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Preface

In these lectures we want to discuss the conformal field theories that appear on the worldvol-
umes of multiple M-branes. We will mainly consider M2-branes. M5-branes remain very mysteri-
ous whereas recent years has seen great progress in understanding M2-branes.

The worldvolume theories of M2-branes are certain highly supersymmetric Chern-Simons-
Matter Theories (BLG and ABJM). Such theories play a similar role to Yang-Mills theories on
D-branes. Indeed they can be viewed as the IR conformal fixed points of the three-dimensional
Yang-Mills gauge theories on D2-branes in type IIA string theory.

From the point of supersymmetry these theories are quite interesting. In particular they have
the following novel features

• Matter fields are not in the adjoint representation, but yet are related to the gauge fields by
supersymmetry.

• The amount of supersymmetry is determined by the gauge group and matter representation.

These are perhaps the main reasons why it took more than 30 years between the discovery of
maximally supersymmetric Yang-Mills theories and maximally supersymmetric Chern-Simons-
matter theories.

Much of these lectures follow the reviews [1] and [2], which (hopefully) contain detailed
references. I will therefore not give references in these lecture notes and hope that no one takes
offence. Furthermore the lectures are aimed at being pedagogical rather than historical. Another
review, more related to AdS/CFT, can be found in [3], whereas [4] gives a review of integrability.
In particular what follows consists of three lectures (although the final one is rather brief and
speculative):

1 M2-branes and Chern-Simons-Matter Theories.

– BLG

– ABJM

– 3-algebras

2 Physical Analysis

– Vacuum Moduli Space

– Gravity Dual

– Novel Higgs reduction to D2-branes

– Monopole (’t Hooft) operators

– Hidden symmetries

3 M5-branes and the (2,0) CFT

– A (2,0) system

The conventions used are listed in the appendix. Lastly I would like to thank the organizers for the
invitation to lecture at such a nice school.
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1. M2-branes and Chern-Simons-Matter Theories

So we start by considering an M2-brane along x0,x1,x2. This will break the Lorentz group:

SO(1,10)→ SO(1,2)×SO(8) ,

as well as translations along x3, ...,x10. It will also break half of the supersymmetries 32→ 16
preserving those that satisfy

Γ012ε = ε .

The breaking of translational invariance leads to 8 Goldstone modes X I which can be thought
of as describing the positions of the branes. The breaking of the supersymmetries leads to Goldstino
modes: Γ012Ψ = −Ψ. The unbroken supersymmetries act on this spectrum. In the free case, of a
single M2-brane, the supersymmetry is

δX I = iε̄Γ
I
Ψ

δΨ = ∂µX I
Γ

µ
Γ

I
ε .

1.1 BLG

Next we wish to see how this could work for multiple, interacting M2-branes. To this end we
let the fields take values in a vector space with basis T a:

X I → X I
aT a

Ψ→ΨaT a .

A natural guess for supersymmetry is:

δX I
d = iε̄Γ

I
Ψd

δΨd = ∂µX I
dΓ

µ
Γ

I
ε− 1

3!
X I

aXJ
b XK

c f abc
dΓ

IJK
ε ,

where f abc
d are just some sort of ‘structure’ constants. Now we must check that this supersymmetry

algebra closes:

[δ1,δ2]X I
d =−2iε̄2Γ

µ
ε1∂µX I

d− (2iε̄2Γ
JK

ε1XJ
a XK

b f abc
d)X I

c .

The first term is simply a translation by vµ = −2iε̄2Γµε1. This is what we expect and indeed it is
already present in the free theory. The second term must be interpreted as a symmetry:

δX I
d = Λ̃

c
dX I

c , Λ̃
c

d =−2iε̄2Γ
JK

ε1XJ
a XK

b f abc
d .

Furthermore since Λ̃c
d depends on X I it is a local parameter and hence we must have a gauge

theory.
Therefore our next step must be to introduce a gauge field for this gauge symmetry. Following

the standard procedure we define

DµX I
d = ∂µX I

d− Ãµ
c

dX I
c ,
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and similarly for Ψd . This is gauge covariant provided that

δ Ãµ
c

d = ∂µ Λ̃
c

d + Ãµ
c

eΛ̃
e

d− Λ̃
c

eÃµ
e

d ,

under a gauge transformation. We can also compute the field strength from [Dµ ,Dν ]X I
b = F̃µν

a
bX I

a

and find
F̃µν

a
b = ∂ν Ãµ

a
b−∂µ Ãν

a
b− Ãµ

a
cÃν

c
b + Ãν

a
cÃµ

c
b .

We must also postulate supersymmetry variations for and including the gauge field. Thus we are
led to

δX I
a = iε̄Γ

I
Ψa

δΨa = DµX I
aΓ

µ
Γ

I
ε− 1

6
X I

bXJ
c XK

d f bcd
aΓ

IJK
ε

δ Ãµ
b

a = iε̄ΓµΓIX I
c Ψd f cdb

a .

