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1. Introduction
In the ultra-relativistic heavy-ion collision experiments there is an extensive study on the properties of the Quark Gluon Plasma (QGP). By now there is a very little doubt that the QGP is a
strongly coupled fluid [1]. Moreover, there is a strong belief that the QGP is far from equilibrium
after its creation and for a short period anisotropies occur both in momentum and coordinate space.
The QGP goes through different phases for short period of time. It can be thought as a small
simulation of the big bang with certain basic differences being for example the relative number of
2
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where px,y are the momenta of the particles in the transverse space of the collision in Figure 1 can
be measured experimentally though the particle distributions and can be calculated theoretically
with hydrodynamic simulations, predicting low thermalization times. At RHIC energies the elliptic

Figure 1: The transverse plane xy to the collision axis. The participants contribute in the collisions where
the different pressure gradients along the short and the long axis generate anisotropic momentum distributions.

flow is described relatively well by models which apply the hydrodynamics at τ . 1 f m. Then for
.3 − 2 f m . τ . 15 f m the equilibrium phase of the plasma follows. This phase is under better
control and has been studied extensively. Then for a time period of 3 f m, 15 f m . τ . 18 f m a hot
hadron gas is formed and for later times τ & 18 f m the freezout starts to occur.
Here we are mainly interested in the anisotropic phase of the plasma. One of the anisotropies
occur because the plasma expands mainly along the collision axis. Studying the anisotropies at the
weak coupling limit, color plasma instabilities occur which are responsible for the short isotropization time in the QGP. The non-Abelian plasma instabilities lead also to turbulent behavior [5]. A
hard-thermal-loop effective theory of plasma in the equilibrium has been generalized for a nonequilibrium anisotropic plasmas in [6]. In the weakly coupled theory have been studied several observables, some of them are the heavy quark potential and the quarkonium properties [7, 8, 9, 10],
the jet quenching [11, 12] and the photon and dilepton emission [13, 14]. Anisotropic expanding
plasmas have also been considered in [15] and which lead to an anomalous viscosity with low value
[16]. Other anisotropic hydrodynamical models that interpolate between an anisotropic initial state
3
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baryons present at the process and the time scales involved. The QGP is forming at τ ≃ 0.1 f m after
the collisions. Then due to pressure anisotropies follows the interesting non-equilibrium period,
where momentum and coordinate space anisotropies occur. This lasts approximately for 0.1 f m .
τ . .3 − 2 f m, where the high bound on the time has not been specified yet very accurately, but the
thermalization and isotropization process of the plasma is currently under intensive studies. The
times of order τ . 2 f m are predicted using conformal viscus hydrodynamics, but the values depend
strongly on the initial conditions and the details of the plasma hadronization. The gauge/gravity
duality models suggest lower thermalization times ∼ 0.3 f m [2]. At the anisotropic stage several
parameters that describe the plasma properties have been introduced. For example, the elliptic flow
parameter
⟨ 2
⟩
px − p2y
⟩,
v2 = ⟨ 2
(1.1)
px + p2y

Dimitrios Giataganas1,2

Strongly Coupled Anisotropic Plasmas

4

PoS(Corfu2012)122

and a state that is described by the perfect fluid hydrodynamics have been developed in [17, 18]
and [19].
Taking into account that the QGP is a strongly coupled fluid the perturbative methods of Quantum Chromodynamics (QCD) are in general not appropriate for describing it. An alternative approach could be by using the Lattice field theory, for example as in [20], but the progress is difficult
since real time phenomena in finite temperature need to be studied. Another promising approach to
study these phenomena, at least in a qualitative level, is by using the methods of the gauge/gravity
dualities [21]. The theories used in the dualities to study QGP properties have in general different
characteristics than QCD. Nevertheless, in high temperature many of these theories have common
characteristics and it is believed that there exist a certain level of universality in their results. The
most known achievement of the holographic studies of the plasma, is the shear viscosity over entropy density calculation where a very low value for the fraction is predicted [22]. The QGP plasma
at equilibrium has been studied extensively using the gauge/gravity correspondence [23]. It is natural and very interesting to attempt to extend these studies to the non-equilibrium phase. In this
paper we discuss some recent progress to this direction.
In heavy-ion collisions there are several collective phenomena generated by the anisotropies,
ie. longitudinal flow where the collective motion is along the beam, radial flow where the velocity
of the particles have spherical symmetry, elliptic flow where the particles preferably move along
certain azimuthal angles as described before. We are mostly interested here to the longitudinal
expansion of the plasma along the collision axis. A way to partly isolate this anisotropy is to
think the colliding nuclei having infinite transverse area, or more realistically to participate only
in completely central collisions. Using this setup after the formation time, a rapid longitudinal
expansion along the beam line occurs. The pressures along the longitudinal and transverse direction
⟨ ⟩ ⟨ ⟩
follow the inequality PL < PT and the particle momenta p2L < p2T in the local rest frame.
To resemble such an anisotropic plasma in the gravity dual theory one would aim to have a
time dependent anisotropy. However, even the models with a fixed anisotropy provide important
information for the anisotropy effects to the plasma. Here we use such static anisotropic models
and we review and present some new results on several observables in the anisotropic gauge/gravity
dualities.
Our paper has the following structure. In section 2 we review two recent anisotropic backgrounds, one background obtained by a space dependent θ term deformation of the N = 4 sYM
[24] and the other which is singular derived from a stationary anisotropic energy momentum tensor
[25]. We discuss the dual field theory of the first background and focus on their most interesting
properties. In section 3 we discuss some weak coupling models and establish a connection between the parameters appearing in the strongly coupled background and the weak coupling models
through the pressure formulas. Having ready the basic setup we move to study several observables
in sections 4 and 5: the static potential and force, the imaginary part of the static potential, the
quark dipole in the plasma wind, the drag force and diffusion time, the jet quenching of heavy and
light quarks, the energy loss of rotating quarks, the photon production and finally the violation of
the holographic viscosity over entropy bound. At several points the results of the two models are
compared to each other, as well as to the weak coupling results. In section 6, we show that more
"quantitative" predictions of the observed expanding QGP are not possible using these particular
dualities due to certain bounds of their parameters.
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2. Gauge Theory and Dual Gravity Setup
In this section we review two anisotropic backgrounds we use to calculate observables in the
anisotropic QGP. We focus mostly on the first anisotropic background for various reasons analyzed
below, the most important being the singularity which appears in the background 2.
2.1 Background 1 [24]

δS ∼

∫

ax3 TrF ∧ F ,

(2.1)

where x3 is the spatial anisotropic coordinate. If one choose to compactify the x3 -direction on a
circle, the remaining three dimensional theory contains a normal Chern-Simons term which couples
to the charge density a. If additionally the usual antiperiodic conditions will be imposed for the
fermions around the circle the theory flows to a Chern-Simons theory in IR and applications to
holographic Quantum Hall effect can be studied [27]. In principle space-dependent θ deformations
do not have to break the supersymmetry [28], although in our case it does break it.
In the gravity dual side the θ angle is related to the axion of the type IIB supergravity through
the complexified coupling constant

τ=

θ (x3 ) 4π i
+ 2 ⇔ χ (x3 ) + ie−ϕ
2π
gY M

(2.2)

and therefore an axion with space dependence will be present in the anisotropic background. The

Figure 2: The deformation of the N = 4 sYM with the space dependent θ term, in field theory and the
gravity
side.
.

presence of the axion is related with the presence of D7 branes. It can be understood through the RR
forms, where the RR 8-form C8 gives dC8 ∼ ⋆d χ where the ⋆ is the Hodge dual in ten dimensions.
Therefore the directions where C8 lies are completely specified as Cx0 x1 x2 S5 , where with S5 are denoted the five coordinates of the sphere. As a result the D7 branes wrap the S5 and extend along the
three space time directions x0 , x1 , x2 , while can be though as smeared along the anisotropic direc-

tion.
5
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The anisotropic background of this section is a solution to the type IIB supergravity equations
and is a top-down construction. In the field theory side it can be though as a deformed version of
the N = 4 finite temperature sYM. The additional deformation term in the action is a θ parameter
term depending on the anisotropic direction [26]
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where ϕ is the dilaton, χ is the axion, and a is the anisotropic parameter measured in units of
inverse length. The functions F , B, Z depend on the holographic coordinate u and their form
will be given later. The x3 direction is the anisotropic one and will be referred as a longitudinal
to anisotropy, where the other two on the transverse plane which has the rotational symmetry will
be referred as the transverse directions. The background has a RR-five from proportional to the
volume of the sphere
F5 = 4(ΩS5 + ⋆ΩS5 )
(2.5)
and has no B-field. The analytical form of the functions can be found when the scale anisotropy
over temperature is small enough, a/T ≪ 1. Here we consider the expansions of the fields up to
second order in a/T around a black D3-brane solution.
F (u) = 1 −

u4
+ a2 F2 (u) + O(a4 )
u4h

(2.6)

