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The inverse ! -decay reaction, "̄e p e n, for low-energy anti-neutrinos coming from nuclear re-
actors is of great current interest in connection with high-precision measurements of the neutrino
mixing angle #13. We have derived analytic expressions, up to next-to-leading order in heavy-
baryon chiral perturbation theory, for the radiative corrections (RCs) and the nucleon-recoil cor-
rections both for this reaction and for the related neutron! -decay process. We show that the recoil
corrections, which include the “weak magnetism" contribution, are small for neutron! -decay, but
for inverse ! -decay, the recoil corrections are comparable in size to the RCs for typical energies
of reactor anti-neutrinos, and they have opposite signs. The RCs and the recoil corrections exhibit
very different dependences on the neutrino energy.
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Very recently, several experimental collaborations reported nonzero values of the neutrino
mixing parameter, #13 [1, 2, 3, 4]. Low-energy anti-neutrinos from nuclear reactors are well suited
to determining #13. The Double-Chooz [1], Daya Bay [2], and RENO [3] Collaborations have
been carrying out high-precision measurements of #13, by monitoring the inverse ! -decay reaction
"̄e p e n for the reactor-generated "̄e’s. The accurate extraction of #13 from a measured
positron yield in this reaction requires a precise knowledge of radiative corrections (RCs) and
nucleon-recoil corrections. An important issue in this connection is to what extent one can exploit
the experimental data on neutron ! -decay n p e "̄e to have a better control of the RCs and
recoil corrections to the inverse ! -decay reaction.

In earlier works [5, 6, 7], the relevant RCs were evaluated to order-$ in the theoretical frame-
work developed by Sirlin and Marciano, to be referred to as the S-M approach; see, e.g., Refs. [8, 9].
Although the estimates based on the S-M approach are believed to be reliable to the level of accu-
racy quoted in the literature, it is not totally excluded that these estimates may involve some degree
of model dependence. Meanwhile, the nucleon-recoil corrections for the inverse ! -decay process
were evaluated based on the 1 mN-expansion of the nucleon weak-interaction form factors, where
mN is the nucleon mass; see e.g., Refs. [6, 10].

In Refs. [11, 12], we proposed to use an effective field theory (EFT) approach to derive the
RCs and nucleon-recoil corrections for the two processes. Analytic expressions for both the RCs
and the recoil corrections to next-to-leading order (NLO) were presented for neutron ! -decay [11],
and for inverse ! -decay [12]. Our analytic RC expressions are consistent with those obtained in
the S-M approach by Fukugita and Kubota [5], and by Sirlin [13]; see also Refs. [6, 7] for earlier
works. As for the recoil corrections, our analytic results for inverse ! -decay presented in Ref. [12]
were found to be consistent with Ref. [10]. We remark, however, that the recoil corrections (in
particular, the one arising from the weak-magnetism term) have very different analytic expressions
for neutron ! -decay and the inverse ! -decay reaction. In this note we summarize some analytic
results of Refs. [11, 12], and present some numerical examinations which we hope will shed further
light on the practical significance of the RCs and the recoil corrections for neutron ! -decay and
inverse ! -decay.

EFT allows a unified approach to electro-weak and strong processes at low energies in a gauge
and model independent way. Let Q̄ represent the typical four-momentum involved in neutron ! -
decay, or inverse ! -decay, where Q̄ is very small even compared with the pion mass, so long the
incident anti-neutrinos are those coming from nuclear reactors. In particular, the well-established
chiral perturbation theory (%PT), see e.g., Refs. [14, 15, 16], provides an ideal framework for a
study of the two processes. This EFT framework admits a perturbative expansion of relevant Feyn-
man amplitudes in terms of two expansion parameters: (i) the %PT expansion parameter, Q̄ &% ,
where &% 4' f' 1 GeV is the chiral scale; (ii) the usual QED expansion parameter, $ 2' ,
which governs the contributions from the electroweak RCs. We adopt here heavy-baryon chiral
perturbartion theory (HB%PT), e.g., Ref. [14]. In this scheme an additional expansion parameter,
Q̄ mN , governs the contributions from nucleon-recoil corrections. Since &% mN 1 GeV, the
Q̄ &% and Q̄ mN can be considered as one expansion parameter, and thus, is a natural part of our
EFT. In EFT the short-distance physics, which is not probed in low-energy processes, is subsumed
into so-called low-energy constants (LECs). Although in principle the LECs can be evaluated from
the fundamental theory, i.e., QCD, a more pragmatic approach is to determine the LECs by fitting
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experimental observables. Once the LECs are known, we can make predictions for other measur-
able quantities. Our concern here is to carry out a HB%PT-based calculation of the RCs and the
recoil corrections up to NLO, viz., first order in $ 2' , Q̄ &% , and Q̄ mN .

