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1. Introduction

To compare theoretical results and experimental data one often uses the concept of quark-had-
ron duality which establishes the bridge between quarks and gluons, a language of theoreticians,
and real measurements with hadrons performed by experimentalists.

The idea of quark-hadron duality was formulated by E. Poggio, H. Quinn, and S. Weinberg [1]
as follows: Inclusive hadronic cross sections, once they are appropriately averaged over an energy
interval, must approximately coincide with the corresponding quantities derived from the quark-
gluon picture. There are various areas of hadronic physics dealing with different manifestations of
quark-hadron duality (see, e.g., Refs. [2, 3]).

In this work, we concentrate on physical quantities and functions that are defined through
the function R(s), the normalized cross-section for the process e+e− annihilation into hadrons,
integrated with some other functions. By definition, all these quantities and functions include an
infrared region as part of the interval of integration and, therefore, they cannot be directly calculated
within perturbative quantum chromodynamics.

Clearly, it will be fruitful to connect measured quantities with the “simplest” theoretical ob-
jects. Some single-argument functions which are directly connected with experimentally measured
quantities can play the role of these objects. The cross-section for the process of e+e− annihilation
into hadrons, or the function R(s), is a physically measured quantity defined for timelike momen-
tum transfer, but at the low energy scale has a resonance structure which is difficult to describe
without model considerations. At the same time, the Adler D-function connected with R(s) and de-
fined in the Euclidean region for Q2 =−q2 > 0 is a smooth function without traces of the resonance
structure. Therefore, one can expect that the Adler function will be useful and it will reflect more
precisely the quark-hadron duality as compared, for example, with the smeared quantity R∆(q2) [1]
defined in the timelike region.

Let us remind that in 1974 S. Adler [4] observed that through R(s) is measured in the timelike
region, the natural place to compare experiment with scaling predictions of various theories in
QCD is the spacelike region and, consequently, he suggested to use the function T (−s) which is
the first derivative of the function R(s). Two years later A. De Rújula and H. Georgi [5] used a
modified version of this idea defining D(s) =−sT (−s), −s = Q2 > 0 (the spacelike region). This
function D has been revived under the name of the “Adler function”. The D-function was studied
in a number of papers [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] (see Ref. [19] for more details).
We investigate the reason of such good agreement and as a result we formulate a criterion which
we call as the R – D self-duality.

In this report, we concentrate on the D-function, the hadronic contribution to the anomalous
magnetic moment of the leptons, and the hadronic contribution to the electromagnetic coupling.
The approach that we consider here to describe above quantities is based on the variational per-
turbation theory (VPT) [20, 21]. The structure of VPT series is different from the structure of
conventional PT-expansion. VPT, in the case of QCD, leads to a new small a-expansion parameter
[20]. This parameter obeys a special equation whose solutions are always smaller than unity for
any value of the original coupling constant, that allows us to go beyond the weak-coupling regime
and deal with considerably lower energy scales than in the case of PT. As has been demonstrated in
Ref. [9], the “experimental” D-functions corresponding to the e+e− annihilation into hadrons and
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the inclusive hadronic τ-decays in the vector channel both are in good agreement with behavior
obtained in the framework of the nonperturbative a-expansion method. Note that any finite order
of the operator product expansion (OPE) fails to describe the infrared tail of the D-function. The
model which is based on the VPT and involves into consideration a summation of threshold singu-
larities [22] was reported at the Baldin seminar in 2006 by I. Solovtsov [23]. It was demonstrated
that the proposed method allows to describe these quantities well. Note the method based on the
analytic perturbation theory [24] leads to very close results [25]. Continuing these researches we
concentrate on the reason of such good agreement.