B(u) = 1 + a2 B2 (u) + O(a4 ) ,
−ϕ (u)

H (u) = e

,

Z (u)x = e

ϕ (u)
2

(2.7)
,

where

ϕ (u) = a ϕ2 (u) + O(a ) .
2

4

(2.8)

The exact form of the F2 (u), B2 (u), ϕ2 (u) function can be found by solving the Einstein equations
with asymptotic AdS boundary conditions and requiring F2 to vanish at the horizon, giving
[
(
)]
1
u2
2 2
2
4
4
4
F2 (u) =
8u (uh − u ) − 10u log 2 + (3uh + 7u ) log 1 + 2
,
24u2h
uh
[
(
)]
u2h 10u2
u2
B2 (u) = −
+ log 1 + 2
,
24 u2h + u2
uh
(
)
u2
u2
ϕ2 (u) = − h log 1 + 2 .
(2.9)
4
uh
6
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As a larger number of D7 branes is taken, they start to backreact on the geometry anisotropically
and they deform it in a way that the final geometry has a broken rotational invariance. Notice
that the D7 branes do not extent along the holographic radial direction, therefore do not touch the
boundary and do not add new degrees of freedom to the theory. This is their essential difference
with the flavor branes.
The ansatz taken for the axion is χ = ax3 , where the proportionality constant turns out to be
related to the density nD7 of the smeared branes along the anisotropic direction as a = λ nD7 /4π Nc .
The geometry of the supergravity solution has a singularity in the IR which is hidden behind
the horizon. Moreover in the boundary it becomes asymptotically AdS while in the deep IR approaches a Lifshitz-like solution found in [26], where for example the invariant scaling takes the
(
)
form (x0 , x1,2 , x3 , u) → λ x0 , λ x1,2 , λ 3/2 x3 , λ u . So the solution can be viewed as a renormalization
group flow from an isotropic UV point to and anisotropic IR. It seems very possible to exist other
solutions with similar characteristics.
In the string frame the background is given by
(
)
du2
1
+ Z dΩ2S5 .
ds2 = 2 −F B dx02 + dx12 + dx22 + H dx32 +
(2.3)
u
F
χ = ax3 ,
ϕ = ϕ (u) ,
(2.4)
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The temperature of the solution can be found following the usual procedure as
√
5 log 2 − 2
1
∂u F B
T =−
=
+ a2 uh
+ O(a4 )
4π
π
u
48
π
h
u=uh

(2.10)

and the uh parameter can be traded with the more physical parameter, the temperature by
uh =

1
5 log 2 − 2
+ a2
+ O(a4 ) .
πT
48π 3 T 3

(2.11)

3π 2 Nc2 T 4
N 2T 2
+ a2 c
+ O(a4 ) ,
8
32
π 2 Nc2 T 4
N 2T 2
Px1 x2 =
+ a2 c
+ O(a4 ) ,
8
32
π 2 Nc2 T 4
N 2T 2
− a2 c
+ O(a4 ) .
Px3 =
8
32
E =

(2.12)

At low anisotropies the pressure of the plasma along the anisotropic direction is always lower than
the one in the other two directions
Px3 < Px1 x2 ,
(2.13)
and this inequality specifies the region we are mostly interested in the QGP. The entropy density
reads
π 2 Nc2 T 3
N2T
s∝
+ a2 c + O(a4 ) .
(2.14)
2
16
Notice that all the expressions for zero anisotropies approach the isotropic D3-brane solution
smoothly.
For larger anisotropies the solution can be found numerically. However after a critical value
of a/T the inequality (2.13) gets reversed. Also the solution at this region has different scalings in
entropy density where
s ∝ Nc2 a1/3 T 8/3 .
(2.15)
Notice that the phase diagram of a non-interacting version of this theory has been considered in
[29].
2.2 Background 2 [25]
The background under discussion in this section is a stationary anisotropic with energy-momentum
tensor
⟨ ⟩
⟨ ν⟩
Tµν = diag (ε , PL , PT , PT ) ,
Tµ = 0 ,
(2.16)
and ε = PL + 2PT . The most generic metric having these symmetries is
(
( 2
)
) 1
2
2
ds2 = −a(u)dt 2 + b(u)dx3,L
+ c(u) dx1,T
+ dx2,T
+ du2 2 ,
u
7

(2.17)
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The energy and the pressures can be found from the expectation values of the stress tensor, with
P⊥ := ⟨T11 ⟩ = ⟨T22 ⟩ = Px1 x2 the pressures along the x1 or x2 directions and P∥ := ⟨T33 ⟩ = Px3 the
pressure along the anisotropic direction
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where a(u), b(u), c(u) functions are specified by the boundary conditions. To see how, we use
the fact that in Fefferman-Graham coordinates the metric of an asymptotically AdS space can be
written in general as
(
) 1
ds2 = gµν (x, u) + du2 2 ,
(2.18)
u
where u is the holographic coordinate and the boundary of the space is at u = 0. Near the boundary
the metric satisfies
( )
(4)
gµν (x, u) = ηµν + u4 γµν (x, u) + O u6
(2.19)

⟨

⟩
N 2 (4)
Tµν = c2 γµν
2π

(2.20)

and the metric for a certain energy momentum tensor is chosen by the conditions that no singularities appear in the resulting bulk geometry [31]. The functions of the metric (2.17) can be specified
as
√
1 1
2
36−2B2
(1 − A2 u4 ) 2 + 4 36−2B ,
√
√
1
1
1 B
1 B
2
2
(1 + A2 u4 ) 2 − 3 + 12 36−2B (1 − A2 u4 ) 2 + 3 − 12 36−2B
√
√
1
1
2 4 12 + B6 + 12
36−2B2
2 4 21 − B6 − 12
36−2B2

a(u) = (1 + A2 u4 ) 2 − 4
1

b(u) =

1

√

(1 − A u )

c(u) = (1 + A u )

(2.21)
,

(2.22)

,

(2.23)

where for u → 0 it approaches the AdS space and with the two free parameters A and B appearing
in the energy density and pressure relations
1 √
ε = A2 36 − B2 ,
2

1 √
2
PL = A2 36 − B2 − A2 B ,
6
3

1 √
1
PT = A2 36 − B2 + A2 B . (2.24)
6
3

Notice that B = 0, results equal pressures and the solution reduces to a static AdS black hole. For
√
B < 0 the plasma is prolate and for the special value B = − 6 ⇒ PT = 0. For B > 0 the plasma is
√
oblate and for B = 2 ⇒ PL = 0.
However when the anisotropy is present the metric has a naked singularity in the bulk. Nevertheless the singularity is in a sense mild, since for the scalar wave equation, ingoing and outgoing
boundary conditions can be naturally defined.
Other holographic models that have been constructed for anisotropic fluids are [32]. 1

3. Relation of the Background Parameters to the Anisotropic QGP and Connection
to the Weakly Coupled Anisotropy Parameters
To make the connection of the background anisotropy and the plasma we need to consider
a kinematic example where the accelerated beams of nucleons collide along the anisotropic x3
direction, the beam axis direction, where the plasma initially expands rapidly.
1 Quite

different anisotropies may be sourced by external magnetic field as for example in [33].

8
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(4)

and is a solution of the Einstein equation Rµν (x, u) = −4gµν (x, u). The γµν is given by the expectation value of the gauge theoretical energy momentum tensor [30]
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A usual method to represent the geometry of the anisotropic plasma in the weakly coupled theories is to consider its distribution function f (t, x, p) homogeneous in position space but anisotropic
in the momentum space. It takes the form [34]
√
faniso (p) = cnorm (ξ ) fiso ( p2 + ξ (p · n)2 ) ,

(3.1)

where the vector n = (0, 0, 1) is the unit vector chosen along the anisotropic direction and the
parameter ξ is a measure of anisotropy and cnorm is the normalization constant. The function
deforms the spherical momentum distribution since along the anisotropic direction the momentum is rescaled. For ξ > 0 the distribution is contracted in the anisotropic direction and it is the
configuration we are interested mostly depicted in Figure 3. For −1 < ξ < 0 the distribution is
stretched along the anisotropic direction. The anisotropic QGP created in the heavy ion collisions
corresponds to ξ > 0, and this is why this region interests us most. The anisotropy parameter can
be expressed in terms of the average particle momenta along the two transverse and longitudinal
directions as
⟨ 2⟩
p
ξ = ⟨ T2 ⟩ − 1 , where pT = p − n(p · n) , pL = p · n ,
(3.2)
2 pL
where the role of the anisotropic parameter in the plasma becomes clear. It should be noted here that
the normalization constant cnorm plays an important role to the subsequent results. By modifying
the argument of the function only, the anisotropic plasma can be obtained from the isotropic one
by removing or adding particles with large momentum along the anisotropic direction as can also
be seen from (3.2). Therefore, the density of the plasma changes along the different directions
and it is natural to expect that certain observables will be modified due to this fact, apart from the
anisotropic effects. The constant however can be fixed by requiring the density of the hard particles
to be equal along the isotropic and anisotropic directions
∫

fiso (p) = cnorm (ξ )