The effective lagrangian to NLO relevant to our calculation is given by

e f f QED NN NN(( (1)

QED
1
4
Fµ"Fµ"

1
2)A

* A 2 1 $
4'

e1 (̄e i+ D (e me(̄e(e (̄" i+ *(" (2)

NN N̄ 1
$
8'

e2 1 ,3 iv D N (3)

NN((
GFVud

2
(̄e+µ 1 +5 (" N̄, 1

$
4'

eV vµ 2gA 1
$
4'

eA Sµ N

1
2mN

N̄, i vµv" gµ" * * " 2iµV Sµ S * * 2igAvµS * * N (4)

The QED in Eq.(2) is the QED lagrangian, where Fµ" *µA" *"Aµ , and Dµ *µ ieAµ . The
NN is part of the HB%PT lagrangian and includes photon-nucleon interactions, while NN(( rep-

resents low-energy LO and NLO weak interactions including the explicit forms of NLO nucleon-
recoil terms dictated by HB%PT. Here gA is the axial coupling constant while v µ is the nucleon
four- velocity and Sµ is the nucleon spin. In the NLO part of the lagrangian, µ V µp µn is the nu-
cleon isovector magnetic moment. The low-energy constants (LECs), e1, e2, eV and eA, incorporate
the short-range radiative physics that is not probed in a low-energy process. The Fermi coupling
constant, GF is determined from muon decay, and Vud is the CKM matrix element.

The EFT-based calculations of the NLO radiative and recoil corrections are described in
Refs.[11] and [12] for neutron ! -decay and inverse ! -decay, respectively. We focus on the differ-
ential decay rate for neutron ! -decay, n pn p pp e p "̄e p" , and the differential cross
section for the inverse ! -decay reation, "̄e p" p pp e p n pn , and assume an experimen-
tal situations where none of the particle spins are detected. Here the four-momenta of particles are
indicated in the parentheses; for the four-momenta, p and p" , we shall also use quantities defined
by p E p and p" E" p" . The neutron ! -decay differential decay rate is given in Ref. [11]
and the differential cross-section for inverse ! -decay is given in Ref. [12] as:

d-inv!
d cos#e

GFVud
2

2
f E 1 3g2

A 1 ! 1 g2
A 2 ! ! cos#e (5)

where i ! ’s (i 1 2) contain radiative and recoil corrections, ! p E E2 m2
e E the ve-

locity of outgoing electron/positron, cos # e p̂" p̂, f E the phase-space factor derived in [12]1

f E
E2!
'

1
1
mN

E
E"
!

cos#e m 2
N (6)

The velocity-dependent functions, i ! (i 1 2), contain RCs and nucleon-recoil corrections,

i ! 1
$
2'

rad
i !

1
mN

recoil
i ! (7)

1Note that for inverse ! -decay, the positron energy, E , and velocity, ! , contain terms of m 1
N , e.g., E Ẽ 1

m 1
N , where Ẽ E" mn mp ; see the discussion leading to Eq. (14) in Ref. [12].
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The kinematical recoil (m 1
N ) corrections are included in the phase-space factor f E , and the recoil

corrections in Eq.(7) are dynamical ones coming from Eq.(4). The HB%PT calculation of RCs was
derived in [11] for neutron ! -decay (denoted rad

1 ! below), and for inverse ! -decay in [12].2

1
$
2'

rad
1 ! 1

$
2'

ẽRV µ2 1
$
2'

. 1
$ !

5
4

(8)

1
$
2'

rad
1 ! 1

$
2'

ẽRV µ2 1
$
2'

.out ! (9)

The “inner" RCs, which are independent of ! , are encoded in the LEC, ẽRV µ2 . The “outer" RCs,
. 1
$ ! , and .out ! , are well-known, model-independent, long-distance QED corrections that con-

tain no hadronic effects. Expressions for the outer corrections are in, e.g., Refs. [11, 12]. The
ultraviolet-divergent and scale dependent terms are subsumed in LECs, and all infrared-divergent
terms of $ are simultaneously canceled, leading to finite final results. The recoil corrections,

recoil
1 ! pertaining to neutron ! -decay, and recoil

1 ! appearing in Eq.(7), are given in [11, 12]:

recoil
1 ! ! 2E

1 2gAµV g2
A

1 3g2
A

E"
1 2gAµV g2

A

1 3g2
A

m 1
N (10)

recoil
1 ! ! 2E

1 2gAµV g2
A

1 3g2
A

E"
1 2gAµV g2

A

1 3g2
A

m 1
N (11)

A noteworthy point in the above expressions is that terms involving 2g AµV 12 arising from the
“weak-magnetism” interactions in Eq.(4) constitute the most dominant recoil corrections.

Since these two processes involve the same LEC, ẽRV µ2 , as the only unknown parameter, it
is in principle possible to use neutron ! -decay data to fix ẽ RV µ2 , and make model-independent
predictions for the inverse ! -decay cross sections. This statement is true to the extent that the other
quantities which go into the above formulae and which are usually treated as “known" quantities are
indeed known with high enough precision. To what degree the existing uncertainties in the values of
gA and the neutron lifetime affect the outcome of such an analysis is a subject that deserves a careful
study. Relegating this investigation to a future study, we choose here to use an estimate for ẽ RV µ2

deduced in Ref. [11] by comparing the results for neutron ! -decay obtained in HB%PT with those
obtained in the S-M approach [8, 9]. This comparison yields ẽ RV µ2 m2

N 4 ln mZ
mp

ln mp
mA

2C Ag 19 5 0 7 where we allow a “liberal” choice of the A1-resonance mass, mA 1 2 0 6
MeV, e.g., Ref. [17]. Thus the RC from LEC in Eqs. (8) (9) is estimated to be $ 2' ẽRV m2

N

0 023. This short-distance (inner) contribution to ẽ RV m2
N is dominated by well-known electro-weak

box diagrams [8, 9]. We use ẽRV µ2 m2
N 19 5 0 7 in the following.