Indeed this closes on-shell, provided that the ‘structure constants’ satisfy the ’Fundamental iden-
tity’:

f abc
g f e f g

d = f e f a
g f gbc

d + f agc
d f e f b

g + f abg
d f e f c

g .

Rather than give the equations of motion that are required for closure we simply note that they
come from the lagrangian

L =−1
2

DµXaIDµX I
a +

i
2

Ψ̄
a
Γ

µDµΨa +
i
4

Ψ̄bΓIJX I
c XJ

d Ψa f abcd−V +LCS ,

where the potential is

V =
1
12

X I
aXJ

b XK
c X I

e XJ
f XK

g f abcd f e f g
d ,

and the ‘twisted’ Chern-Simons term is

LCS =
1
2

ε
µνλ

(
f abcdAµab∂νAλcd +

2
3

f cda
g f e f gbAµabAνcdAλe f

)
.

To construct the action (but not the equations of motion) we required an invariant inner-product hab

on the vector space with
hde f abc

e = f abcd = f [abcd] .

Thus we have constructed the BLG theory with 16 supersymmetries, an SO(8) R-symmetry and
conformal invariance.

But for a positive definite choice of hab it turns out that there is just one finite-dimensional
solution:

f abcd =
2π

k
ε

abcd a,b,c,d = 1,2,3,4 .

What does this look like in more familiar gauge theory terms? Well the gauge algebra generated by
Λ̃c

d = Λab f abc
d is simply all anti-symmetric 4× 4 real matrices: so(4) = su(2)⊕ su(2). The two

su(2) factors can be thought of as self-dual and anti-self-dual generators. The fields X I
a , Ψa are in

the 4 = 2+2 = bifundamental.

LCS =
k

8π
ε

µνλ tr
(

Ã+
µ ∂ν Ã+

λ
+

2
3

Ã+
µ Ã+

ν Ã+
λ
− Ã−µ ∂ν Ã−

λ
− 2

3
Ã−µ Ã−ν Ã−

λ

)
,
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where Ã±µ
a

b are the (anti)-self-dual parts of Ãµ
a

b. The Chern-Simons terms are not gauge-invariant.
In particular one finds that under a general gauge transformation∫

d3xLCS→
∫

d3xLCS +2πkw+−2πkw− ,

where w± are the winding numbers of the two SU(2) gauge group transformations, viewed as maps
from (compactified) euclidean spacetime S3 into SU(2)≡ S3. Thus we require that k, known as the
Chern-Simons level, is an integer. Therefore there is no continuous parameter. However 1/k can
be thought of as a discrete coupling constant.

1.2 ABJM

Thats great! Its the only example of a maximally supersymmetric non-gravitational lagrangian
that is not Yang-Mills. But rather limited as it turns out to only describe 2 M2’s and only when
k = 1,2 (see later). To do better we need to generalize and it turns out that we should consider
slightly less supersymmetry:

• 16→ 12 supercharges

• SO(8) is reduced to SU(4)×U(1) .

So one can now play a similar game but now X I
a written as 4 complex scalar fields:

• ZA
a in 4 of SU(4) with U(1) charge 1

• (ZA
a )

† = Z̄a
A in 4̄ of SU(4) with U(1) charge -1.

For the fermions we write Ψa written as 4 complex fermions

• ψAa in 4 of SU(4) with U(1) charge 1

• (ψAa)
† = ψAa in 4 of SU(4) with U(1) charge -1 .

The 16 components of ε are reduced to εAB =−εBA in 6 of SU(4) with U(1) charge 0.

• (εAB)∗ = εAB = 1
2 εABCDεCD .

If one follows the same steps as above one finds the correct supersymmetry transformations
are

δZA
d = iε̄AB

ψBd

δψBd = γ
µDµZA

d εAB + f ab
cdZC

a ZA
b Z̄c

CεAB + f ab
cdZC

a ZD
b Z̄c

BεCD

δ Ãµ
c

d = −iε̄ABγµZA
a ψ

Bb f ca
bd + iε̄AB

γµ Z̄b
AψBa f ca

bd .

