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Abstract:    

The Antonsen – Bormann idea was originally proposed by these authors for the computation of the heat 

kernel in curved space; it was also used by the author recently with the same objective but for the 

Lagrangian density for a real massive scalar field in 2 + 1 dimensional stationary curved space. 

Subsequently, it was reworked with advantage – but to determine the zeta function for the said model 

using the Schwinger operator expansion. The repetitive nature of that calculation at all higher orders(≥

3) in the gravitational constant G suggests the use of the Dirac delta-function and one of its integral 

representations – in that it is convenient to obtain answers; in anticipation of its systematic application to 

all orders ≥ 3  in G and the exact evaluation of ζ(s) this paper illustrates in detail the evaluation of some 

integrals relevant to the third order calculation.  
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1.Introduction 

The integral  𝐼𝑛 =  𝑠𝑖𝑛𝑛𝑥  𝑑𝑥
𝜋 2 

0
  with  𝑛  a non – negative integer is a textbook

1
 example of a repetitive 

calculation; thus, for  𝑛 > 2   one gets         

                                                𝐼𝑛 =
𝑛−1

𝑛
𝐼𝑛−2 =

𝑛−1 

𝑛
 
𝑛−3

𝑛−2
𝐼𝑛−4              (1) 

Continuing in this way one arrives at  𝐼 0 =
𝜋

2
  or 𝐼 1 = 1  depending on whether  𝑛 is even or odd; a well 

– known byproduct from eq.(1) being  the Wallis formula
1
  

𝜋

2
= lim

𝑚→∞
  

2.4.6… . .2𝑚

1.3.5… .  2𝑚 − 1 
 

2 1

2𝑚 + 1
 
𝐼 2 𝑚

𝐼 2 𝑚  + 1
    

with    lim𝑚→∞
𝐼 2 𝑚

𝐼 2 𝑚  + 1
= 1  .  

We present another example of a repetitive calculation that we shall motivate later on in this paper. Much 

of this paper is an adjunct to an earlier version
2 
in that it presents the necessary steps to complete the third 

order calculation of the zeta-function discussed therein; being tentative and incomplete it warranted a 

second look and  a reader-friendly exposition is given here. Parenthetically, the method presented here is 

substantial and was not used in Ref.2.  

2. Some integrals, their origin and evaluation 

Consider the integrals                       

𝐾0 𝑝  =  −
𝜆

4𝜋
 

3
(−2)2  𝑟1

 𝑟2−𝑞2  𝑟2𝑞1−𝑟1𝑞2 

(𝑟 −𝑞  )2 𝑒−𝑥𝑟
2  𝑞2−𝑝2  𝑞2𝑝1−𝑞1𝑝2 

(𝑞  −𝑝 )2 𝑒−𝑧 𝑞2
           

𝐾1 𝑝  =  −
𝜆

4𝜋
 

3
(−2)2  𝑞1

 𝑝2−𝑟2  𝑝2𝑟1−𝑝1𝑟2 

(𝑝 −𝑟 )2 𝑒−𝑥 𝑟2  𝑞2−𝑝2  𝑞2𝑝1−𝑞1𝑝2 

(𝑞  −𝑝 )2 𝑒−𝑧 𝑞2
   

𝐾2 𝑝  =  −
𝜆

4𝜋
 

3
(−2)2  𝑝1

 𝑝2−𝑟2  𝑝2𝑟1−𝑝1𝑟2 

(𝑝 −𝑟 )2 𝑒−𝑥 𝑟2  𝑟2−𝑞2  𝑟2𝑞1−𝑟1𝑞2 

(𝑟 −𝑞  )2 𝑒−𝑧 𝑞2
            

𝐾3 𝑝  =  −
𝜆

4𝜋
 

3
(−2)3  𝑒−𝑥 𝑟2  𝑝2−𝑟2  𝑝2𝑟1−𝑝1𝑟2 

(𝑝 −𝑟 )2

 𝑟2−𝑞2  𝑟2𝑞1−𝑟1𝑞2 

(𝑟 −𝑞  )2

 𝑞2−𝑝2  𝑞2𝑝1−𝑞1𝑝2 

(𝑞  −𝑝 )2 𝑒−𝑧 𝑞2
    

and         𝐾4 𝑝  =  −
𝜆

4𝜋
 

3
(−2) 𝑒−𝑥 𝑟2  𝑟2−𝑞2  𝑟2𝑞1−𝑟1𝑞2 

(𝑟 −𝑞  )2 𝑞1𝑝1𝑒
−𝑧 𝑞2

                         (2) 