To illustrate interplay between the RCs and recoil corrections we concentrate on the angle-
integrated observables, viz., the differential decay rate, d/! dE, for ! -decay, and the total cross
section, -inv! , for inverse ! -decay, i.e., we compare rad

1 , rad
1 , recoil

1 , and recoil
1 . In Fig.1 we

plot $
2'

rad
1 for neutron ! -decay as a function of E" (0 E" 0 78MeV). The pair of RC curves in

the figure indicates an error-band associated with the above-mentioned uncertainty in ẽ RV µ2 m2
N .

Fig.2 shows $
2'

rad
1 for inverse ! -decay versus E" .

Fig.1 also shows m 1
N

recoil
1 for ! -decay, while Fig.2 includes m 1

N
recoil
1 for the inverse ! -

decay. It is seen that recoil
1 is much smaller than recoil

1 . The difference between recoil
1 and

2It is to be remarked that the HB%PT results are consistent with those obtained in the the S-M approach [5, 6, 7, 8].
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Figure 1: Radiative correction, $
2'

rad
1 , Eq. (8),

and recoil correction, m 1
N

recoil
1 , Eq. (10), are

plotted as functions of the emitted anti-neutrino en-
ergy E" for neutron ! -decay. The pair of RC curves
gives an “error band" that reflects uncertainties in
the value of the LEC, ẽRV m2

N , see text.
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Figure 2: Radiative correction, $
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rad
1 , Eq. (8),

and recoil correction,m 1
N

recoil
1 , Eq. (11), are plot-

ted as functions of the incoming anti-neutrino en-
ergy E" for "̄e p e n. The two RC curves
indicate the “error band", see text. The vertical dot-
ted line is the threshold (E" 1 8 MeV).

recoil
1 is enhanced by the fact that there is near cancellation among the various terms contributing

to recoil
1 , whereas they add for recoil

1 , as is evident by comparing Eqs.(10) and (11). We also plot
the “total recoil” correction, which is the combined effect of m 1

N terms in the lagrangian, Eq.(4),
and m 1

N correction in phase space. We find after angle-integration

d/!
dE

d/ 0
!

dE
1 $

2'
rad

1 !
1
mN

total recoil
1 ! (12)

where d/ 0
!

dE GFVud
2 F Z 1 E E2! Emax E 2 2'3 1 3g2

A is the LO result and

total recoil
1 ! recoil

1 ! 3E Emax
1 g2

A
1 3g2

A
! 2E m 1

N (13)

Meanwhile, Eq.(5) (after integrated over the angle) can be rewritten as

-inv ! - 0
inv !

1 $
2'

rad
1 !

1
mN

total recoil
1 ! (14)

where - 0
inv !

GFVud
2 Ẽ2!̃ ' 1 3g2

A is the LO result, and

total recoil
1 ! recoil

1 ! Ẽ
1 !̃ 2

!̃ 2
E"

02
N m2

e
2Ẽ

1 g2
A

1 3g2
A

E" m 1
N (15)

where Ẽ E" mn mp E" 0N is the “LO positron energy" and !̃ the corresponding velocity.3

3Here, E and ! in Eq.(6) have been expanded in powers of m 1
N , see Ref. [12]. Although the m 1

N -expanded
expression in Eq. (15) diverges at the threshold, - inv ! 0 at the threshold when the correct phase space f E is used.
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We note that total recoil
1 is significantly smaller than total recoil

1 . Fig.1 indicate that the
recoil corrections are much smaller than the RCs for neutron ! -decay. By contrast, rad

1 and
total recoil
1 are of comparable size and have opposite signs. Fig. 2 shows that the recoil corrections

and the RCs have very distinct energy dependencies. Thus both corrections must be carefully
considered in analyzing high-precision data used to deduce # 13.

To summarize, we have presented a brief discussion of numerical consequences of the radiative
corrections (RCs) and the recoil corrections for neutron ! -decay, and inverse ! -decay, calculated
up to next-to-leading order (NLO) in HB%PT. The numerical results reported here are obtained
with the use of the value of the LEC, ẽRV µ2 , that has been deduced from comparison of our
HB%PT results with those obtained in the S-M approach. This hybrid nature of our analysis should
eventually be replaced by a more rigorous determination of ẽ RV µ2 through a direct fit to, e.g., the
neutron ! -decay data. It is expected, however, that the basic features of the RCs are already visible
in the present hybrid treatment. The recoil corrections are not affected by the hybrid nature.

This work is supported in part by the NSF grants, PHYS-0758114 and PHY-1068305.
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