In this case the ‘structure constants’ satisfy

f e f
gb f cb

ad + f f e
ab f cb

gd + f ∗ga
f b f ce

bd + f ∗ag
eb f c f

bd = 0

( f ab
cd)
∗ = f cd

ab

f ab
cd =− f ba

cd .
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The invariant lagrangian is

L = −Dµ Z̄a
ADµZA

a − iψ̄Aa
γ

µDµψAa−V +LCS

−i f ab
cd ψ̄

Ad
ψAa ZB

b Z̄c
B +2i f ab

cd ψ̄
Ad

ψBa ZB
b Z̄c

A

+
i
2

εABCD f ab
cd ψ̄

Ad
ψ

Bc ZC
a ZD

b −
i
2

ε
ABCD f cd

ab ψ̄AcψBd Z̄a
CZ̄b

D ,

where

V =
2
3

ϒ
CD
Bd ϒ̄

Bd
CD

ϒ
CD
Bd = f ab

cd ZC
a ZD

b Z̄c
B−

1
2

δ
C
B f ab

cd ZE
a ZD

b Z̄c
E +

1
2

δ
D
B f ab

cd ZE
a ZC

b Z̄c
E ,

and the ‘twisted’ Chern-Simons term LCS is given by

LCS =
1
2

ε
µνλ

(
f ab

cd Aµ
c

b ∂νAλ
d

a +
2
3

f ac
dg f ge

f b Aµ
b

a Aν
d

c Aλ
f
e

)
.

The structure constants define a triple product:

[T a,T b;Tc] = f ab
cdT d .

One infinite class of examples are given by m×n complex matrices:

[A,B;C] =
2π

k
(AC†B−BC†A) .

Gauge group generated by δZA
d = Λc

b f ab
cdZA

a is

δZA = MZA−ZAN ,

where M,N are m×m and n×n matrices respectively. Thus the gauge group is U(n)×U(m) with
matter in the bi-fundamental. Furthermore the twisted Chern-Simons term is again just a sum of
Chern-Simons terms of U(n) and U(m) with levels k and −k.

There is a slight caveat for the case of m = n. In this case the gauge group reduces to SU(n)×
SU(n) because the two abelian U(1) factors cancel. However one can simply add the U(1)×U(1)
gauge fields back in by hand to to get U(n)×U(n). These lead to

• U(n)×U(n) ABJM theories

• U(m)×U(n) m 6= n ABJ theories

In the special case of SU(2)×SU(2) we recover the BLG theory but written in complex notation.
In these lectures we will restrict attention to these BLG, ABJM and ABJ theories. There is

an interesting story corresponding to other gauge groups and various amounts to supersymmetry.
For example there is also a solution with 12 supersymmetries and group Sp(n)×O(2). Still more
examples can be found with less supersymmetry(10,8, ...) using other choices of gauge groups and
matter representations.

6



P
o
S
(
C
o
r
f
u
2
0
1
2
)
0
8
2

Multiple M-Branes Neil Lambert

1.3 Three-algebras

Before moving on to look at the physical interpretation of these theories as the worldvolume
effective action for M2-branes let us look more closely at this triple product on the vector space V

generated by T a. This defines a 3-algebra:

[·, ·; ·] : V ⊗V ⊗ V̄ → V .

The key idea is that the analog of adjoint map

ϕU,V̄ (X) = [X ,U ;V̄ ] ϕU,V̄ (X̄) =−[X̄ ,V̄ ;U ] ,

is a derivation

ϕU,V̄ ([X ,Y ; Z̄]) = [ϕU,V̄ (X),Y ; Z̄]+ [X ,ϕU,V̄ (Y ); Z̄]+ [X ,Y ;ϕU,V̄ (Z̄)] ,

And this is the fundamental identity that we encountered.
The fundamental identity tells us that the action of ϕ on V is that of a lie-algebra G generated

by ϕU,V̄ for all U,V ∈ V i.e. V is representation of G . Thus a 3-algebra defines a lie-algebra (e.g..
u(m)⊕u(n)) along with a preferred representation (e.g.. the bi-fundamental)

In fact the reverse is also true: Given a Lie-algebra and a representation (along with invariant
inner-products) one can always construct a triple product satisfying the fundamental identity (via
the so-called Faulkner map).

Thus one need not think of a 3-algebra and instead just think of the gauge group and matter
representation. However the symmetry properties of the triple product naturally lead to these rather
esoteric choices (and indefinite inner-products on the lie-algebra leading to the opposite levels
of the Chern-Simons terms). Thus 3-algebras are the natural framework with which to discuss
these supersymmetric Chern-Simons-Matter theories. Indeed the classification of such theories is
essentially a classification of 3-algebras.

In particular we see that the amount of supersymmetry is determined by the symmetry proper-
ties of the triple product and determines the gauge algebra and matter representations. This should
be contrast with the familiar case of super-Yang-Mills theories where the gauge algebra is arbitrary
and all fields are in the adjoint (for more than 8 supersymmetries). This new situation arises because
the Chern-Simons kinetic terms for the gauge field means that they do not represent propagating
dynamical degrees of freedom.

2. Physical Analysis

Having constructed these new and highly supersymmetric three-dimensional field theories we
next have to see how they are related to M2-branes.

2.1 Vacuum Moduli Space

The first thing to look at is the vacuum moduli space. This tells us the space of all the zero-
energy configurations of the M2-branes and hence should correspond to putting n indistinguishable
objects in some eight-dimensional space. Consider ABJM where the vacuum condition is

[ZA,ZB; Z̄C] = 0 ⇐⇒ ZAZ̄CZB = ZBZ̄CZA .