with  in each of the above being short hand for  𝑑2𝑟𝑑2𝑞 , 𝑞2 = 𝑞1
2 + 𝑞2

2 ,  𝑟2 = 𝑟1
2 + 𝑟2

2   and  𝑥 and 

𝑧 being real and non-negative. Of these  𝐾 1 and 𝐾 4 are easily evaluated as  

𝐾 1 = −
1

𝜋
 
𝜆

4
 

3
𝑝1𝑒

− 𝑥+𝑧 𝑝 2 1

𝑏𝑐2 (−1 + 𝑒𝑥𝑝 
2
) 𝑐 𝑝2

2𝑒𝑧𝑝 
2
− 𝑝1

2 − 𝑧 𝑝1
2 − 𝑝2

2 (1 − 𝑒𝑧𝑝 
2
)   

𝐾 4 =
1

2𝜋
 
𝜆

4
 

3
𝑝1

1

𝑥𝑧(𝑥+𝑧)
                          (3) 

with 𝑐 = 𝑧2𝑝 2  and 𝑏 = 𝑥2𝑝 2 .The remaining integrals – especially 𝐾3 – are tedious to evaluate thus 

begging an alternative; while deferring its details to the sequel it pays to briefly recall their origin here:  
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They are obtained from the momentum space representation of the order 𝐺3 term in the Schwinger 

operator expansion
2,5,6

 for  𝑒− 𝑝
2+𝐻𝐼 𝑡  namely, 

 −𝑡 3  𝑢2𝑑𝑢  𝑢1𝑑𝑢1  𝑑𝑢2  
𝑒−𝑡 1−𝑢 𝑝

2
 𝑑2𝑟𝑑2𝑠  𝑝 𝐻𝐼 𝑟 𝑒

−𝑡𝑢 1−𝑢1 𝑟
2
 𝑟 𝐻𝐼 𝑠 

𝑒−𝑡𝑢𝑢1(1−𝑢2)𝑠2
 𝑠 𝐻𝐼 𝑝 𝑒

−𝑡𝑢𝑢1𝑢2𝑝
2  

1

0

1

0

1

0
      (4)          

with the operator  𝐻𝐼 = −
𝜆

𝑟4
  𝑦2 − 𝑥2 𝑝1 − 2𝑥𝑦𝑝2  , 𝑟

2 = 𝑥2 + 𝑦2 , 𝜆 = 4𝐺𝐽, 𝐺  being the gravitational 

constant and one of the matrix elements  𝑝 𝐻𝐼 𝑟   for example being  

 𝑝 𝐻𝐼 𝑟 = −
𝜆

4𝜋
 𝑟1 − 2

 𝑝2−𝑟2  𝑝2𝑟1−𝑝1𝑟2 

 𝑟 −𝑝  2  . Of the eight possible terms in (4) three are zero by symmetry 

leaving the five apparently nonzero terms given in eq.(2).The interested reader is referred to Refs.2 and 4 

for details. 

Returning now to evaluation of the integrals in (2) we begin with 𝐾0 written as  

𝐾0 =  −
𝜆

4𝜋
 

3
(−2)2  𝛿 𝑞 − 𝑠  𝑟1

 𝑟2−𝑠2  𝑟2𝑠1−𝑟1𝑠2 

(𝑟 −𝑠 )2 𝑒−𝑥𝑟
2  𝑞2−𝑝2  𝑞2𝑝1−𝑞1𝑝2 

(𝑞  −𝑝 )2 𝑒−𝑧 𝑞2
                 (5) 

with    now being short hand for  𝑑2𝑟𝑑2𝑞 𝑑2𝑠 . The introduction of the Dirac delta-function in (5) is 

a point of departure in this paper – for on using the integral representation
3
  

                                                 𝛿 𝑞 − 𝑠  = (
1

2𝜋
)2  𝑑𝛼𝑑𝛽

∞

−∞
 𝑒𝑖𝛼 𝑞1−𝑠1 +𝑖𝛽 𝑞2−𝑠2            (6)           

one can now do the 𝑠, 𝑞 and 𝑟 integration in (5) easily. Parenthetically, the Dirac delta-function was also 

used elsewhere
4
 but with the limit representation

3
  

      𝛿 𝑥 = lim𝜖→0+
1

2 𝜋𝜖
𝑒−𝑥

2 4𝜖                                     (7) 

