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1. Introduction

Search for clear signatures of the phase transtion of the nuclear matter in collisions of hadrons
and nuclei is the main goal of the heavy ion experimental programms at the Relativistic Heavy
Ion Collider at BNL [1], Super Proton Synchrotron [2], and Large Hadron Collider at CERN [3].
The hypothesis of self-similarity of the hadron production is an important concept for data analysis
in searching for new physics. The hypothesis is related with established scaling laws such as the
Bjorken scaling - in the deep inelatic scattering, the Feynman scaling - in the inclusive hadron
production, the P-KNO scaling - in the multiparticle production, and others. Among the others
there are the quark counting rules describing the power asymptotics of the electromagnetic form-
factors of hadrons and cross sections of exclusive processes. [4]-[13]. The phase transitions in the
nuclear matter produced in the heavy ion collisions at the high energy density and temperature are
new phenomena related to collective interactions of quarks and gluons near the phase boundaries
and the critical point.

It is well known that the general concepts in the critical phenomena are related with the notions
of "scaling" and "universality" [14]. Scaling means that the system near the critical point exhibiting
self-similar properties is invariant under transformation of the scale. According to universality,
quite different systems behave in a remarkably similar way near the respective critical point.

It is assumed that transition of the nuclear matter from hadron to quark and gluon degrees of
freedom near the critical point should reveal large fluctuations, correlations and discontinuty of
some experimental quantities characterizing the system.

In the present paper we use the established features of z-scaling [15, 16, 17] to analise the
data on inclusive spectra of hadrons produced in pA collisions in the kinematical region known as
the cumulative one [8, 9, 10] (see, also [18] and references therein) in revealing signatures of new
physics. The cumulative region is defined as a region forbidden for kinematics for free nucleons. It
can be reached both in the fixed target and collider experiments but not at very high collision energy.
We assumed (see also [23, 24]) that selection of events on centrality in the cumulative region could
help to localize a position of the critical point. Changes of the parameters of the theory of z-
scaling near the critical point considered as a signature of new physics, were also discussed in [25].
Relevance of the power asymptotics of ψ(z) at high z was noted to anisotropy of momentum space
due to spontaneous symmetry breaking, violation of the Lorenz and discrete (C,P,T) symmetries
[23].

The validity of z-scaling was confirmed in the region far from the boundary of phase tran-
sitions or the region where the critical point (CP) can be located (see, for example, [27, 26, 28].
Nevertheless, it is assumed [23, 24] that the z-scaling approach can be also a suitable tool to search
for phase transitions and the critical point in the hadron and nuclear matter. Although the scaling
does not give us direct information on existence of the phase transition or the critical point, discon-
tinuty of its parameters could indicate the vicinity of critical phenomena. Therefore violation of
z-scaling is assumed to be a signature of new phenomena beyond the scaling theory known up to
now.

In the report the main ideas and properties of z-scaling are briefly reminded in Section 1. We
emphasize that these properties are treated as manifestation of the self-similarity of the structure of
colliding objects (hadrons, nuclei), interactions of their constituents, and the hadronization process.
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Some examples of self-similarity of the hadron production in pp and pD collisions at high pT in
the central range θcms ≃ 900 are given in Section 2. Section 3 compares these data with inclusive
spectra of the hadrons produced in pA collisions in the cumulative and low-pT region. Results
of our analysis of the new data on charged hadrons produced in pA collisions in the cumulative
high-pT region are discussed in Section 4. The main conclusions are summarized in Section 5.

2. z-Scaling

In this section, we would like to remind the basic ideas of z-scaling dealing with the inves-
tigation of the inclusive process. We follow the approach developed in [17]. The main idea of
z-scaling is based on the assumptions that gross feature of the inclusive particle distribution of pro-
cess P1 +P2 → p+X at high energies can be described in terms of the corresponding kinematic
characteristics of the constituent subprocess written in the symbolic form:

(x1M1)+(x2M2)→ m1 +(x1M1 + x2M2 +m2) (2.1)

satisfying the following condition:

(x1P1 + x2P2 − p)2 = (x1M1 + x2M2 +m2)
2. (2.2)

The equation is the expression of locality of the hadron interaction at a constituent level. The x1

and x2 are the fractions of the incoming momenta P1 and P2 of the colliding objects with the masses
M1 and M2. They determine the minimum energy necessary to produce the secondary particle with
the mass m1 and the four-momentum p. The parameter m2 is introduced to satisfy the internal
conservation laws (for charge, baryon, isospin, strangeness numbers, and so on).