∫

√
√
fiso ( p2 + ξ (p · n)2 ) ⇒ cnorm (ξ ) = 1 + ξ .
9

(3.3)
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Figure 3: Anisotropy in the momentum space for ξ > 0.
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Another way to specify the constant is by requiring constant energy density which gives
(
)
√
1
−1
−1/2
cnorm (ξ ) =
(1 + |ξ |) + |ξ |
arctan |ξ | .
2

(3.4)

∆ :=

PT
Px x
−1 = 1 2 −1 .
PL
Px3

(3.5)

The pressures along the different directions are written as
Pi = Tii = cnorm (ξ )

∫

d 3 pp2i
(2π )3 |p|

√
fiso ( p2 + ξ (p · n)2 ) ,

(3.6)

which give
(
√ )
3cnorm
arctan ξ
PT =
1 + (ξ − 1) √
Piso
4ξ
ξ

(
3cnorm
and PL =
2ξ

)
√
arctan ξ
ξ
√
−
Piso (3.7)
1+ξ
ξ

and therefore ∆ can be expressed in terms of ξ as [35]
(
1
∆ = (ξ − 3) + ξ
2

)−1
√
arctan ξ
(1 + ξ ) √
−1
.
ξ

(3.8)

To obtain analytical results of ξ in terms of ∆ we need to take the limit of small or large anisotropies.
For small anisotropy
4
∆ = ξ + O(ξ 2 ) ,
(3.9)
5
where we expect that this will correspond to small values of the anisotropic parameter a.
Using (2.12) we get the relevant equation of (3.8) for the gravity background as
∆=

a2
,
2π 2 T 2

(3.10)

where it can be seen that small ∆ corresponds to small a/T and therefore we can use the approximation (3.9) to get
5a2
ξw 2 2 ,
(3.11)
8π T
equation that is valid for a ≪ T ⇔ ∆ ≪ 1 ⇔ ξ ≪ 1. We should note here that the equation (3.11)
which provides a naive quantitative connection between the anisotropic parameters in supergravity
10
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The distribution function then is used to study the weakly coupled anisotropic plasmas, where for
example a splitting in the soft modes that carry momenta of order gY M T and the hard modes that
carry momenta of order T can be imposed. The latter ones are the particles that at least should have
the anisotropic phase space distribution function.
It is possible to establish a naive quantitative connection of the anisotropic parameter ξ with
the parameters a and B appear in the gravity backgrounds 1 and 2 respectively. This can be done
through the pressure inequalities of the systems. For this reason we introduce the parameter ∆
which measures the degree of pressure anisotropy through the different directions as
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backgrounds and the anisotropic momentum distribution functions considered in several field theory models, is obtained only through the pressure anisotropies of the models and the way that the
pressure anisotropy is generated did not play direct role.
Thinking similarly for the singular background 2, by fixing the number density and setting
A = 1 on the supergravity solution, the relation between B and ξ reads [63]
√
36 − 2B2 + 2B ξ − 1
ξ
√
=
+
,
−1/2
2
2
(ξ + 1)ξ
arctan ξ 1/2 − 1
36 − 2B − 4B

(3.12)

( )
5
ξ = B + O B2 .
(3.13)
4
A general obvious comment is that the comparison of the strongly coupled results to the
weakly coupled should be interpreted with caution. First of all the source of the anisotropies are
different, in the weak coupling case it is due to the distribution of the particles in momentum phase,
while in the strong coupling case it is due to an external source in the dual theory of the background
1. Moreover, the strongly coupled models do not take into account the dynamical flavor degrees
of freedom which might affect the results qualitative. Nevertheless, it is possible that the observables might depend stronger on the resulted anisotropy related to the final pressure inequality of the
plasma and not the way it is generated and therefore the comparisons may be interesting. It should
be also clear that weak and strong coupling observable results even in the case of same theories do
not have to match necessary.

4. Observables in Strongly Coupled Anisotropic Models
Here we will study various observables found in the anisotropic plasmas. We will focus more
on observables in the θ dependent anisotropic background, but in several cases we will discuss
results on the other background too. A basic reference we follow for most of the observables
and methodology used is the reference [36], while for observables which are not covered in this
reference, we mention the relevant references in the section where the observable is discussed.
Some new results and discussions are also presented.
4.1 QQ̄ Static Potential and Static Force in the Anisotropic Plasma
In this section we study the static potential and force in the finite temperature anisotropic
plasma. This was firstly done in [36] and then other interesting aspects were also analyzed in
[37, 38, 39]. In order to focus on the main text mostly on the anisotropic results we use the
Appendix A to briefly present the gravity calculations of the QQ̄ Wilson loop.
Notice that the anisotropic axion-deformed background satisfies the UV divergencies cancelation conditions for Wilson Loops derived in [40] and it is expected that the mass subtraction scheme
will give consistent results with the Legendre transform for the UV divergencies cancelation. Moreover, the form of the potential is similar to the isotropic theory including the turning point behavior
[41], where the lowest energy branch is the physical and the non-physical and unstable [42] the rest
of it, where the string has already broken.
11

PoS(Corfu2012)122

and for small ξ becomes
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In the anisotropic plasma we have two different perpendicular static potentials, one in the
transverse plane and one in the anisotropic direction. We will find and compare them each other
and with the isotropic result. The corresponding world-sheets can be expressed by
x0 = τ
where

xp = σ ,

and

x p = x1 =: x⊥

u = u(σ ) ,

(4.1)

or x p = x3 =: x∥ .

(4.2)

The static potential in anisotropic background has the same form with the finite temperature isotropic
background. For fixed small anisotropy a/T , the potentials satisfy in absolute value
(4.3)

As a consequence of this relation is that the critical length is reduced in presence of anisotropy as
Lc∥ < Lc⊥ < Lc iso .

(4.4)

It is interesting to note that the degree of modification due to anisotropy in the results we obtain
is in some sense expected, since the anisotropic direction depends more heavily on the anisotropic
parameter a and therefore the results along this direction are expected to be modified stronger. Of
course this is not a generic rule since the final behavior specified from the way that the observable
depend on the directions.
In addition, increase of the anisotropy leads to decrease of the absolute value of the static
potential compared to the undeformed case. Consequence of this is the decrease of the critical
length
a ↗ ⇒ V∥,⊥ ↘ ⇒ Lc ∥,⊥ ↘ .
(4.5)
These results are presented in Figures 4 and 5.
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Figure 4: The static potential vs LT , close to Lc for
QQ̄ pairs aligned along the anisotropic and the transverse direction. The relation |V∥ | < |V⊥ | and Lc∥ < Lc⊥
is obvious. Settings: blue dotdashed line-V∥ , red solid
line-V⊥ and T = 3, a = 0.3T .
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Figure 5: The ratios of the static potentials for pairs
aligned along different directions. Settings:V∥ /V⊥ black dot-dashed color, V∥ /Viso -blue dashed line,
V⊥ /Viso -solid red line and T = 3, a = 0.35T .

The static potential usually has a constant term which has a not clear physical interpretation.
The comparison of the quark interactions in presence of anisotropy can be made more manifest if
12
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V∥ < V⊥ < Viso .
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we consider the static forces where due to the derivative FQQ̄ = ∂∂VL taken on the static potential the
constant term disappears. The static forces in presence of anisotropy are decreased. The difference
along the two direction is much smaller than the static potential and it seems to follow the order
FQQ̄,⊥ < FQQ̄,∥ < Fiso .

(4.6)

x1 → sin θ x1 ,

x3 → cos θ x3 .