Eq.(7) however is ineffectual and is therefore given up in favour of (5) here; on doing the 𝑟 integration 

first one gets  

𝜋

2
𝑒−𝑥𝑠

2
 𝑑𝜇
∞

0
 
𝑒
𝑎
ℎ

ℎ3    ℎ𝑠2
2 + 𝜇 𝑠1

2 − 𝑠2
2                  (8) 

with  𝑎 = 𝑥2𝑠2 , ℎ = 𝜇 + 𝑥; returning to (5) the 𝑠 integration can now be completed to get    

𝜋𝑒
−
𝑐
𝑏

4𝑏3
 ℎ 2𝑏 − 𝛽2 + 𝜇 𝛽2 − 𝛼2    the answer after the two integrations being   

 
𝜋

2
 

2

 𝑑𝜇
∞

0
 
𝑒
−
𝑐
𝑏

2𝑏3ℎ3
 ℎ 2𝑏 − 𝛽2 + 𝜇 𝛽2 − 𝛼2   =  

𝜋

2
 

2 1

2𝑐2𝑥3 𝑒
−
𝑐

𝑥  
𝑥

2
 𝛼2 − 𝛽2 − 𝑐𝛼2          (9)           

 with ℎ𝑏 = 𝜇𝑥 ,  4𝑐 ≡ 𝛼2 + 𝛽2. It is prudent to complete the 𝛼,β integration now prior to the 𝑞  

integration  to get 

 𝑇 ≡
𝜋𝑥

8
 𝑞2

2 − 𝑞1
2  𝜈 𝑑𝜈

∞

0

𝑒
− 
𝑞2

4𝑘

𝑘3 −
𝜋

4
 𝑑𝜈
∞

0

𝑒
− 
𝑞2

4𝑘

𝑘3 (2𝑘 − 𝑞1
2)       
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   = 8𝜋  
𝑥

𝑞2
 𝑞2

2 − 𝑞1
2 +

2(𝑞2
2−𝑞1

2)

𝑞4  −1 + 𝑒−𝑥𝑞
2
 −

2𝑥𝑞1
2

𝑞2 𝑒−𝑥𝑞
2
 ≡ 8𝜋𝐹           (10)  

Therefore   𝐾0 = −
1

𝜋2  
𝜆

4𝑥
 

3

 𝐹
 𝑞2−𝑝2  𝑞2𝑝1−𝑞1𝑝2 

(𝑞  −𝑝 )2 𝑒−𝑧 𝑞2
          (11)        

with only the 𝑞 integration left in (11); term-wise one gets (with 𝑑 ≡ 𝑥 + 𝑧 , 𝑏 ≡ 𝑧 + 𝜇 and, 𝑐 ≡ 𝑑 + 𝜇): 

1. 𝑥  𝑑𝜇𝑑𝜈 𝑒− 𝜇+𝜈+𝑧 𝑞2+2𝜈𝑞  ∙𝑝 −𝜈𝑝2
 𝑞2 − 𝑝2 

∞

0
 𝑞2

2 − 𝑞1
2  𝑞2𝑝1 − 𝑞1𝑝2  

=
𝜋𝑥𝑝1

2
𝑒−𝑧𝑝

2
 𝑑𝜇𝑒−𝜇𝑝

2
 
 𝑝1

2 − 𝑝2
2 

𝑏2𝑝2
+
 𝑝1

2 − 3𝑝2
2 

𝑏3𝑝4
 2 + 𝑒

𝑎
𝑏 + 3

 𝑝1
2 − 3𝑝2

2 

𝑏4𝑝6
 1 − 𝑒

𝑎
𝑏  

∞

0

 

=
𝜋𝑥𝑝1

2
 
𝑒−𝑧𝑝

2

2𝑧
 1 +  𝑝1

2 − 3𝑝2
2  

1

𝑧𝑝4 +
2

𝑧2𝑝6  +
 𝑝1

2−3𝑝2
2  

1

2
−𝑧𝑝2 

𝑧2𝑝4 −
𝑝2

2
𝛤 0, 𝑧𝑝2   ≡

𝜋𝑝1

2
𝑠1 (12a) 