Equation (2.2) reflects the minimum recoil mass hypothesis in the elementary subprocess. To
connect kinematic and structural characteristics of the interaction, quantity Ω is introduced. It is
chosen in the following form:

Ω(x1,x2) = (1− x1)
δ1(1− x2)

δ2 . (2.3)

Here δ1 and δ2 are the fractal dimensions of the colliding objects. The fractions x1 and x2 are
determined to maximize the value of Ω(x1,x2), simultaneously fulfilling the condition (2.2):

dΩ(x1,x2)/dx1|x2=x2(x1) = 0. (2.4)

The fractions x1 and x2 are equal to unity along the phase space limit and cover the full phase space
accessible at any energy.

Self-similarity is a scale-invariant property related with dropping of certain dimensional quan-
tities out of the physical picture of the interactions. It means that dimensionless quantities to de-
scribe the physical processes are used. The scaling function ψ(z) depends in a self-similar manner
on the single dimensionless variable z. The function is expressed via the measurable quantities and
written in the following form:

ψ(z) =− πs
(dN/dη)σin

J−1E
d3σ
d p3 . (2.5)
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Here, Ed3σ/d p3 is the invariant cross section, dN/dη(s,η) is the multiplicity density as a function
of the center-of-mass collision energy squared s and pseudorapidity η , σin is the inelastic cross
section, J is the corresponding Jacobian. Factor J is the known function of the kinematic variables,
the momenta and masses of the colliding and produced particles.

The function ψ(z) is normalized as follows:∫ ∞

0
ψ(z)dz = 1. (2.6)

The relation allows us to interpret the function as a probability density to produce a particle with
the corresponding value of variable z. We note that the existence of the function ψ(z) depending
on a single dimensionless variable z and revealing scaling properties (independence of ψ(z) on
collision energy

√
s, an angle of produced particle) is not evident in advance. The validity of the

scaling is confirmed a posteriori.
Self-similarity of an object revealing over a wide scale range is the general property of frac-

tality. It means that the measure corresponding to the object diverges in terms of the resolution. In
our case this measure is variable z which has the following form

z = z0Ω−1. (2.7)

Here, z0 =
√

ŝ⊥/m(dN/dη) is the finite part of z. It is expressed via the ratio of the transverse
energy

√
ŝ⊥ released in the binary collision of constituents and the average multiplicity density

dN/dη at η = 0 and the nucleon mass m. The divergent part Ω−1 describes the resolution at
which the collision of the constituents can be singled out of this process. The Ω(x1,x2) represents
a relative number of all initial configurations containing the constituents which carry fractions x1

and x2 of the incoming momenta. The δ1 and δ2 are fractal dimensions of the colliding objects.
The momentum fractions x1 and x2 are determined to minimize the resolution Ω−1(x1,x2) of the
measure z with respect to all possible sub-processes (2.1) under the condition (2.2).

Note, that ψ and z are the scale dependent quantities. The both ones depend on the dimensional
variables

√
s and pT . We assume that the hadron and nucleus interactions at high energies and

transverse momenta are the interactions of fractals. In this region the internal structure of hadrons,
interactions of their constituents and mechanism of hadronization manifest self-similarity.