7
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Generically this implies that all the ZA commute (c.f. D-branes):

ZA =

 zA
i

. . .
zA

n

 .

To see that this is all requires one to evaluate the mass formula for small fluctuations which one
finds is non-zero. Why generically? there are special points where extra massless modes arise but
these are expected to be lifted by non-perturbative effects.

However, as is the case with D-branes, we must identify fields that differ by gauge transforma-
tions. But in contrast to D-branes the scalar fields are not in the adjoint by in the bi-fundamental:

ZA→ gLZAg−1
R .

We could set gL = gR so that this is an adjoint action, as with D-branes. This allows us to put ZA in
diagonal form (as we have already done) and in addition acts as

zA
i ←→ zA

j for any i 6= j ,

e.g.. for i, j = 1,2 these are generated by

gL = gR =


0 i
i 0

1
. . .

1

 .

Together these generate the action of the symmetric group Sn on zA
i .

But unlike D-branes we also have continuous gauge transformations:

zA
i → eiθizA

i ,

which arise from taking

gL = g−1
R =

 eiθ1/2

. . .
eiθn/2

 .

The effect of these gauge transformations on the vacuum moduli space is more subtle. To elucidate
their role we must examine the lagrangian restricted to the moduli zA

i , including the gauge fields:

L =−1
2 ∑

i
DµzA

i Dµ z̄Ai +
k

4π
ε

µνλ
∑

i
AL

µi∂νAL
λ i−

k
4π

ε
µνλ

∑
i

AR
µi∂νAR

λ i ,

where

AL
µ =

AL
µ1

. . .
AL

µn


8
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AR =

AR
µ1

. . .
AR

µn


DµzA

i = ∂µzA
i − i(AL

µi−AR
µi)z

A
i .

Note that zA
i only couples to Bµi = AL

µi−AR
µi and not to Qµi = AL

µi +AR
µi:

L =−1
2 ∑

i
DµzA

i Dµ z̄Ai +
k

4π
ε

µνλ
∑

i
Bµi∂νQλ i

with DµzA
i = ∂µzA

i − iBµizA
i . Next it’s helpful to dualize Qµi:

L = −1
2 ∑

i
DµzA

i Dµ z̄Ai +
k

8π
ε

µνλ
∑

i
BµiHνλ i−

1
8π

ε
µνλ

σi∂µHνλ i

∼= −
1
2 ∑

i
DµzA

i Dµ z̄Ai +
k

8π
ε

µνλ
∑

i
BµiHνλ i +

1
8π

ε
µνλ

∂µσiHνλ i ,

where Hνλ i = ∂νQλ i−∂λ Qν i. Integrating out Hνλ i tells us Bµi =−k−1∂µσi and everything is pure
gauge:

L =−1
2 ∑

i
∂µwA

i ∂
µ w̄Ai ,

where wA
i = eiσi/kzA

i is gauge invariant.
So what? The point is that σi is periodic:∫

L (σi +2π)−
∫

L (σi) = −1
4 ∑

i

∫
ε

µνλ
∂µHνλ i

= −1
2 ∑

i

∫
dH

= −1
2 ∑

i

∫
dFL +dFR

∈ 2πZ .

Here we have used the Dirac quantization rule∫
dF ∈ 2πZ ,

along with the fact that Bi =−k−1dσi implies dBi = FL
i −FR

i = 0.
This periodicity of σi means that

wA
i
∼= e2πi/kwA

i .

Thus there is an extra orbifold action in spacetime

R8→ C4/Zk ,

and the vacuum moduli space is
M = Symn (C4/Zk

)
.

9
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This corresponds to n M2-branes in an C4/Zk transverse space. Furthermore the orbifold preserves
12 supersymmetries. Placing M2-branes in such an orbifold does not break any more supersym-
metries.

Let us now consider ABJ with gauge group U(n)×U(m), n 6= m. We write m = n+ l. In
fact one finds that the extra n× l blocks in ZA must vanish. Thus the vacuum moduli space is still
Symn (C4/Zk

)
and so it must still describe n M2’s in C4/Zk. However in the ABJ models parity

is broken (parity corresponds to flipping U(n)×U(m)→U(m)×U(n)). The interpretation is that
l ’fractional’ M2-branes, with charge 1/k, are been stuck at the fixed point. This equivalently
corresponds to l-units of discrete torsion in the background four-form (H4(C4/Zk,Z) = Zk). Since
k fractional branes have unit charge they can move off the fixed point and therefore we require that
l ≤ k. This leads to the following conjectures

• U(n)×U(n+ l) ABJ has no vacuum for l > k

• U(n)×U(n+ k) ABJ is dual to U(n)×U(n) ABJM .