2. Some numerical results

The hadronic contribution to the lepton anomalous magnetic moment in the leading order in
the electromagnetic coupling constant is defined by

ahad
l =

1
3

(
α

π

)2
∞∫

0

ds
s

Kl(s)R(s), (2.1)

where α−1 = α(0)−1 = 137.03599911(46), l = µ, τ, e , and Kl(s) is a known the vacuum
polarization factor. As a result of calculations we obtain values:

ahad
µ = (702±16)×10−10 , ahad

e = 1.65×10−12 , ahad
τ = 3.30×10−6 . (2.2)

The hadronic correction to the electromagnetic fine structure constant at the Z-boson scale,
∆α

(5)
had(s), can be represented in the form of the dispersion integral

∆α
(5)
had(M

2
Z) =−

α(0)
3π

M2
Z P

∞∫
0

ds
s

R(s)
s−M2

Z
. (2.3)

Our calculation gives the result: ∆α
(5)
had(M

2
Z) = (279.9±4.0)×10−4 which close to value extracted

from a wide range of data describing e+e−→ hadrons: ∆α
(5)
had(M

2
Z) = (275.5± 1.9expt± 1.3rad)×

10−4 [26].
Let us turn to the hadronic correction to the muon. The expression (2.1) can be rewritten in

terms of the D-function as follows [27]

ahad
µ =

1
6

(
α

π

)2
1∫

0

dx
x
(1− x)(2− x)D

(
x2

1− x
m2

µ

)
. (2.4)

It is should be emphasized that the expressions (2.1) and (2.4) are equivalent due to the analytic
properties of the correlator Π(q2). If one uses a method that does not maintain the required proper-
ties, expressions (2.1) and (2.4) will no longer be equivalent and will imply different results. This
situation is similar to that which occurs in the analysis of inclusive τ-decay [28]. Within VPT
this transformation is justified [29], and one can use equally well either the expression (2.1) or the
expression (2.4).
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3. R – D self-duality

Now, we investigate the question: What we can say about connection between kernels in (2.1)
and (2.4) when these expressions are equivalent? Let us rewrite these expressions in a more general
form:

QM =

∞∫
0

ds
s

M(s)R(s), (3.1)

for the Minkowskian (timelike) region and

QE =

∞∫
0

dt
t

E(t)D(t), (3.2)

for the Euclidean (spacelike) region. The R – D self-duality means

QM = QE . (3.3)

The answer to the question is connection between the kernels

M(s) = s
∞∫

0

dt
E(t)

(s+ t)2 . (3.4)

According to this expression M(s) is an analytic function in the complex plane with a cut along the
negative real axis. The inverse relation reads

E(t) =− 1
2πi

t+iε∫
t−iε

d z
z

M(−z). (3.5)

Applying this result to the hadronic correction to the muon, we get R – D self-duality expres-
sions:

ahad
µ =

1
3

(
α

π

)2
∞∫

0

ds
s

M(s)R(s), (3.6)

ahad
µ =

1
3

(
α

π

)2
∞∫

0

dt
t

E(t)D(t), (3.7)

where

M(s) =
1∫

0

dx
x2(1− x)

x2 +(1− x)s/m2
µ

=

η
2
(

1− η2

2

)
+(1+η)2

(
1+

1
η2

)[
ln(1+η)−η +

η2

2

]
+

1+η

1−η
η

2 lnη , (3.8)

E(t) =
1
2


√

1+4m2
µ/t−1√

1+4m2
µ/t +1

2

, (3.9)

η =
1− v
1+ v

, v =

√
1−

4m2
µ

s
.
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4. Summary

A method of performing QCD calculations in the nonperturbative domain was used. This
method is based on the variational perturbation theory in QCD, takes into account the summation
of threshold singularities and the involvement of nonperturbative light quark masses. We demon-
strated that this method allows us to describe R-related quantities rather well. We investigated the
reason of such good agreement and, as a result, we formulated a criterion which we called the R –
D self-duality.

It is a pleasure to thank A.L. Kataev and O.V. Teryaev for interest in the work and useful
discussions. This work was supported in part by the BelRFBR-JINR grant No. F12D-002 and the
RFBR grant No. 11-01-00182.
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