3. Self-similarity in pp and pA collisions

The measurements of high-pT identified hadron spectra in pA collisions have been performed
at the FNAL (Batavia) [30, 31] and IHEP (Protvino) [32]. The invariant inclusive cross sections
for the production of π±,K±, p̄ hadrons in the collisions of the 200, 300 and 400 GeV protons with
the H,D,Be,Ti and W targets, cover the transverse momentum range of 0.77 < pT < 6.91 GeV/c.
The measurements have been performed at the laboratory angle of 77 mrad, which corresponds
to angles near 900 in the center-of-mass of the incident proton and a single nucleon at rest. The
data presented in [31] correspond to the cross sections for π±,K±, p± hadron production in pp
and pD collisions at plab = 400 and 800 GeV/c. The produced particles were registered over the
transverse momentum range of pT = 4.0− 10.0 GeV/c and at θcms ≃ 900. The data [32] were
obtained at the accelerator U70 using the proton beam with an incident momentum of 70 GeV/c
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Figure 1: A-dependence of α - the scale transformation parameter.

and the nuclear targets of D,C,Al, Cu,Sn, and Pb. The produced hadrons were registered in the
transverse momentum range pT = 0.99−4.65 GeV/c and at angle θcms of 900.

Below we describe the procedure of data analysis used in [17]. The function ψ was calculated
for every nucleus using Eq.(2.5) with normalization factor σ pA

inel/σ pp
inel instead of σinel . The factor

σ pA
in is the total inelastic cross section for pA interactions [19]. To construct the function ψ(z)

for the particle production in pA interactions, it is necessary to know the values of the average
multiplicity density ρA(s,η)≡ dN/dη(s,η) of secondaries produced in pA collisions. The relevant
multiplicity densities of charged particles were obtained by the Monte Carlo generator HIJING
[20, 21] for different nuclei (A = 27−197) and parametrized by the following formula

ρA(s)≃0.67·A0.18·s0.105, A ≥ 2. (3.1)

The scaling functions for different nuclei obtained in this way reveal the energy and angular inde-
pendence. The symmetry transformation

z → α(A) · z, ψ → α−1(A) ·ψ (3.2)

was used to compare the functions ψ found for different nuclei. The A-dependence of the scale
parameter α is shown in Fig. 1. Symbols (◦,△) correspond to the values of α for which different
functions coincide with each other. This is a calibration curve.

3.1 Hadron production in pp & pD collisions at θcms ≃ 900

Figures 2(a) and 3(a) show the dependence of inclusive invariant cross sections of π+ mesons
produced in pp and pD collsions on the transverse momentum pT at plab = 70,200,300, 400,
800 GeV/c and angle θcms near to 900 [30, 31, 32]. Note that the data cover a wide transverse
momentum range, pT = 1 − 10 GeV/c. As seen from Figs. 2(a) and 3(a) the hadron spectra
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demonstrate the power behavior and strong energy dependence which increases with the transverse
momentum. Figures 2(b) and 3(b) show z-presentation of the same data sets. Taking into account
the experimental errors we see that the scaling function ψ(z) demonstrates the energy independence
over a wide energy and transverse momentum range at θcms ≃ 900.

3.2 Hadron production in pA collisions at θcms ≃ 900

Figure 4(a) shows transverse momentum spectra for π+ mesons produced in pA collisions
at the incident proton momentum plab of 70, 400 GeV/c and the angle θcms of 900. The data [31]
extend the transverse momentum range up to pT = 8.5 GeV/c. A good compatibility of the [30] and
[31] data sets in the overlapping region was observed. The values of the cross section of the same
nucleus at plab = 70 and 400 GeV/c differ more than by two orders at pT > 4 GeV/c. The solid
and dashed lines are shown for visibility. They have been obtained by fitting the data for W,Pb
and D nuclei, respectively. They demonstrate the strong dependence of pT -spectra on collision
energy

√
s. The same data in z-presentation are shown in Fig. 4(b). The obtained results is the

evidence of z-scaling of high-pT hadron production in pA collisions. We would like to emphasize
that universality of the shape of the scaling function for different nuclei means that the mechanism
of particle formation in the nuclear matter reveals a property of self-similarity, i.e. an elementary
sub-process of constituent interactions is modified by nuclear matter in a self-similar manner.

Note that the results presented in Fig. 4(b) have confirmed the validity of z-scaling for the
lightest (D) and heaviest (Pb) nuclei. The property of the function ψ(z) allows us to conclude that
the mechanism of hadron formation demonstrates features depending on global properties of the
nuclear matter. The A-dependence of z-scaling is described by function α = α(A). This function
is found to be independent of kinematical variables plab, pT , and

√
s.