2.2 Dual Geometry

Let us look more closely at the spacetime. The orbifold acts as

(x0,x1,x2)→ (x0,x1,x2) , zA→ e2πi/kzA ,

here zA are complex coords for the C4 ∼= R8 spanned by x3, ...,x10. We next write R8 in ’spherical’
coordinates

ds2
R8 = dr2 + r2ds2

S7 ,

and then S7 as a Hopf fibration over CP3:

ds2
S7 = (dφ +ω)2 +ds2

CP3 .

In these coordinates the orbifold simply acts on the fibre as

φ → φ +2πi/k .

At large k, which is weak coupling, the orbifold shrinks the fibre and we have a type IIA back-
ground.

Let use consider the large n limit. The supergravity solution solution is

ds2
11 = H−2/3(−(dx0)2 +(dx1)2 +(dx2)2)+H1/3ds2

C4/Zk

=
r4

n
2
3 r4

0

(−(dx0)2 +(dx1)2 +(dx2)2)+
n

1
3 r2

0
r2 dr2 +n

1
3 r2

0ds2
S7/Zk

=
n

1
3 r2

0
4

(
−(dx0)2 +(dx1)2 +(dx2)2 +dz2

z2

)
+n

1
3 r2

0ds2
S7/Zk

,

where

H = 1+
nr6

0
r6 .

10
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Therefore we obtain, in the large k limit, an AdS4×CP3 dual type IIA geometry:

ds2
10 =

√
nr3

0
4k

ds2
AdS4

+

√
nr3

0
k3 ds2

CP3 ,

with e2φ =
√

nr3
0k−3, C(1) = kω .

2.3 Novel Higg’s Reduction to D2-branes

Next we consider a bunch of M2-branes located at z4 = iv, far from the origin.

ZA = ivδ
A4 +

1√
2

XA + i
1√
2

XA+4 .

If we just look at small fluctuations (small compared to the distance v from the origin) then the
spacetime, which is really R8/Zk, looks like R7× (S1/Zk).

This leads to a ‘novel Higgs’ effect since v 6= 0 breaksU(n)×U(n)→U(n). However rather
than a massless gauge field becoming massive the starting point is a non-dynamical gauge field and
the result is a dynamical one (recall that in three-dimensions a massless gauge field has just one
degree of freedom).

We won’t give the calculation in detail here. Rather we note that Bµ = AL
µ −AR

µ has no kinetic
term and can integrated out. At lowest order this is quite straightforward and yields a familiar
Yang-Mills kinetic term for Aµ . In this process Aµ = AL

µ +AR
µ eats X8 and becomes dynamical.

The resulting action has a dynamical vector and 7 scalars (plus fermions) and must preserve
at least 16 supersymmetries.Therefore it must be, at least at leading order, three-dimensional max-
imally supersymmetric Yang-Mills:

L =
1

g2
Y M

LMSY M +O(1/v3) ,

where g2
Y M = 8π2v2/k. The higher order corrections correspond to the fact that finite fluctuations

sense that spacetime is not R7×S1 but R8/Zk. Thus we have recovered the link to D2-branes.

2.4 Monopole (’t Hooft) operators and hidden symmetries

Let us return to the moduli space. It follows that we can think of

ZA =

 zA
i

. . .
zA

n

 ,

as describing the positions of n M2-branes in C4/Zk. Furthermore the natural circle for the M-
theory direction is the over-all phase. Suppose we wanted to describe n M2-branes moving along
the M-theory circle, possibly with different speeds. One might expect that this corresponds to

ZA =

 zA
i eiω1t

. . .
zA

n eiωnt

 ,

11
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but this is pure gauge! We can un-do it by taking

gL = g−1
R =

 e−iω1t/2

. . .
e−iωnt/2

 .

Note that this gauge transformation is not allowed for D-branes where the scalars are in the adjoint.
So how do the M2-branes ’explore’ the full transverse space?

Let us set the fermions to zero and construct the hamiltonian

H = tr
∫

d2x ΠZAΠZ̄A
+DiZADiZ̄A +V

+

(
iZA

ΠZA− iΠZ̄A
Z̄A−

k
2π

FL
12

)
AL

0

+

(
iZ̄AΠZ̄A

− iΠZAZA +
k

2π
FR

12

)
AR

0 .

As usual the time-components of the gauge field give constraints:

k
2π

FL
12 = iZA

ΠZA− iΠZ̄A
Z̄A

k
2π

FR
12 = iΠZAZA− iZ̄AΠZ̄A

.

Consider the vacuum moduli again:

ZA =


1√
2
RA

1 eiθ A
1

. . .
1√
2
RA

n eiθ A
n

 .

The constraint is

k
2π

FL
12 =

k
2π

FR
12 =

∑A(RA
1 )

2∂0θ A
0

. . .

∑A(RA
n )

2∂0θ A
n

 .

In other words the momentum around the M-theory circle is given by the magnetic flux. This is, in
spirit, the same as dualization:

∂µX10 =
1
2

εµνλ Fνλ ⇐⇒ ∂0X10 = F12 .

