= 2 for My, n= 1 for AMMSs, and no subtractions for polarizability. The rlimg expres-
sions can be found in [10].

The heavy-baryon expressions can be obtained by pickingheuteading in 1I\7IN term, or
equivalently, by substituting the corresponding imaginaarts from Eq. (2.5), into the dispersion
relation. In the latter case, the same integral is encoedtierall of the examples:

2 actan (2.6)
(t—m%)v—t_ My My ’

0
ImgA) = / ct
v
All of the above quantities t&(p3) in HBxPT are given by this integral, up to an overall constant,
and a factor ofré". nis the number of subtractions (or pertinent LECs) at thigorth Fig. 3, the
resulting cutoff-dependence of the above loop contrilmgtits shown at the physical value of the
pion massmy; ~ 139 MeV. Each quantity (mass, isovector AMM, and polarilishiis presented

-
-
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in a separate panel, where the results within the relatv@PT and using the HB expansion are
displayed.
The figure illustrates the following two features:

1. The HBPT results have a stronger cutoff-dependence than jeTBesults, indicating a
larger impact of the unknown high-energy physics to be naadized by higher-order LECs.
Quantitatively, the residual cutoff-dependence inyfa falls as YA in all of the considered
examples, while the dependence in the case)d®Bbehaves as/I\? for My, and as 1A%
for both AMMs andp,.

2. The HB- and B(PT results are guaranteed to be the same at small valdesasfcan be seen
by taking derivatives of Eq. (2.2) with respect/td, at/A = 0. However, at finite values @f
the differences are appreciable. Observing significaferaifices for\ of ordermy, as in the
case off3,, indicates that the size of the;/ISEIN terms is largely underestimated in iBT.

3. Conclusion and outlook

The HBYPT and B(PT can be viewed as two different ways of organizing the tI&RET
expansion in the baryon sector. While the heavy-baryonresipa is often considered to be more
consistent from the power-counting point of view, it apgearbe less natural. Certain terms that
are nominally suppressed by powersnaf/My, and hence dropped in HET as being ‘higher
order’, appear to be significant in explicit calculations.

The problem is more pronounced in some quantities and lesth@rs. To quantify this, one
needs to note the power of the expansion parameter at whécthihal loops begin to contribute
to the quantity in question. For the considered examplehehticleon mass, AMMSs, and polar-
izability, this power index is 3, 1, and 1, respectively. The smaller the index, the greater is the
difficulty for HB xPT to describe this quantity in a natural way.

The negative index simply means that the chiral expansighaifquantity begins with neg-
ative powers oim;. Apart from polarizabilities, the most notable quantitafsthis kind are the
coefficients of the effective-range expansion of the nudeace. The non-relativisti¢PT in the
two-nucleon sector [11] failed to describe these quastii®?], thus precluding the idea of ‘per-
turbative pions’ in this sector. The present work encowageto think that BPT can solve this
problem in a way similar to the case of nucleon polarizabgi{8].
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