2.  −2𝑥  𝑑𝜇𝑑𝜈 𝑒− 𝜇+𝜈+𝑥+𝑧 𝑞2+2𝜈𝑞  ∙𝑝 −𝜈𝑝2
 𝑞2 − 𝑝2 

∞

0
𝑞1

2 𝑞2𝑝1 − 𝑞1𝑝2  

  = −
𝜋𝑥𝑝1

2
𝑒−(𝑥+𝑧)𝑝2

 𝑑𝜇
∞

0
𝑒−𝜇𝑝

2
 −

2𝑝1
2

𝑐2𝑝2 +
1

𝑐3  
4 𝑝2

2−𝑝1
2 

𝑝4 +
𝑒
𝑏
𝑐

𝑝4
 𝑝2 + 4𝑝2

2  +
3 𝑝1

2−3𝑝2
2 

𝑐4𝑝6  −1 + 𝑒
𝑏

𝑐    

        =
𝜋𝑥𝑝1

4𝑑
 𝑒−𝑑𝑝

2
 1 +

𝑝2
2−3𝑝1

2

𝑑𝑝4 +
2 𝑝1

2−3𝑝2
2 

𝑑2𝑝6  − 𝑑𝑝2𝛤 0,𝑑𝑝2 +
2

𝑑𝑝2  1 +
4𝑝2

2

𝑝2 +
2

𝑑𝑝4
 𝑝1

2 − 3𝑝2
2       

        ≡
𝜋𝑝1

2
𝑠2                           (12b) 

3. −2 𝜇 𝑑𝜇𝑑𝜈 𝑒− 𝜇+𝜈+𝑧 𝑞2+2𝜈𝑞  ∙𝑝 −𝜈𝑝2
 𝑞2 − 𝑝2 

∞

0
 𝑞2

2 − 𝑞1
2  𝑞2𝑝1 − 𝑞1𝑝2  

         = −2
𝜋𝑝1

2
𝑒−𝑧𝑝

2
 𝜇 𝑑𝜇
∞

0
𝑒−𝜇𝑝

2
 
 𝑝1

2−𝑝2
2 

𝑏2𝑝2 +
 𝑝1

2−3𝑝2
2 

𝑏3𝑝4  2 + 𝑒
𝑎

𝑏 + 3
 𝑝1

2−3𝑝2
2 

𝑏4𝑝6  1 − 𝑒
𝑎

𝑏   

         =
𝜋𝑝1

2
 𝑒−𝑧𝑝

2
 1 −

 𝑝1
2−3𝑝2

2 

𝑧2𝑝6  −  1 + 𝑧𝑝2 𝛤 0, 𝑧𝑝2 −
 𝑝1

2−3𝑝2
2 

𝑧2𝑝6
 1 + 𝑧𝑝2   ≡

𝜋𝑝1

2
𝑠3               (12c) 

4.  2 𝜇 𝑑𝜇𝑑𝜈 𝑒− 𝜇+𝜈+𝑥+𝑧 𝑞2+2𝜈𝑞  ∙𝑝 −𝜈𝑝2
 𝑞2 − 𝑝2 

∞

0
 𝑞2

2 − 𝑞1
2  𝑞2𝑝1 − 𝑞1𝑝2  

= 2
𝜋𝑝1

2
𝑒−(𝑥+𝑧)𝑝2

 𝜇 𝑑𝜇

∞

0

𝑒−𝜇𝑝
2
 
 𝑝1

2 − 𝑝2
2 

𝑏2𝑝2
+
 𝑝1

2 − 3𝑝2
2 

𝑏3𝑝4
 2 + 𝑒

𝑎
𝑏 + 3

 𝑝1
2 − 3𝑝2

2 

𝑏4𝑝6
 1 − 𝑒

𝑎
𝑏   

            =
𝜋𝑝1

2
 𝑒−𝑑𝑝

2
 −1 +

 𝑝1
2−3𝑝2

2 

𝑑2𝑝6  +  1 + 𝑑𝑝2 𝛤 0,𝑑𝑝2 +
 𝑝1

2−3𝑝2
2  1+𝑑𝑝2 

𝑑2𝑝6  ≡
𝜋𝑝1

2
𝑠4            (12d) 

Thus       𝐾0 = −
1

2𝜋
 
𝜆

4𝑥
 

3
𝑝1 𝑠1 + 𝑠2 + 𝑠3 + 𝑠4                 (13) 

with the 𝑠𝑖  defined by eqs.(12a – d).   Repeating the above exercise for  𝐾2 𝑝   now written as        