This raises the next question: how do we compute quantities with 11D momentum. In partic-
ular the gauge invariant observables appear to only carry vanishing U(1) charge:

O = tr(ZAZ̄BZC...) gauge invariant

O = tr(ZAZBZC...) not gauge invariant .

Thus the most simple operators don’t really explore all 11 dimensions.

12
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This brings us to monopole or ’t Hooft operators: We want to create states or operators (these
two are essentially the same in a CFT) that carry magnetic charge. These operators are defined as
a prescription for computing correlators in the path-integral. They are not constructed as a local
expression of the fields.

< M (y)O(z)... >=
∫
∮

y F=2πQM

DZDψDAO(z)e−S .

In other words we require the fields in the path integral to have a specific singularity

F = ?
QM

2
d
(

1
|x− y|

)
+nonsingular ,

where QM ∈ u(n)× u(n) is the magnetic flux and is subject to the standard Dirac quantization
condition

e2πiQM = 1 .

There is a famous result of Goddard, Nuyts and Olive that the set of QM which satisfy this,
modulo gauge transformations, are in one-to-one correspondence with highest weights of represen-
tations of the dual gauge group (Langlands dual in modern parlance). This can lead to complica-
tions but for us the dual of U(n) is just U(n). We can therefore group together various choices of
fluxes into states associated with those of a representation of U(n).

Furthermore we will be interested in supersymmetric monopole operators where the fields
near the insertion point are those of a supersymmetric Dirac monopole (so the scalars also have a
singularity).

Next we note that due to the Chern-Simons term monopole operators transform locally under
a gauge transformation δAL/R

µ = DµωL/R (with ω → 0 at infinity) as

MQM(x) → e(ik/2π) tr
∫
(DωL∧FL−DωR∧FR)MQM(x)

= eik tr((ωL(x)−ωR(x))QM)MQM(x) .

Note that by construction we have broken the gauge group to U(1)n×U(1)n. This is enough to tell
us that under full gauge transformations the monopole operators transform in the representation of
U(n)×U(n) whose highest weight is

~Λ = k(~QM,−~QM) ,

(actually because of the sign the second factor is the lowest weight).
This is all very abstract (and tricky to calculate with). Consider the abelian case for example

as appeared in the moduli space discussion (and Wick rotated)

L =−1
2 ∑

i
DµzA

i Dµ z̄Ai +
k

8π
ε

µνλ
∑

i
BµiHνλ i−

i
8π

ε
µνλ

σi∂µHνλ i .

Here the monopole operators do have a local expression and are simply given by

Mi(y) = eiσi(y) .

13
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To see this consider

< Mi(y)O(z)... > =
∫

DzDBDQeiσi(y)O(z)e−
∫

d3xL (x)

=
∫

DzDBDQO(z)e−
∫

d3xL (x)−iσi(x)δ (x−y) .

This is the same as taking

1
8π

ε
µνλ

∂µHνλ i→
1

8π
ε

µνλ
∂µHνλ i +8πδ (x− y) ,

i.e. inserting a magnetic charge at x = y.
Thus our gauge invariant operator on the moduli space is just

wA
i = eiσi/kzA

i = (Mi)
1
k zA

i ,

and indeed Mi has charge (k,−k) under the appropriate U(1)×U(1) factor.
Classically eiσi has scaling dimension zero (because Bi ∝ dσi has scaling dimension one).

What about quantum mechanically? You might think this was shifted because of normal ordering
(c.f. eikX on the string worldsheet). However the momentum conjugate to Bµi is Aµi and thus Bµi

and hence σi has vanishing OPE with itself. So no normal ordering does not cause any anomalous
dimension and eiσi is dimension zero in the quantum theory. It is expected that monopole operators
have vanishing conformal dimension in the full ABJM and BLG theories.

2.5 Hidden symmetries

Let us return to the maximally supersymmetric cases k = 1,2 where the transverse space is

k = 1 : R8 , k = 2 : R8/Z2 .

M2-branes in these backgrounds preserve 16 supersymmetries. What happened to the extra two
supersymmetries and SO(8) R-symmetry? The claim is that they are there but just not manifest
(this is okay since k = 1,2 is strongly coupled and the classical intuition based on the lagrangian
could be misleading).

The extra supersymmetry comes from the supercurrent

Jµ = M abDµZA
a ψAb ,

and extra R-symmetries from

JAB
µ = M ab(ZA

a DµZB
b −ZB

a DµZA
b + iεABCD

ψ̄CaγµψDb) ,

Recall that ZA and ψA are both in the (n,n) , so DµZAψA, ZADµZB and ψ̄CψD are not gauge
invariant. In particular they are in the tensor product of two fundamental representations of the
U(n)×U(n) with U(1) charge 2.