(4.7)

A similar analysis in the radial gauge has been considered in [38], where the observable results are
angle dependent. The calculation methodology is similar to the Appendix A. For θ = 0 the pair
is aligned along the anisotropic direction and for θ = π /2 the pair is aligned along the transverse
plane. In these cases the analysis reproduce the findings [36] described in detail above. For all
other angles the results go smoothly in a monotonic way from θ = 0 to the ones for θ = π /2. On
top on that one can compare the results in different comparison schemes. In the constant entropy
density comparison scheme, the screening length along the anisotropic direction decreases with
the anisotropy while in the transverse plane it increases. The corresponding static potentials are
modified accordingly.
In the background (2.17) the critical length depends on the sign of the anisotropic parameter
B, since oblate and prolate geometries there are possible. For the prolate geometries, the heavy
quark results are similar in the two backgrounds. For oblate geometry in (2.17) the dipole along
the transverse direction has a smaller dissociation distance compared to the isotropic case, while the
13
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There are several results of the static potential in the weak coupling regime which do not match
exactly with the findings of the strong coupling models we have used. In [7] is has been found
enhanced potential in presence of anisotropy with higher magnitude along the transverse direction.
There it was also found that as the separation dipole length is reduced, the difference on the potentials along the different directions get reduced. This is expected to happen, since in general
the anisotropic effects should get weaker for very small distances. The differences between our
results and the results of the weak coupling models on the strength of the static potentials might
be generated from the different values of the constant in the static potential, and therefore would
be more physical a comparison between the static forces. It should be noted that the two models
have several important differences apart from the main difference that we are comparing results
in different regimes of the coupling constants. The comparison happens in order to mention the
similarities and differences in the observables but with no expectation to obtain matchings.
A short summary of the strongly coupled results so far is that the presence of anisotropy
leads to decrease of the static potential, and further decrease happens for pairs aligned along the
anisotropic direction (4.3). Increase of the anisotropy leads to the further decrease of the static
potential. The static force also decreases in presence of anisotropy (4.6). The critical lengths for
increasing anisotropy, reduce according to (4.4). All the comparisons here are made with equal
temperatures.
Although most of the information of the anisotropy can be extracted from the results along the
anisotropic and transverse directions, one can also generalize the calculation to obtain results with
dependence on the angle between the transverse plane and the anisotropic direction. This may be
done by introducing the ansatz
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one along the transverse direction has a larger distance when keeping constant the energy density
[37].
4.2 Imaginary potential

]
[
| f0′ | √
f0
1
−
g0 .
ImVQQ̄ = √
2 2α ′ | f0′ | 2 f0′′

(4.8)

with f (u) := −G00 G pp , g(u) := −G00 Guu and f0 = f (u0 ) and so on. It should be noted that
this method generates an unexpected turning point of the imaginary potential, similar to the one
of the real part, possibly indicating limitations of the method used to obtain the imaginary part in
full generality. Applying the formula to the low temperature anisotropic background we obtain an
increase of the imaginary part in presence of anisotropies when the temperature is kept fixed
|ImViso | < |ImV⊥ | < |ImV∥ | .

(4.9)

When the entropy density is kept fixed, the above results are modified according to
|ImV⊥ | < |ImViso | < |ImV∥ | .

(4.10)

To calculate the thermal width of quarkonia we extrapolate to a straight line the imaginary part
and compute the expectation value Γ = − < ψ |ImVQQ̄ |ψ >, with |ψ > being the ground state of
the unperturbed static potential depending on the anisotropic parameter. In the usual N = 4 sYM
it is the Coulomb potential. Calculation of the thermal width leads to decrease of the quantity in
presence of the anisotropy with the following order
Γ⊥ < Γ∥ < Γiso .

(4.11)

In [46] the imaginary potentials and the suppression of the bottomonium states in presence of
anisotropy is reviewed in weakly coupled plasma and compared with good agreement with the
available data.
14
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The quarkonium physics in the thermal medium it is expected to depend not only on the real
part of the potential, ie. the binding energy, but also to an additional effect that is taking place. The
quarkonium may be thought as a quantum mechanical bound state, but with a partly lost coherence
due to heat bath energy of the gluons, effect which corresponds to the appearance of an imaginary
part of the potential. Such imaginary part in the potential affects the quarkonium decay process.
There are various methods to calculate the imaginary potential, most of them inequivalent and in
some cases also the presence of anisotropy is studied [43]. Moreover, there are some proposed
ways to extend the computation in the strongly coupled regime using the gauge/gravity dualities
eg. [44].
One can use fluctuations of the worldsheet close to the horizon, large enough in order to
generate imaginary part of the potential. When this is done, the on-shell the Nambu-Goto action
generates a complex part. For a generic anisotropic background this method gives [45]
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4.3 QQ̄ in the Plasma Wind
In this section the dipole pair is considered in a moving with velocity v anisotropic plasma.
The most generic case can be studied by considering the velocity on the x1 x3 plane, since the x1 x2 is
rotationally invariant. Therefore an SO(2) rotation matrix is applied to M1 = R1 M̃1 as a coordinate
transformation, where M1 = (x1 , x3 )T with the usual rotation matrix
)
(
sin θ cos θ
R1 =
cos θ − sin θ

(
)−1/2
with γ = 1 − v2
. The new metric after the coordinate transformations has non-diagonal elements and depends explicitly on the angle θ and the velocity v. It takes a form [38]
)
(
1
du2
2
2
2
2
2
.
ds = 2 G00 dx0 + G11 dx1 + G22 dx2 + G33 dx3 + G13 dx1 dx3 + G01 dx0 dx1 + G03 dx0 dx3 +
u
F
(4.13)
Since the rotation and the boost has been performed we are looking at the more generic position of
the pair. The ansatz for the string may be chosen in the radial gauge while allowing the string to
extend in both x1 and x3 coordinates
x0 = τ ,

u=σ ,

x1 = x1 (u) ,

x3 = x3 (u) .

(4.14)

The process of solving the system goes along the lines of Appendix A. It is interesting that
the screening length for ultrarelativistic velocities outside the transverse plane scales as L∥ ≃
(
)1/2
1 − v2
[38] in contrast to the usual isotropic 1/4 power [47, 48]. In transverse plane how(
)1/4
ever the usual power is restored as L⊥ ≃ 1 − v2
. The modification of the power compared to
the isotropic case is not unexpected, since the radial scalings in the metric elements are different.
Similar are the reasons to the deviation of the universal result of the viscosity over entropy ratio as
we will mention later.
4.4 Drag Force on the Heavy Quarks in the Anisotropic Plasma
In this section we review the results of [36] for the drag force and the diffusion time. We
consider a heavy quark moving along the anisotropic direction and then a quark moving in the
transverse plane, in an infinite volume of plasma, and we calculate the force need to be imposed in
the quark in order to move with constant velocity v. The velocity v has a lower bound in order to
have the moving quark well above the subthermal velocities and an upper bound in order to have a
dominant deceleration forces due to dragging and not radiation.
The motion of the string can be formulated as
x0 = τ ,

u = σ,
15

x p = vτ + f (u) .

(4.15)
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and then a boost along the x3 direction, M̃2 = L2 M̃˜ 2 with M̃2 = (x˜0 , x˜3 )T , is applied with matrix
(
)
γ −γ v
L2 =
(4.12)
−γ v γ
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The generic dual calculation is presented briefly in Appendix B. It is interesting to note that since
there is no integrations involved here the results are expected to be analytical. The holographic position u0 can be calculated for the different directions solving the equations (B.3) with the functions
u0∥ = u01∥ + a2 u02∥ ,

u0⊥ = u01⊥ + a2 u02⊥ ,

(4.16)

where exact expressions of u02∥,⊥ are given in [36]. Plugging these solutions to (B.4) we obtain

Fdrag,⊥
π T 2v
√
=− √
(4.18)
2 1 − v2
λ
(
)

√
(
)
2 ) − 5 − 4v2 log 1 + 1 − v2
2
2(1
−
v
v 
v
,
(
)+
− a2
48π (1 − v2 ) 1 + √1 − v2
(1 − v2 )3/2
where the anisotropic modification is independent of the temperature as expected from the dimensional analysis. Along the anisotropic direction the new term is always negative indicating an
increase in the drag force in the anisotropic plasma. In the transverse plane there is a critical value
for the velocity vc , and when v . 0.909 the corresponding drag force Fdrag,⊥ is decreased, while in
the complementary region we have enhancement. Comparison of the drag forces along the different directions show that the forces required along the anisotropy are always stronger than the ones
in the transverse plane
(
)
√
(
)
2 log 1 + 1 − v2
2
−
v
Fdrag,∥
= 1 + a2
.
(4.19)
Fdrag,⊥
8π 2 T 2 (1 − v2 )
In Figures 6 and 7 we plot the fraction of the forces depending on the anisotropy and the velocity
respectively, and we show schematically the analytic results.
In [49] the drag force coefficient was calculated for angles between the transverse and longitudinal directions using ansatz similar to (4.15) but with
x1 (τ , v) → (vτ + f1 (u)) sin θ ,

x3 (τ , v) → (vτ + f3 (u)) cos θ .