𝐾2 𝑝  =  −
𝜆

4𝜋
 

3

(−2)2  𝑝1 𝛿 𝑟 − 𝑠  
 𝑝2 − 𝑟2  𝑝2𝑟1 − 𝑝1𝑟2 

(𝑝 − 𝑟 )2
𝑒−𝑥  𝑟2  𝑠2 − 𝑞2  𝑠2𝑞1 − 𝑠1𝑞2 

(𝑠 − 𝑞 )2
𝑒−𝑧 𝑞2

 

yields for  the 𝑠 integration    
𝜋

2𝑐2 𝑒
−𝑖(𝛼𝑞1+𝛽𝑞2)  

𝑞1

4
 𝛼2 − 𝛽2 +

𝛼𝛽

2
𝑞2   with 4𝑐 = 𝛼2 + 𝛽2 ; 
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the 𝑞 integration now yields:  
𝜋

2
 

2
  −

𝑖𝛼

𝑧2𝑐
𝑒−

𝑐

𝑧  ; and the 𝛼,β  integration  
𝜋

2
 

3 16𝑟1

𝑟2𝑧2  1 − 𝑒−𝑧𝑟
2
    leaving 

only the r – integration the relevant integral for which is   

16  
𝜋

2
 

3 1

𝑧2
 𝑟1

 𝑝2 − 𝑟2  𝑝2𝑟1 − 𝑝1𝑟2 

𝑟2 (𝑝 − 𝑟 )2
𝑒−𝑥 𝑟2

 1 − 𝑒−𝑧𝑟
2
  

One finally gets with  𝑑 ≡ (𝑥 + 𝑧)  :  

𝐾2 = −
𝑧

𝜋
 
𝜆

4𝑧
 

3
𝑝1   −

𝑒−𝑥𝑝
2

2𝑥
 1 +

 𝑝1
2−𝑝2

2 

𝑥𝑝4  +
1

𝑥𝑝2  𝑝2
2 +

 𝑝1
2−𝑝2

2 

2𝑥𝑝4  +
𝑝2

2
𝛤(0, 𝑧𝑝2) −  −

𝑒−𝑑𝑝
2

2𝑑
 1 +

 𝑝1
2−𝑝2

2 

𝑑𝑝4
 +

1

𝑑𝑝2  𝑝2
2 +

 𝑝1
2−𝑝2

2 

2𝑑𝑝4  +
𝑝2

2
𝛤(0,𝑑𝑝2)                                                   (14) 

The remaining integral 𝐾3 is too cumbersome to work out below; therefore its calculation will only be 

sketched here. By writing it as  

𝐾3 =  
𝜆

2𝜋
 

3

 𝛿 𝑟 − 𝑠  𝛿 𝑡 − 𝑞  𝑒−𝑥 𝑟2  𝑝2−𝑟2  𝑝2𝑟1−𝑝1𝑟2 

(𝑝 −𝑟 )2

 𝑠2−𝑡2  𝑠2𝑡1−𝑠1𝑡2 

(𝑠 −𝑡 )2

 𝑞2−𝑝2  𝑞2𝑝1−𝑞1𝑝2 

(𝑞  −𝑝 )2 𝑒−𝑧 𝑞2
   (15) 

with  𝑟 − 𝑠  = (
1

2𝜋
)2  𝑑𝛼𝑑𝛽

∞

−∞
 𝑒𝑖𝛼 𝑟1−𝑠1 +𝑖𝛽 𝑟2−𝑠2  , 𝛿 𝑡 − 𝑞  = (

1

2𝜋
)2  𝑑𝜈𝑑𝜃

∞

−∞
 𝑒𝑖𝜃 𝑡1−𝑞1 +𝑖𝜈 𝑡2−𝑞2  

the 𝑠 integration leads to      
𝜋

2𝑐2 𝑒
−𝑖(𝛼𝑡1+𝛽𝑡2)  