3.3 Cumulative hadron production in pA collisions at FNAL

Cumulative particles are the particles produced in the kinematical region forbidden for free
nucleon-nucleon interactions [8, 9, 10] (see, also [18]). Such particles can be only produced in
the processes with participation of nuclei. Production of such particles is not in disagreement with
various conservation laws.

The data on inclusive invariant cross sections for π±,K±, p± hadrons produced in a backward
hemisphere in pA collisions at plab = 400 GeV/c and at the angle θlab of 700,900,1180 and 1600

were presented in [33]. The measurements were performed over the momentum range 0.2 < p <

1.25 GeV/c. Nuclear targets, Li,Be,C,Al,Cu and Ta were used. These data cover, in particular, the
kinematical range forbidden for particle production in nucleon-nucleon collisions.

Figures 5(a), 6(a) and 7(a) show inclusive cross sections for the π+ mesons produced in a
backward hemisphere in pA collisions at plab = 400 GeV/c and the angle θlab of 700 −1600. As it
is seen from Figures 5(a), 6(a) and 7(a) the strong dependence of the cross section on angle θlab is
observed for all nuclear targets, Li,Be,C,Al,Cu,Ta. The difference of cross sections at θlab = 900

and 1600 at momentum p = 1−1.2 GeV/c reaches 2-3 orders of the magnitude.
We assume that the shape of the scaling curve will be the same as for data points corresponding

to the high-pT region and θcms ≃ 90o. This hypothesis corresponds to validity of self-similarity
of the hadron production over a wider kinematical region. There are no experimental data on the
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(a) (b)

Figure 2: (a) The inclusive differential cross section for π+ mesons produced in pp collisions at plab =

70,200,300,400, 800 GeV/c and θcm ≃ 900 as a function of transverse momentum pT . The experimental
data are taken from [30, 31, 32]. (b) The corresponding scaling function ψ(z).

(a) (b)

Figure 3: (a) The inclusive differential cross section for π+ mesons produced in pD collisions at plab = 70,
400 GeV/c and θcm ≃ 900 as a function of transverse momentum pT . The experimental data are taken from
[30, 31, 32]. (b) The corresponding scaling function ψ(z).
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(a) (b)

Figure 4: (a) The inclusive differential cross section for π− mesons produced in pA collisions at plab = 70,
400 GeV/c and θcms ≃ 900 as a function of transverse momentum pT . The solid and dashed lines are obtained
by fitting of the data for W,Pb and D, respectively. The experimental data are taken from [30, 31, 32]. (b)
The corresponding scaling function ψ(z).

angular dependence of ρ(s,η ,A) for particles produced in a backward hemisphere in order to obtain
a normalization factor for the scaling function. Therefore we verify the possibility to restore the
shape of the ψ(z) found from the analysis of high-pT data sets [32, 30, 31] using low-pT data points
[33]. The function ρ(s,η ,A) is parameterized in the form of ρ(s,η ,A) = ρ(s,A)|η=0 · χ(θ ,A),
where the angular dependence is described by χ(θ ,A). It was found that χTa = 0.75 and 0.3 at
θlab = 700 and 1600, respectively. The ratio χTa/χLi decreases from 3.5 to 1.5 as the angle θlab

increases from 700 to 1600. The A-dependence of the ratio demonstrates the saturation reached for
the backward particle production.

Figures 5(b), 6(b) and 7(b) show z-presentation of the same data [33]. The data [30, 31]
and [32] for the deuteron target are given for comparison. One can see that curves found for all
nuclei (Li− Ta) are in agreement with data z-presentation for D nucleus at plab = 70,400 GeV
and θcms = 900. The angular dependence of χ(θ ,A) describes both non-cumulative and cumulative
data points. Taking into account experimental errors we can conclude that the shape of ψ(z) can
be restored using the angular dependence of the multiplicity density. We would like to note that
all the data points [33] are out of the asymptotic region of ψ(z). Nevertheless the low and high-pT

data overlap each other. They hsve demonstrated deviation from the power law ψ(z)∼ zβ at z < 4.
Verification of the law in cumulative processes at z > 4 is of interest to search for the signatures of
phase transition (see [23] and references therein).