(4.20)

The force goes smoothly and in a monotonic way from the parallel (4.17) to transverse direction
results (4.18). Using the entropy density comparison scheme, the results turn out to be qualitative
similar, something that is expected from the independence of the temperature of the modification
terms in the drag force in equations (4.17) and (4.18). For larger anisotropies the results are also
qualitatively similar, while the velocity vc approaches the unit.
In the singular geometry 2 we present the new results of the drag force for the prolate and
oblate geometries for fixed temperature. The relations of the forces along the different directions
get reversed for oblate and prolate geometries as can be seen in Figures 8 and 9.
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Fdrag,∥
π T 2v
√
=− √
(4.17)
2 1 − v2
λ
(
)

√
(
)
2 ) + 1 + v2 log 1 + 1 − v2
2
2(1
−
v
v
v 
,
(
)+
− a2
48π (1 − v2 ) 1 + √1 − v2
(1 − v2 )3/2
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Figure 6: The drag force with the anisotropic parameter a/T , for v ≃ 0.98. The ratios in this
plot are greater than one, but if we plot for v .
0.909 the Fdrag,⊥ /Fdrag,iso < 1, and is reduced as the
anisotropy increases. Settings: black dot-dashed lineFdrag,∥ /Fdrag,⊥ , blue dashed line-Fdrag,∥ /Fdrag,iso , red
solid line-Fdrag,⊥ /Fdrag,iso and T = 1.
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Figure 7: The drag force dependence on the quark
velocity v. Notice the smaller than the unit values of
the ratio Fdrag,⊥ /Fdrag,iso for v . 0.909. Settings: a =
0.1, T = 1 and the rest as in Figure 6.
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Figure 8: The drag force for the oblate B = 2
singular geometry depending on the velocity. The
drag force along the parallel direction is decreased
while in the transverse direction is enhanced. Plot Settings: as in Figure 6 .

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Figure 9:(Same plot)as on the left but for a prolate
√
geometry B = − 6 . The relation between the drag
forces are inverted for the prolate geometry compared
to the oblate one. Plot Settings: as in Figure 6 .

The diffusion time is the time for which the initial momentum is reduced by e−1 factor. It is
defined as the inverse of the drag coefficient nD
1
dp
M v
√ Q
= −nD ⇒ τD,∥,⊥ = −
.
dt
Fdrag,∥,⊥ 1 − v2

(4.21)

The mass of the quark MQ may be fixed by the infinite string with regulator such that the MQ (T = 0)
is equal to the physical mass of the quark, and is independent of the direction in the plasma, although it depends on the anisotropic parameter. Therefore, we can take the ratio of the diffusion
times along the two directions in the anisotropic plasma without worrying for the mass deformation
17
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Fdrag,∥ > Fdrag,iso

and Fdrag,∥ > Fdrag,⊥ ,

Fdrag,⊥ > Fdrag,iso

for

v > vc ,

while for

v > vc ,

Fdrag,⊥ < Fdrag,iso .

While when using the singular geometry 2 we have found that oblate geometries give Fdrag,∥ <
Fdrag,iso < Fdrag,⊥ and prolate geometries give opposite results. 2
4.5 Jet Quenching in the Anisotropic Plasma
The jet quenching is the ratio of mean transverse momentum obtained by the hard parton in the
anisotropic medium over the distance it has traveled. The gravity dual calculation can be performed
by a world-sheet ending on an orthogonal Wilson loop along two light-like lines with long lengths
L− . The long edges of the loop are related to the partons moving at relativistic velocities while the
small lengths Lk are related to the transverse momentum broadening of the radiated gluons.
The generic calculation of the jet quenching in any background can be found in [36], but we
present very briefly the method in Appendix C. It turns out that the jet quenching parameter for an
energetic parton moving along the p direction, while the broadening happens along the k direction
is given by:
√
)−1
√ (∫
uh 1
2
Guu
q̂ p(k) =
,
πα ′
G−−
0 Gkk

1
with G−− = (G00 + G pp ) .
2

(4.22)

It is obvious that in our anisotropic background we have three different jet quenching parameters,
the number of inequivalent ways that one can place two orthogonal vectors in the anisotropic background, in contrast to the isotropic case where only one jet quenching is present. The notation we
consider is summarised in the following table
q̂
xp
xk
Energetic parton moves along Momentum broadening along
q̂⊥(∥)
x⊥
x∥
x⊥
x∥
q̂∥(⊥)
x∥
x⊥
x∥
x⊥
q̂⊥(⊥) x⊥,1 x⊥,2
x⊥,1
x⊥,2
where the notation x∥,⊥ is with respect to the anisotropic direction.
Each of the jet quenching parameters can be studied separately. When the comparison is
made at equal temperatures and small anisotropies all the jet quenching parameters in presence
of anisotropy are enhanced, and increase of the anisotropy leads to increase of the jet quenching
2 The

drag force in an anisotropic background with Kerr-AdS black hole has been obtained in [50].
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due to anisotropy since it will drop out. On top of that, by supposing that the MQ modification does
not affect significantly the results, all the ratios of diffusion times including the isotropic time, can
be taken to be independent of the mass of the quark. Of course in a more simplified approach the
MQ can be thought directly as the mass of the heavy probe quark and constant and in that case again
the ratios are independent of it. This arguing leads to inverted diffusion time inequalities compared
to the drag forces.
To summarise briefly the results of this section, we have found that along the anisotropic
direction the drag force is always increased while in the transverse direction, for velocities less
than the critical the drag force is decreased:
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parameters. The stronger enhancement happens for quarks moving along the anisotropic direction,
weaker enhancement when we consider the broadening along this direction and even weaker for
motion and broadening along the transverse plane
q̂∥(⊥) > q̂⊥(∥) > q̂⊥(⊥) > q̂iso .

(4.23)

4.6 Jet Quenching of Light Probes
In this subsection we study the jet quenching of the light probes which is related to the stopping distance of a massless particle falling in the anisotropic geometry [54, 55]. We present the
simplified approach, where an induced R-charged current generated by a massless gauge field regarded as a jet traveling in the medium. We specify the distance that the jet travels in the boundary
before it thermalizes, which happens when the gauge field falls into the horizon. The light quark
can be introduced with a flavor D7 brane extending along the radial direction, where the infalling
string in the bulk induces a flavor current on the boundary. When the string falls completely into
the horizon the thermalization occurs. Null geodesics, are the ones which result the maximum
stopping distances and we compute here.
It turns out that for a generic metric of the form (A.1) with translation invariance along the 4
dimensions, the null geodesics are given by
∫
√
Gi j q j
i
x (u) = du Guu
,
(4.24)
1/2
(−qk Gkl ql )
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We note that when the anisotropic direction is involved more actively in the calculation the deformation on the observables is stronger. This is something we have noticed in other observables too
and reflects the fact that the anisotropic direction of the geometry is more heavily modified than
the transverse one.
For large anisotropy the q̂⊥(⊥) gets smaller than the isotropic parameter [51]. Also the inequality between the other two parameters gets modified as q̂∥(⊥) < q̂⊥(∥) . Recall however that for these
large anisotropies the pressure inequality (2.13) gets inverted and therefore the physical connection
with the QGP may become more obscure.
When the comparison is made at equal entropy densities, the jet quenching parameters can be
either smaller or larger than the isotropic ones depending on the values of the entropy density.
Using the singular geometry (2.17) it is interesting to observe that the jet quenching inequali√
√
ties depend on the geometry considered [37], oblate B = 2 and prolate geometries B = 6 with
the latter one giving results closer to background geometry 1.
Many different studies in the weakly coupled plasmas show that q̂⊥(∥) > q̂iso > q̂⊥(⊥) which is
partly in agreement with low anisotropy inequalities (4.23) derived from the supergravity solution.
There is also some experimental evidence supporting these results since they can explain certain
asymmetric broadenings in the jet profiles [52].
In [53] the jet quenching has been calculated in an unstable non-Abelian weakly coupled
SU(2) plasma. Considering the hard elastic collisions and soft interactions mediated by classical
Yang-Mills fields, it has been found that the fields develop unstable modes with result q̂⊥(∥) >
q̂⊥(⊥) . A similar relation was found in [12]. In [11] the jet quenching was found to be enhanced with
respect to the isotropic case, estimating it in leading logarithmic approximation by the broadening
of the massless quarks interacting via gluon exchange.
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where the indices run over the 4-dim spacetime and the qi are the constant momenta along these
directions. The above relation can be simplified by choosing the space-momentum pointing along
one direction ie. q = (−ω , 0, 0, |q|), where ω represents the energy. Placing the probe to move
along the transverse and the longitudinal direction we obtain
)−1/2
)1/2
∫ uh (
∫ uh (
ω2
H 2ω 2
x⊥ =
du
−F
,
x∥ =
du
−FH
.
(4.25)
B|q|2
B|q|2
0
0