1

4
 𝛼2 − 𝛽2 𝑡1 +

1

2
𝛼𝛽𝑡2    ,  4𝑐 ≡ 𝛼2 + 𝛽2 .Integrating over 

α,β gives                    

2𝜋2

ℎ2
 ℎ2 𝑟2𝑡1 − 𝑟1𝑡2 − ℎ1 ℎ1𝑡1 + ℎ2𝑡2            (16) 

with ℎ  = 𝑟 − 𝑡  ; and the 𝑡 integration yields   
𝜋3

2𝑔2 𝑒
𝑖 𝜃𝑟1+𝜈𝑟2   𝜃2 − 𝜈2 𝑟1 + 2𝜃𝜈𝑟2   , 4𝑔 = 𝜃2 + 𝜈2 ;  the 

θ,ν integration can now be done to get with   𝑏  = 𝑟 − 𝑞  :  
8𝜋4

𝑏2
 𝑏2 𝑟2𝑞1 − 𝑟1𝑞2 − 𝑟1 𝑟1𝑏1 + 𝑟2𝑏2    

 Only the 𝑟 and 𝑞 integration now remain; to take up the latter first we have with 𝑚   = 𝛼𝑟 + 𝛽𝑝  ,  

𝑗 ≡ 𝛼 + 𝑙  , 𝑙 = 𝛽 + 𝑧  , 𝑘 = 𝛼 + 𝑧 , 𝑔 ≡  𝛼 𝑟 − 𝑝  − 𝑧𝑝  2and  𝑛 =  𝛽 𝑝 − 𝑟  − 𝑧𝑟  2:   

8𝜋4  𝑑2𝑞
 𝑞2 − 𝑝2  𝑞2𝑝1 − 𝑞1𝑝2 

𝑏2(𝑞 − 𝑝 )2
𝑒−𝑧 𝑞2

 𝑏2 𝑟2𝑞1 − 𝑟1𝑞2 − 𝑟1 𝑟1𝑏1 + 𝑟2𝑏2   

= 𝜋5𝑒−𝑧 𝑟2
 𝑑𝛼𝑑𝛽  𝑒−𝛽 𝑝 −𝑟  

2 𝑒
𝑛
𝑗

𝑗 7
 −8𝛼𝛽𝑗2𝑚2

2 𝑝1𝑟2 − 𝑝2𝑟1 
2 + 4𝑗3 𝑟2𝑝2 𝑚1

2 + 𝑚2
2 + 3𝑚2 𝛽𝑝1 −

∞

0

𝛼𝑟1  𝑟1𝑝2 − 𝑟2𝑝1 + 2𝛼𝛽𝑚2 𝑟2 + 𝑝2  𝑝1𝑟2 − 𝑝2𝑟1 
2 + 2𝑗4  𝑟2𝑝2 + 3𝑟1𝑝1 + 2 𝑟2 + 𝑝2  𝛽𝑝1 −

𝛼𝑟1  𝑝1𝑟2 − 𝑝2𝑟1 − 2𝑚2 𝑟2 + 𝑝2  𝑟2𝑝2 + 𝑟1𝑝1 − 4𝛼𝛽𝑟2𝑝2 𝑝1𝑟2 − 𝑝2𝑟1 
2 + 4𝑗5𝑟2𝑝2 𝑟2𝑝2 +

𝑟1𝑝1  − 2𝑟1𝑒
−𝛼 𝑝 −𝑟  2 𝑒

𝑔
𝑗

𝑗 6  4𝛼𝑗
2𝑚2  𝑟1𝑝2 − 𝑟2𝑝1  𝑚1𝑟1 + 𝑚2𝑟2  + 2𝑗3  𝑟1𝑝2 − 𝑟2𝑝1  𝑚2 + 𝛼𝑟2 −

𝑝1 𝑚1𝑟1 + 𝑚2𝑟2 − 2𝛼 𝑟1𝑝2 − 𝑟2𝑝1  𝑚2𝑟
2 + 𝑝2 𝑚1𝑟1 + 𝑚2𝑟2   + 2𝑗4 𝑟2 𝑝1 + 2𝛼𝑝2 𝑟1𝑝2 −



P
o
S
(
I
C
H
E
P
2
0
1
2
)
4
7
2

𝑟2𝑝1  − 𝑝2 𝑟1𝑝2 − 𝑟2𝑝1   
                (17)                     

                                                                                         

There now remains the integration over 𝑟 and α(or β) on each term in (17) ; this will be presented 

elsewhere. 

3.Summary  

The calculation of both 𝐾0 and 𝐾2 in the preceding section has been tedious but has been catalyzed using 

the Dirac δ-function and its integral representation; its workout in detail was motivated by the simplicity 

of the method and also because to the best of our knowledge this has not been used elsewhere.   
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