So for these currents to exist we need to dress them up with a monopole operator M ab is in
the tensor product of two anti-bi-fundamental representations of U(n)×U(n) with U(1) charge -2.
When does such an M exist?

14
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The (highest weight,lowest weight) for two-tensored anti-bi-funamental representation is

~Λ = (2~λn−1,−2~λn−1) .

According to our discussion about monopole operators we must have

~Λ = k(~QM,−~QM) ,

for a monopole charge vector ~QM. Thus M only exists if

• k = 1, ~QM = 2~λn−1

• k = 2, ~QM =~λn−1 .

But this is precisely as required! Thus it is consistent to conjecture that the ABJM theories at
k = 1,2 do have enhanced symmetry and supersymmetry. For two M2-branes we can make these
manifest as we now see.

Let us now return to where we started: BLG. This is an SU(2)×SU(2) Chern-Simons-Matter
theory with maximal supersymmetry and an SO(8) R-symmetry. How does it fit in? One point
to realise is that in addition to the choice of k there is also a choice of the global gauge group:
SU(2)×SU(2) or (SU(2)×SU(2))/Z2. Among other things this choice affects the vacuum moduli
space since it alters the Dirac quantization condition. To cut a long(ish) story short one finds:

• BLG (SU(2)×SU(2))/Z2 at k = 1 is dual to ABJM U(2)×U(2) at k = 1,

i.e. 2 M2’s in R8

• BLG SU(2)×SU(2) at k = 2 is dual to ABJM U(2)×U(2) at k = 2,

i.e. 2 M2’s in R8/Z2

• BLG (SU(2)×SU(2))/Z2 at k = 4 is dual to ABJ U(2)×U(3) at k = 2,

i.e. 2 M2’s in R8/Z2 with one fractional brane.

Thus the original BLG theory describes 2 M2-branes in R8 or R8/Z2 with the benefit, in contrast
to ABJM, that all symmetries are manifest.

3. M5-branes and the (2,0) CFT

Can we try our luck with M5-branes? This is a notoriously difficult problem (but then again
the same was once said of M2-branes). However it really does seem hard since we are now talking
about six-dimensional conformal field theories and there are no known good quantum theories
above four dimensions. Nevertheless M-theory (as well as other arguments) tells us that such a
theory exists, without gravity. It must be a very rich and novel theory dual to AdS7 × S4. Its
symmetries and fields can be deduced from the breaking

SO(1,10)→ SO(1,5)×SO(5) .
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The preserved supersymmetries sastistfy

Γ012345ε = ε ,

leading to (2,0) supersymmetry in six-dimensions.
The multiplet contains 5 scalars X I , I = 6,7,8,9,10, corresponding to the breaking of trans-

lational invariance, and fermions which satisfy Γ012345Ψ = −Ψ and arise from the breaking of
supersymmetry. Since 5 scalar degrees of freedom cannot on their own form the bosonic part of a
supermultiplet with 16 supersymmetries we require 3 more bosonic degrees of freedom. A mass-
less vector field would have 4 degrees of freedom so that won’t do. A two-form, with a three-form
field strength has six degrees of freedom. That’s also too much but we can impose that the field
strength is self-dual which brings us back to 3 degrees of freedom. And this is indeed the right
answer.

The free supersymmetry transformations are1

δX I = iε̄Γ
I
Ψ

δΨ = Γ
µ

Γ
I
∂µX I

ε +
1
3!

1
2

Γ
µνλ Hµνλ ε

δHµνλ = 3iε̄Γ[µν∂λ ]Ψ ,

and the equations of motion are those of free fields with dH = 0 (and hence dH = d ?H = 0).
These equations can be reduced to the D4-brane of type IIA string theory if one sets ∂5 = 0 and

Fµν = Hµν5 .

3.1 A (2,0) System

We wish to generalise this algebra to non-abelian fields. Following as we did for M2-branes
we introduce a covariant derivative

DµX I
a = ∂µX I

a− Ãb
µ aX I

b .

However in order to introduce interactions, which appear in the formula for δΨa we require a terms
with an odd number of Γµ matrices. In particular we’d like a term of the form X I

aXJ
b ΓµΓIJ . To soak-

up the spare µ index we are forced to introduce a new field Cµ
a . Looking for the most general set

of supersymmetry transformations leads to

δX I
a = iε̄Γ

I
Ψa

δΨa = Γ
µ

Γ
IDµX I

aε +
1
12

Γµνλ Hµνλ
a ε− 1

2
Γλ Γ

IJCλ
b X I

c XJ
d f cdb

aε

δHµνλ a = 3iε̄Γ[µνDλ ]Ψa + iε̄Γ
I
ΓµνλκCκ

b X I
c Ψd f cdb

a

δ Ã b
µ a = iε̄ΓµλCλ

c Ψd f cdb
a

δCµ
a = 0 ,

where f abc
d are totally anti-symmetric structure constants of a (possibly Lorentzian) 3-algebra.