3.4 High-pT cumulative hadron production in pA collisions at the U70

It is expected that the hadron production in cumulative region could give more clear informa-
tion of properties on the compressed nuclear matter than in the processes without such selection
of events. Note that it is practically impossible to reach this region in processes at high collision
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(a) (b)

(c) (d)

Figure 5: (a) The inclusive differential cross section for π+-mesons produced in pLi and pBe collisions at
plab = 400 GeV/c and θlab = 700,900,1180 and 1600 as a function of the transverse momentum pT . (b) The
corresponding scaling function ψ(z). The experimental data are taken from [30, 31, 32] and [33].

energy due to small cross sections near a free nucleon-nucleon kinematical boundary. Out of the
region cross sections are much smaller. Therefore to investigate the nuclear matter in a cumulative
region is more preferable by using light nuclear targets (He,Li,Be,C).

The cross sections of high-pT cumulative charged hadrons produced in pA collisions at plab =

50 GeV/c and θlab = 350 were measured at the U70 [34]. The kinematical boundaries for π−

mesons produced in pA collisions on {pT ,η} plane are shown in Fig. 8 by solid lines. Note that
maximal values of the pion momentum reached in pp collisions at θlab = 9.20 and 350 (the dashed

9
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(a) (b)

(c) (d)

Figure 6: (a) The inclusive differential cross section for π+-mesons produced in pC and pAl collisions at
plab = 400 GeV/c and θlab = 700,900,1180 and 1600 as a function of the transverse momentum pT . (b) The
corresponding scaling function ψ(z). The experimental data are taken from [30, 31, 32] and [33].

lines) correspond to 5.7 and 2.5 GeV/c, respectively.

In the framework of a microscopic scenario of constituent interactions developed in the theory
of z-scaling the cumulative production of particles in nuclear collisions is determined by the con-
ditions x1 < 1 and x2A2 > 1. The momentum fractions are the solution of the system of equations
(2.2) and (2.4).

Figure 9 demonstrates the inclusive spectra of negative hadrons produced in pA collisions on
nucleus targets (C,Al,Cu,W ) [34] together with the data [32] for π− mesons. The cross sections

10
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(a) (b)

(c) (d)

Figure 7: (a) The inclusive differential cross section for π+-mesons produced in pCu and pTa collisions at
plab = 400 GeV/c and θlab = 700,900,1180 and 1600 as a function of the transverse momentum pT . (b) The
corresponding scaling function ψ(z). The experimental data are taken from [30, 31, 32] and [33].

are measured over the transverse momentum range pT ≃ 0.5−3.7 GeV/c. One can see from Fig.
9 that the spectra decrease by 9-10 orders of the magnitude. Note that the difference between the
values of cross sections of the data [32] and [34] increases with pT and reaches more than one order
for pT > 3 GeV/c.

Figure 10 shows z-presentation of the inclusive differential cross sections for h− hadrons and
π− mesons produced in pA collisions at plab = 50 and 70 GeV/c and θlab ≃ 350 and 9.20. One
can see that the shape of ψ(z) for the data [34] coincides with the other one for the data [32].

11
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Figure 8: Kinematical boundary of π− mesons produced in pA collisions at incident proton momentum
plab = 50 GeV/c on {pT ,θlab} plane. The dashed lines correspond to the angles θlab = 9.20 and 350.

The values of the fractal dimensions in the present analysis were used to be δ1 = δN = 0.5 and
δ2 = AδN as in [17]. New data reach z of 10. They clearly demonstrate a smooth transition to power
behavior of ψ(z) for all nuclei. Near the kinematical boundary for nucleon-nucleon interactions
the discontinuity of ψ(z) is not found. This is an unexpected result. It will be discussed below.