4.7 Energy Loss of Rotating Massive Quarks
In this section we study the energy needed for a heavy probe quark to move along a circle of
radius R with angular frequency ω , through the strongly coupled anisotropic plasma. Radiation
and medium-induced energy loss playing their role in the total energy loss, and there is a crossover
between a regime in which the energy loss is dominated by the drag force and a regime where
the radiation from the circular motion dominates. The motivation of these studies is to understand
better the radiation energy loss process [57].
In the anisotropic theories there are two choices of planes on which the string rotates in contrast to the isotropic ones. The simplest choice is to place the rotating string on the SO(2) plane
and calculate the energy loss. Doing that, the progress is similar to the isotropic case since the
rotational invariance is present on this plane, keeping the equations not so involved. A coordinate
transformation along the rotational invariance plane is done to make the symmetry obvious, ie.
dx12 + dx22 → d ρ 2 + ρ 2 d ϕ 2 and the ansatz for the rotating string is
t = τ,

u = σ,

ρ = ρ (σ ),

ϕ = ωτ + θ (σ ) ,

(4.26)

with the imposed condition on the boundary ρ (∞) = R and θ (∞) = 0 in order to represent the quark
cyclic motion. The functions ρ (σ ) and θ (σ ) determine the spiral motion of the string hanging from
the boundary. In the case where the SO(2) plane is chosen for rotation, the form of the string will
be similar to the isotropic case. For this motion it has been argued that the energy loss due to
radiation is decreased in presence of anisotropy [58].
To study the solution of the rotating string on the plane involving one transverse and the
anisotropic direction is a more complicated problem but also interesting. There the string on the
boundary may still rotate circularly, however the string in the bulk will have a deformed profile
possibly close to an elliptic shape.
4.8 Photon Production
Since the anisotropic phase of the plasma lives for a very short time, it is essential to study
probes that interact minimally with the other phases of the plasma. Such particles are the photons and dileptons produced in anisotropic phase. In strongly coupled plasmas the studies using
holography were initiated and evolved in [59].
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The stopping distances then can be calculated in small and large anisotropies [56]. It turns out
that at small anisotropies the stopping distances decrease compared to the isotropic theory in any
comparison scheme. For larger anisotropies the stopping distance along the parallel direction is
smaller than the isotropic one, when keeping the temperature fixed. While along the transverse
direction by fixing the entropy density the stopping distance can become bigger than the isotropic
case.
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The photon production in the field theory can be studied by a modified action of the anisotropic
theory with a U(1) kinetic term and a relevant coupling to fundamental fields as
S = Saniso −

1
4

∫

( 2
)
d 4 x Fµν
− 4eAµ Jµ

(4.27)

with
Fµν = ∂µ Aν − ∂ν Aµ ,

Jµ = Ψ̄γµ Ψ +

(
)∗ )
i( ∗
Φ Dµ Φ − Φ Dµ Φ
,
2

Dµ = Dµ − ieAµ .

(4.28)

where the metric of the 5-sphere has been taken as ds2 = d θ 2 + cos2 θ d ϕ 2 + sin θ 2 dΩ3 . From the
asymptotic behavior of ψ it can be deduced that the massless quarks correspond to ψ = 0 [60].
To get the equations of motion for the gauge field we consider the Dirac-Born-Infeld (DBI)
action
∫
√
S = −N f TD7 d 8 σ e−ϕ −|g + 2π ls2 F|,
(4.30)
where g is the induced metric and TD7 is the brane tension. We expand the action and keep terms
only up to quadratic level since we are interested in two-point function. The dimensional reduction
to the three sphere gives the simple DBI action [61]
√
∫
Nc N f
e−3ϕ /4 B 2
dtd⃗xdu
S=−
F .
(4.31)
16π 2
u5
By Fourier decomposing the components of the gauge field we get four equations of motion to
solve, where one of them is decoupled from the others. To calculate the photon emission rate per
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The gravity dual of this field theory is not yet known. However a simplified approach may be
applied.
To calculate the production rate of the photons in the strongly anisotropic plasmas, N f ≪ Nc
number of probe flavor branes representing massless quarks need to be introduced. These branes
extend in the 5 dimensions of the asymptotic AdS space and wrap an S3 ⊂ S5 of the internal space.
Their field theory dual is the appearance of scalars and fermions in the fundamental representation
in the quenched limit. For the calculation of the two point correlation functions of the electromagnetic current to the leading order in αEM we are interested on, it is enough to do it in the anisotropic
background we already know, with the probe branes where the dynamical photons are not present.
The method used, is to vary the string partition function with respect to Aµ |u=0 . The result in the
leading order will be physically correct since the coupling of the photons to the medium is small.
It is interesting to elaborate more on the idea in the strongly coupled anisotropic plasma. In
the gravity dual theory, the 4-component massless gauge field comes from the 8-dim gauge field
associated to the D7 branes from the dimensional reduction to the 3-sphere. The massive KaluzaKlein modes can be ignored in the calculation and a gauge Au = 0 may be taken to simplify the
formulas. By naming the remaining angles of the S5 , where the D7 flavor branes do not wrap, as θ
and ϕ we can consider the parametrization ψ (u) = cos θ , which gives the induced metric
)
(
1
1 − ψ 2 + u2 F Z ψ ′2 2
2
2
2
2
2
dsD7 = 2 −F B dx0 + dx1 + dx2 + H dx3 +
du
u
F (1 − ψ 2 )
)
(
+Z 1 − ψ 2 dΩ2S3 .
(4.29)
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unit time and volume we use the relations

From the results of the spectral densities it has been found that their sensitivity increases with
the photon energy [61]. The total production rate is always larger than the isotropic case, for all
the directions of propagations. In anisotropic plasma this rate as well as the spectral densities are
higher for photons with wave vectors along the longitudinal direction than the transverse one.
The conductivity for photons with polarization along the x2 direction, ie. ε(1) , is independent
of the direction of the wave vector and is larger than the isotropic conductivity. The conductivity for
photons with polarization in the x1 x3 plane, ie. ε(2) , depends on the direction of the wave vector and
along the longitudinal directions is larger than the isotropic result while in the transverse direction
is smaller, irrespectively of the comparison scheme used. The photon production rate in presence
of a constant magnetic field in the strongly coupled anisotropic limit, was studied in [62] studying
the dependence of the rate to the magnetic field.
In the singular geometry 2 (2.17), the photon production rate has been studied in [63]. There
it was found that the DC conductivities vanish. For prolate geometries the singular geometry
gives enhanced photon production rate along the anisotropic direction and suppressed along the
transverse direction. For oblate geometries the results are opposite to prolate.
Weak coupling calculations omitting the bremsstrahlung contribution, show that the photon
production rate sensitivity is increased with the photon energy [13]. In presence of anisotropy the
weak coupling results suggest suppression of the photon rate production.
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( 0) 2 µ
dΓ
e2
ν
=
n
k ∑ ε(s) (k)ε(s)
(k)χµν (k)|k0 =k , with χµν (k) = −2ImGRµν (k)(4.32)
B
d 3 k (2π )3 2|k|
s=1
∫
⟨
⟩
( )
1
and GRµν (k) = −i d 4 xe−ik·x Θ(x0 ) [JµEM (x), JνEM (0)] , nB k0 = k0 /T
,
(4.33)
e
−1
(
)
where k = k0 , k is the photon null momentum, χµν is the spectral density, GRµν (k) is the retarded
correlator and nB is the Bose-Einstein distribution since we are in thermal equilibrium. In the
anisotropic case the polarization of the vectors needs to be chosen cautiously. In (4.32) each term
in the summation corresponds to the number of photons emitted with polarization ε(s) . To take
into account the anisotropy, the vector k can be consider in the x1 x3 -plane with an angle φ to
the anisotropic x3 direction. For φ = 0 the momentum is chosen along the anisotropic direction
and the polarization vectors lies in the transverse SO(2) plane. For φ = π /2 the momentum is
chosen along the x1 direction, and one polarization vector lies in anisotropic direction and the other
in the transverse plane. This choice is translated to k = k0 (sin φ , 0, cos φ ) with the orthogonal
polarization vectors ε(1) = (0, 1, 0) and ε(2) = (cos φ , 0, − sin φ ) . Therefore, from (4.32) we see
that four different correlators need to be calculated: GR22 for ε(1) and GR11 , GR13 , GR33 for ε(2) .
Moreover, using these correlators the trace of the spectral function provides the electric conductivity
e2
1 µ
σ=
lim 0 χµ (k)|k0 =k ,
(4.34)
4 k0 →0 k
where the different conductivities for photons with polarization ε(1) and ε(2) normalized with the
isotropic result read
µ ν
χµν ε(2) ε(2)
χ22
, σ(2) = lim 2
.
σ(1) = lim 2
(4.35)
χiso
k0 →0 χiso
k0 →0
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5. Holographic Viscosity Bound