This algebra closes with the on-shell conditions

0 = D2X I
a−Cν

b CνgXJ
c XJ

e X I
f f e f g

d f cdb
a−

i
2

Ψ̄cCν
n ΓνΓ

I
ψd f cdb

a

1Note that in this lecture we use µν = 01,2, ..,5 and I,J = 6,7,8...10.
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0 = D[µHνλρ] a +
1
4

εµνλρστCσ

b X I
c DτX I

d f cdb
a +

i
8

εµνλρστCσ

b Ψ̄cΓ
τ
ψd f cdb

a

0 = Γ
µDµΨa +X I

cCν
b ΓνΓ

I
Ψd f cdb

a

0 = F̃µν
b

a−Cλ
c Hµνλ d f cdb

a

0 = DµCν
a =Cµ

c Cν
d f cdb

a

0 = Cρ
c DρX I

d f cdb
a =Cρ

c DρΨd f cdb
a =Cρ

c DρHµνλ a f cdb
a .

Thus we have found a system of equations with (2,0) supersymmetry, SO(5) R-symmetry and scale
symmetry (Cµ

a has dimensions of length). We note that this construction would also work if we did
not put an algebra index on Cµ , in which case the 3-algebra structure constants reduce to those of
a lie-algebra: f ab

c.
We see that Cµ

a is non-dynamical and simply picks out a fixed direction in space and in the
3-algebra and Cµ

a Dµ = 0. The components of the fields parallel to Cµ
a in the three-algebra reduce

to the free six-dimensional multiplet above. The remaining non-abelian and interacting part of
the equations only depend on a reduced number of coordinates. In particular if Cµ is chosen to
be spacelike then the equation of motion become those of five-dimensional maximally supersym-
metric Yang-Mills (one also finds a curious real and euclidean form of five-dimensional maximally
supersymmetric Yang-Mills if Cµ is timelike). If Cµ is taken to be null then the equations of motion
reduce to one-dimensional motion on the moduli space of self-dual four-dimensional gauge fields
(with the other null coordinate ‘perpendicular’ to Cµ playing the role of time).

Nevertheless the system is six-dimensional. To see this we can construct a conserved energy-
momentum tensor

Tµν = DµX I
aDνX Ia− 1

2
ηµνDλ X I

aDλ X Ia

+
1
4

ηµνCλ
b X I

aXJ
c CλgX I

f X
J
e f cdba f e f g

d +
1
4

Hµλρ aHν
λρ a

− i
2

Ψ̄aΓµDνΨ
a +

i
2

ηµνΨ̄aΓ
λ Dλ Ψ

a− i
2

ηµνΨ̄aCλ
b X I

c Γλ Γ
I
Ψd f abcd .

Here we see that the system is six-dimensional in the sense that all Pµ are non-vanishing. Further-
more its superalgebra is a (2,0) superalgebra. One sees that the momentum parallel to Cµ is of the
form

CµPµ =
∫

d5xCµT0µ ∼ Tr
∫

F ∧F ∈ Z ,

i.e. the instanton number of the gauge field. This suggest that one direction, the M-theory direction,
is compact (i.e. R5×S1). Correspondingly the M-theory momentum is ’topological and quantized’
- just as with M2-branes - and solitonic states are needed to carry the extra momentum.

This leads to the conjecture, or hope, that five-dimensional maximally supersymmetric Yang-
Mills is exactly the M5-brane theory on a circle. This seems crazy as the latter is divergent and non-
renormalizable but the former is a well-defined field theory. One resolution to this contradiction is
to note that the non-perturbative sector cannot be readily disentangled from the perturbative sector.
The usual argument states that solitons are suppressed by factors of

e−1/g2
Y M ,
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and hence do not appear in a perturbative expansion. However in five-dimensional super-Yang-
Mills g2

Y M has dimensions of length so we in fact must have

e−d/g2
Y M ,

where d is a length-scale. Therefore there is no decoupling from perturbative dynamics if d ≤
O(g2

Y M). Furthermore integrating over d, as might be expected to happen to internal states appear-
ing in an amplitude, produces positive powers of g2

Y M. Thus it is possible that five-dimensional
maximally supersymmetric Yang-Mills is well-defined but only if treated non-perturbatively.

Appendix: Some Conventions

Metric:

η =


−1

1
. . .

1

 .

Indices:

m,n... = 0,1,2, ...10

µ,ν , ... = 0,1,2

I,J... = 3,4, ...,10

A,B = 1,2,3,4 .

(Except in lecture 3 where µ,ν = 0,1,2...,5 and I,J...= 6, ...,10.)

Spinors:
32 Component:

Γm real, C = Γ0, Ψ real, Ψ̄ = Ψ
TC , Γ012Ψ =−Ψ .

2 Component:

γµ real, C = γ0, ψA complex, ψ̄
A = ψ

†
AC .
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