4. Discussion

Here we would like to discuss the obtained results. The interesting and unexpected observa-
tion is a smooth transition of ψ(z) from the non-cumalative region to the cumulative one. It was
expected to find a discontinuity of ψ(z) near the point corresponding to the kinematical boundary
for free nucleon-nucleon interactions. As it was noted in [23] the A-dependence of the fractal di-
mension of nucleus δA can significantly change in the cumulative region and violate the simple law
δA = AδN . It did not happen. Let us look at the procedure of the analysis in detail. First of all, it
should be noted that there is no absolute normalization of function ψ(z) due to the absence of the
angular dependence of the multiplicity density. However it is evident that this normalization factor
can not distort the shape of ψ(z) over a wide range of z. Therefore a measurement of multiplicity
density dN/dη as a function of η is important to develop the theory. Another important task is
to measure the charged hadron spectra in pA collisions at higher pT . Such data could allow us to
verify the universality of the power law, ψ(z) ∼ z−β , at higher z for different nuclei and to deter-
mine the value of the slope parameter β . The A-dependence of the scaling function found in [17]
means self-similarity of the hadron production in nuclear medium produced in pA collisions, i.e.
elementary sub-process is modified by nuclear medium in a self-similar manner. It is reasonably
to assume (see, also [23]) that signatures of the phase transition of nuclear matter and the critical
point can be also manifested in cumulative processes. Moreover, the nuclear matter produced in

12
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(a) (b)

(c) (d)

Figure 9: The inclusive differential cross sections for h− hadrons and π− mesons produced in pC(a), pAl
(b), pCu (c) and pW (Pb) (d) collisions as a function of the transverse momentum pT at plab = 50 and
70 GeV/c and θlab ≃ 350 and 9.20, respectively. The dashed lines are shown for visibility. The experimental
data are taken from [32, 34].

the cumulative region can be much higher compressed than in the non-cumulative one. It is noted
in [23] that localization of the critical point would be much more effective in the processes with
smaller energy losses. The large energy losses can cause "smearing out" of dicontinuty of the pa-
rameters (fractal dimensions, specific heat, ...) characterizing the system. The high-pT cumulative
production is characterized by relatively small energy losses and therefore it is suitable for this
type of investigations. In this region one can investigate the structure of the fluctons (particle-like
fluctuations of the nuclear matter) and fragmentation processes induced by their collisions. Besides
cumulativity, selection of the processes with large multiplicity is considered to be also preferable

13
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Figure 10: The z-presentation of inclusive spectra of h− hadron and π− meson production in pA collisions.
The experimental data are taken from [32, 34].

to search for the critical point. The multiplicity density is one of the experimentally measurable
quantities. It can be used to control the properties of the nuclear medium where the flucton inter-
actions take place. The production of the compressed matter in pA collisions assunes using the
special kinematic conditions (x2A2 > 1). Note that the data [34] have been obtained for the mini-
mum bias trigger and therefore do not allow us to study the multiplicity dependence of transverse
momentum spectra. Since the fractal dimension δ is sensitive to the behavior of spectra at high pT ,
the δ −multiplicity correlation is expected to be stronger in the cumulative region. Study of these
correlations could shed some light on the location of the critical point.

5. Conclusions

The new data on the inclusive transverse momentum spectra of the charged hadrons produced
in pA collisions at the U70 have been analyzed in the framework of z-scaling approach. The theory
of z-scaling for the high-pT cumulative hadron production has been developed. The general ideas
of the approach have been reviewed. It is shown that the scaling function ψ(z) is expressed via
the experimental observables - the invariant cross section, the average multiplicity density and total
inelastic cross section. The scaling function ψ(z) is interpreted as a probability density to produce
a particle with a given value of z. The quantity z has a property of the fractal measure and δ1,δ2

are the fractal dimensions of colliding particles. It is argued that z-scaling reflects the fundamental
symmetries such as locality, self-similarity, and fractality of hadron interactions at a constituent
level.

The results of analysis of the U70 data [34] were compared with z-presentation of inclusive
spectra for high-pT hadron production in pA collisions at θcms ≃ 900, and low-pT cumulative
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hadrons produced in the backward hemisphere. The shape of function ψ(z) for these processes
has been found to be the same over a wide kinematical region. The smooth behavior both in the
non-cumulative and cumulative regions of ψ(z) has been observed. The discontinuity of ψ(z) un-
der transition of free nucleon-nucleon kinematical boundary has not been found. The indication of
the power law of ψ(z) for z > 4 has been seen. The search for signatures of the phase transition
and critical point in the high-pT cumulative hadron production has been suggested to be preferable
to the other ones.
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