(0)

and consider the metric fluctuations Gµν = Gµν + hµν to second order, where the gauge hµ u = 0
∫ 5 √
(2)
may be taken.
The
expansion
of
the
action,
to
second
order
leads
to
a
term
of
the
form
dx 2A −G
)
√ (0) ( (2)
(2)
+ −G
R − 1/2e2ϕ a2 G33 with [70]
(
)(0)
1 ′2
1
1 2ϕ 2
A = − 8 + ϕ Guu + e a G33
.
2
2
2

(5.2)

By a Kaluza-Klein dimensional reduction along a space direction xi the above action can be mapped
(0)
2
to an action of U(1) effective fields with effective coupling g−2
e f f = Gii /2κ . Notice that the
effective couplings along the transverse and longitudinal directions are not equal, giving a nonuniversal result.
By considering the first Fourier modes h12 (u, q) and their conjugate momenta one can express
the shear viscosity over entropy ratio in terms of the metric elements at the horizon of the black
hole. It has been found that the transverse shear viscosity satisfies the universal value for the
isotropic Einstein gravities [70, 71]
η⊥
1
=
.
(5.3)
s
4π
This can be seen also from [65, 66] since the conditions of the generic proof of the universality for
the ratio are satisfied for the transverse direction of our anisotropic background.
For the shear viscosity η∥ the situation is more interesting since the universality conditions are
not satisfied anymore. It can be found that [70, 71]
(
)
( 4)
η∥
a2 log 2
1
1
1
1− 2
=
=
+O a
<
.
(5.4)
2
s
4π H (uh ) 4π
T 4π
4π
where the bound is clearly violated in the anisotropic background. Moreover, a direct consequence
of the above is that the ratio η∥ /η⊥ is lower than the unit.
Summarizing this section, we have observed that in the anisotropic background derived by a
deformation of the N = 4 sYM action by a space dependent θ term, the ratio shear viscosity over
entropy takes lower values than the 1/4π without consideration of any higher derivatives.
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The relativistic hydrodynamics describe well the QGP and simulations suggest that the QGP
behaves like an almost perfect fluid [64]. One of the most known results obtained so far from
applications of gauge/gravity is for the prediction of the ratio of shear viscosity over entropy density
[22] which was thought initially also to serve as a low bound, and only to saturate in several
gauge/gravity dualities [65, 66]. A possible way to slightly violate that bound is the inclusion of
higher derivative terms in gravities [67]. In theories with some kind of anisotropy the ratio has been
studied too [68] and for the p-wave superfluids some non-universal values have been obtained [69].
In the anisotropic theory generated by the θ space-dependent term the viscosity tensor has five
components with the two independent shear viscosities being η⊥ := ηx1 x2 x1 x2 and η∥ := ηx1 x3 x1 x3 =
ηx2 x3 x2 x3 . To obtain the desired ratios we need to take the 5-dimensional axion-dilaton gravity with
the negative cosmological constant
(
)
∫ √
1
(∂ ϕ )2 + e2ϕ (∂ χ )2
4π 2
, with κ 2 = 2
Sb = 2
−G R + 12 −
(5.1)
2κ
2
Nc
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6. More Quantitative Comparisons?

where the factors inside brackets in the first relation are the degrees of freedom of the SU(Nc )
QCD with three flavors and colors, while the degrees of freedom of the N = 4 sYM above the
phase transition has been found to be 2.7 times more than QCD ≃ 45. Therefore a sensible way to
compare the two theories would be to associate the following relation to their temperatures at least
for low anisotropic parameters a
TSY M,anisot = 2.7−1/4 TQCD .

(6.2)

Working similarly for energy densities in low anisotropy limit we get
TSY M,anisot = 2.7−1/3 TQCD .

(6.3)

The remaining comparison scheme is to just leave the temperatures fixed and compare directly the
two theories.
Now we can proceed to fix the anisotropic parameter through its naive relation to ξ
a2 =

8π 2 T 2 ξ
.
5

(6.4)

For small ξ , it can be related to the shear viscosity of the plasma, where in one-dimensional boost
invariant expansion governed by Navier-Stokes evolution [35, 73, 17]

ξ=

10η
,
T τs
24
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In this section we attempt to obtain reasonable values for the parameters of our models aiming
to make more ’quantitative’ predictions of how our observables modified by the anisotropy. The
target is to specify which values of the supergravity anisotropic parameter a are sensible in order
to get a more ’quantitative’ connection to the anisotropic QGP.
The masses of the heavy quarks are difficult to be determined in the thermal medium but for
the charm and bottom quarks we have the representative values, Mc = 1.5GeV and Mb = 4.8GeV .
The medium correction to these masses can be included by specifying their dependence on the
temperature and it can be done by imposing a UV regulator on the infinite straight string corresponding to the mass quark, such that the MQ (T = 0) is matched to the physical mass. In the
anisotropic background, the medium induced corrections to the masses differ to the isotropic one
due to modified horizon position, but are the same in all anisotropic directions.
The t’Hooft coupling can be fixed to λ = 5.5 by comparing the static force for the conformal
theory with the lattice data for relatively small separation lengths. The choice of the other parameters depend on the comparison scheme we choose, since the degrees of freedom and the field
content of QCD and the anisotropic deformed theories we use are very different.
One comparison scheme is the fixed energy density where the energy densities of QCD and
our theory are fixed and a relation between the temperatures in the two theories is obtained [72]
(
)
π 2 Nc2 − 1 + Nc N f 4
4
4
εQGP ≃
TQGP ≃ 11.2TQGP
, εSY M,anisot ≃ 3π 2 TSY
(6.1)
M,anisot ,
15
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(

τ0N =4 sY M =

TQCD

)3 (

TN =4 sY M

d.o. f .QCD
d.o. f .N =4 sY M

)

τ0QCD ,

(6.6)

which leads for the formation times τ0N =4 sY M ≃ 2.7−1/4 τ0QCD and the dimensionless parameter
(T τ0 )N =4 sY M = 2.7−1/2 (T τ0 )QCD . Therefore close to initial conditions

ξN =4 sY M ≃

√

2.7 ξQCD ,

(6.7)

which gives for the representative values chosen ξR N =4 sY M ≃ 4.60 and ξL N =4 sY M ≃ 3.78.
For comparison purposes we choose to assume that the relation between the formation times
(6.6), carry on approximately for the thermalization times too. In that case the values we obtain
are ξR aSY M ≃ 2.14 and ξL aSY M ≃ 1.43 corresponding to (a/T )R ≃ 5.52 and (a/T )L ≃ 4.56 for
RHIC and LHC values respectively. This is obviously outside the region of small a/T , and imply
that the current background cannot be used for more quantitative predictions while the equation
(2.13) is valid. This is true even when choosing smaller values of η /s ≃ 0.05 < 1/4π for the
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where the η /s is the viscosity to entropy ratio, and τ −1 is the expansion rate. The dimensionless
parameter T τ may be estimated for the RHIC and LHC initial conditions to be T τ ≃ 0.35 for RHIC
conditions and T ≃ 0.43 for LHC conditions [36]. The formation times are chosen as τ0 ≃ 0.2 f m,
for T = 350MeV and τ0 ≃ 0.1 f m, for T = 850MeV respectively, since higher energies should give
smaller initial times.
The representative value for the viscosity over entropy ratio is chosen here as η /s ≃ 0.1,
and it should be noted that affects the anisotropic value significantly. The motivation for this
representative choice is that the universal prediction of AdS/CFT is 1/4π . Moreover, lattice QCD
simulation of a hot SU(3) pure hot gluon plasma at RHIC energies gives a range of values 0.1 −
0.4 [74], while a more recent result using SU(3) gauge theory at T = 1.165Tc estimates η /s ≥
0.134(33) [20]. On the other hand in the anisotropic axion deformed geometry it is predicted from
AdS/CFT that lower values of the ratio may be possible [70, 71], but for small anisotropies the
decrease is very small. Therefore, a sensible choice for the value of the ratio seems to be ∼ 0.1,
however we will examine later briefly and lower values.
Considering the above assumptions we get for the momentum space anisotropies in the initial
conditions: ξR ≃ 2.8 and ξL ≃ 2.3, where the smaller momentum anisotropies correspond to the
LHC energies.
More interesting is to go close to thermalization times, τ ≃ 0.6 f m and T = 250MeV where
we get the representative value ξR ≃ 1.30 for the RHIC energies. The value chosen for the thermalization time is again an issue, but we have chosen a natural representative one. Normally the
hydrodynamical models in order to reproduce the magnitude of elliptic flow which observed at
RHIC, require thermalization times in the range 0.6 − 1 f m. For the LHC energy, we choose as a
representative value τ ≃ 0.5 f m for temperatures T = 450MeV which gives ξL ≃ 0.87.
In order to make the comparison, only the relation of the formation times between the theories
remain to be specified. We may consider the proper times equal, or we can fix the total entropies
and specify the relation of the times in the two theories, which seems to be in agreement with the
discussion for the heavy quarks of [75]. The formation time relation between the two theories is
approximated to
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7. Discussions
In this paper we have reviewed particular strongly coupled anisotropic gauge/gravity dualities
focusing mostly on the space dependent θ term theories, or equivalently from the gravity side, space
dependent axion deformed theory of the original Maldacena conjecture. We have reviewed several
observables and whenever possible compared with the singular background 2. The quantities that
have been studied here are the static force and static potential of two heavy quarks. The imaginary
part of the potential. The quark-antiquark pair in the plasma wind. The drag force and the diffusion
time for motion in the anisotropic medium. The three jet quenching parameters of the anisotropic
medium of a heavy moving quark. The stopping distance of a light quark in the medium. The
energy loss of the circularly moving quark. Then we have moved to study the photon production
rate, an observable that is important in the anisotropic plasma since it is affected mostly from the
anisotropies and interacts very weakly with the medium in the latter stages of the plasma. Moreover
the shear viscosity over entropy ratio was investigated and we have shown that lower values to 1/4π
may be taken in anisotropic theories.
The exact findings and methodology are reported in each section of the text. Some additional
new results have been included in this review, for example the drag force of the quarks in the
geometry 2 and some arguments in the discussion on the validity range of the parameters in order
to describe the QGP.
A quite common finding for the most observables is that when motion or measurements along
the anisotropic direction happens, the expectation values are affected stronger compared to the
other directions. This is a direct reflection of the degree of deformation in the anisotropic geometry
where the anisotropic direction appears to be stronger deformed compared to the transverse one.
There are several further extensions that can be considered in anisotropic gauge/gravity dualities. One of them that looks particularly interesting is the isotropization times. A way to include
26
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anisotropic background since then ξL aSY M ≃ 0.72 and a/T ≃ 3.29, where we are still far from the
small anisotropic limit and in this region the pressure anisotropy gets inverted. Notice however
that according to [70] the violation get increased as anisotropy increases, and for low anisotropies
the η /s is very close to 1/4π . Therefore we are pushing here its values more than we actually
need but still a/T is away from small anisotropic limit. By fixing the entropy density we get
τ0N =4 sY M ≃ τ0QCD and (T τ0 )N =4 sY M = 2.7−1/3 (T τ0 )QCD resulting to ξN =4 sY M ≃ 2.71/3 ξQCD .
The corresponding values of a/T are still large and comparable to the ones obtained with the energy
density fixing. Fixing the temperatures and requiring τ ≃ 0.7/T [76] for both theories, the values
of ξ chosen are the same in both theories ξR ≃ 1.30 and ξL ≃ 0.87, giving to a/T the values 4.36
and 3.61 respectively.
Therefore by following some natural assumptions and by choosing appropriate values for the
parameters using different comparison schemes for the two theories, we obtain always relatively
large values of a/T . The physical values of anisotropy ξ lead to large values of a/T where the
pressure inequality in our model Px3 < Px1 x2 get reversed and the supergravity solution does not
describe anymore a moment of an expanding plasma with the desirable properties. However, in the
region of small a/T the holographic plasma has the desirable properties and the observable results
obtained are qualitatively very interesting.
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A. QQ̄ Strings in Generic Backgrounds
In this section we present briefly the world-sheet calculation of a string in static gauge in
gravity backgrounds which corresponds to the static potential. For a more detailed calculation the
reader might look at [36, 77]. We consider a space with metric of the form
ds2 = G00 d τ 2 + Gii dxi2 + Guu du2 ,

(A.1)

and choose the static gauge for the string
x0 = τ

and

xp = σ ,

(A.2)

which is extended along the radial direction, so u = u(σ ). The x p , is the direction along which the
pair is aligned
x p = x1,2 =: x⊥

or

x p = x3 =: x∥ .

(A.3)

Working in Lorentzian signature, using the Nambu-Goto action we can derive the length of the
Wilson loop in the boundary in terms of u0 , the distance of the world-sheet in the bulk. The length
of the two endpoints of the string is given by
√

∫ ∞

L=2

du
u0

−Guu c2
,
(G00 G pp + c2 )G pp

(A.4)

where c is a constant specified by G00 (u0 )G pp (u0 ) = −c2 . The corresponding energy of the string
using as renormalization method the mass subtraction of the two free quarks is
2πα ′ E = cL + 2

[∫

∞

du
u0

√

(√
−Guu G00

) ∫
]
u0
√
c2
1+
−1 −
du −G00 Guu ,
G pp G00
uk

where uk is the horizon of the metric. Therefore using (A.4) and (A.5) we can always find the static
potential in terms of the distance of the pair.
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time dependence in the anisotropy, is to allow the axion to have a time dependence with the right
initial and final conditions. By doing that the system of the supergravity equations is more involved and certain difficulties appear. Moreover, there are other ways that the anisotropy could
be generated. For example the anisotropic backreaction of different dimension Dp branes may be
considered. It will also be interesting to see if these new anisotropic geometries are similar to the
axion deformed ones, and therefore giving qualitative similar results for the observables, establishing some consistency in the anisotropic observables. Moreover, it would be interesting if these new
backgrounds allow for more physical values for their anisotropic parameters in order to achieve
more ’quantitative’ comparisons.
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B. Drag Force on Trailing String in Generic Backgrounds
We calculate the drag force analytically in a generic background, for example along the lines
of [78]. The analytic derivation can be found in [36]. We consider the generic metric (A.1) and the
ansatz for the trailing string moving along x p direction:
x0 = τ ,

u = σ,

x p = vτ + f (u) ,

(B.1)

and by requiring real numbers and the fact that the momentum is a constant of motion, we need to
evaluate the momentum at a particular radial distance u = u0 given by
Guu (G00 + G pp v2 ) = 0 .

(B.3)

The natural solution for the drag force corresponds to the momentum flowing along the string from
the boundary to the horizon. Therefore, the total drag force on the string for motion along the x p
direction is
√
√
−G00 G pp
1
.
Fdrag,x p = Πu = − λ
(B.4)
(2π )
u=u0

C. Jet Quenching in Generic Backgrounds
Here we present briefly the derivation of the jet quenching for generic background. The details
of the full generic calculation for any background can be found in [36] .3 The light-like Wilson
loop we calculate here is in the fundamental representation and the relation with the jet quenching
reads [79]
1
⟨ A
⟩
⟨
⟩2
− √
q̂L2 L
W (C ) ≈ exp 4 2 k − = W F (C ) .
(C.1)
√ ±
To arrive to the light-cone coordinates the transformation 2x = t ± x p is done, where x p is the
x∥ or the x⊥ , as in (A.3) . The metric (A.1) becomes
2
2
ds2 = G−− (dx+
+ dx−
) + G+− dx+ dx− + Gii(i̸= p) dxi2 + Guu du2 ,
1
G−− = (G00 + G pp ),
G+− = G00 − G pp .
2
The ansatz for the string configuration is

x− = τ ,

xk = σ ,

x+ , xi̸= p

are constant ,

3 For

u = u(σ )

(C.2)

(C.3)
(C.4)

special backgrounds which happen to satisfy G−− Gkk = constant, resulting to a simplified Hamiltonian, a
relation for the jet quenching was found in [80].
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where in the other directions the world-sheet is localized. The x p = x∥ or x⊥ is as in (A.3) and the
function f (u) at the boundary is zero in order to obtain a constant velocity quark motion. Using
the Nambu-Goto action we obtain the canonical momentum as a constant of motion constant of
motion. This can be solved for f ′ (u)
√
− (G00 + G pp v2 ) Guu
′
f =√
(B.2)
(
)
−2
′
1
G00 G pp 1 + G00 G pp (2πα Πu )
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where the x− has the information of the motion of the hard parton, and the other chosen direction
xk is the where the small edge is aligned. Using the Nambu-Goto action we can derive the Lk of the
small side of the Wilson loop to be
√
∫ uh
Lk
c2 Guu
du
=
,
(C.5)
2
(Gkk G−− − c2 )Gkk
0
where c is the a constant. The length Lk should be small and the above relations under certain
approximations that are in general satisfied can be inverted analytically to
(∫
0

uh

√
Guu
G−−

1
du
Gkk

)−1
+ O(Lk3 ) .

(C.6)

Using the mass subtraction scheme to avoid the divergences in the total energy the normalized
action becomes
√
)−1
(∫
uh
L− Lk2
1
Guu
+ O(Lk4 ) .
S=
du
(C.7)
8π a′
G
G
0
−−
kk
Therefore the jet quenching parameter for an energetic parton moving along the p direction while
the broadening happens along the k direction is given by:
√
)−1
√ (∫
uh 1
2
Guu
q̂ p(k) =
.
πα ′
G−−
0 Gkk

(C.8)
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