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Neutrino oscillation experiments presently suggest that neutrinos have a small but finite mass.
This paper shows how the Dirac equation can be used to distinguish between massive and massless
particles. In the large-momentum/zero mass limit, the Dirac spinors can be separated into large
and small components. The large components are gauge invariant, while the small components
are not. If we renormalize the large components, these gauge invariant spinors represent the
polarization of neutrinos. The small components represent spin- 12 non-zero mass particles. A
similar analysis is then done when the neutrino mass is considered as an invariant of the Lorentz
transformation. If neutrinos are to have mass, then they should not be invariant under gauge
transformations.
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Small-mass Neutrinos, Massless Neutrinos, and
Gauge Transformations
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1. Dirac Spinors and Massless Particles
In his 1939 paper [1], Wigner proposed that the symmetry properties of free particles be studied by using operators which commute with the specified four-momentum of the particle. He
defined the “little groups” to be those transformations that do not change this four-momentum.
For massive particles, the little groups are isomorphic to O(3) and for massless particles they are
isomorphic to E(2).
To apply the Dirac equation to spin- 12 particles, we consider the group generated by:
(1.1)

Here the σi are the Pauli matrices and the S operators represent rotations while the K operators
represent boosts.
Starting with these spin operators, a boost along the z direction will take the form:
Si0 = B(P)Si B−1 (P).

(1.2)

Here the boost matrix is given by:

B(P) =

eξ /2
0

0
e−ξ /2


.

(1.3)

In the large-momentum limit for a massive particle we obtain:,
eξ →

2E
.
M

The gauge transformation matrices take the form [2, 3]
 (+)

D (u, v)
0
D(u, v) =
.
0
D(−) (u, v)

(1.4)

(1.5)

This matrix is applicable to the Dirac spinors. If the spinors representing a massive particle at rest
are boosted along the z-axis using the operator generated by K3 , then
 (+ξ /2) 
 (−ξ /2) 
e
α
±e
β
U(P) =
,
V
(P)
=
.
(1.6)
±e(−ξ /2) α̇
e(+ξ /2) β̇
In the large-momentum/zero mass limit, the large components, e(+ξ /2) , are gauge invariant, while
the small components are gauge dependent. This shows that non-zero mass, spin- 12 particles are not
invariant under gauge transformations. Furthermore, the spinors of Eq.(1.6) can be renormalized
but are still invariant under the D transformation. It is this invariance that is responsible for the
polarization of neutrinos [2, 3].
Additionally, interpreting the results of Eq.(1.6) in terms of E(2) translations on free Weyl
neutrino states, the gauge invariant transformations leave the left-handed neutrino invariant, but
translate the right-handed neutrino into a linear combination of left-handed and right-handed neutrinos [2, 4].
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Si = (1/2)σi , and Ki = (i/2)σi .
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2. Neutrino Mass and Lorentz Transformations
Because there is no Lorentz frame in which a massless particle is at rest, we consider a momentum four-vector of the form:
P = (0, 0, ω, ±ω)
(2.1)
and begin with a massive particle with fixed energy E boosted along the z axis:
z → (cosh ξ )z + (sinh ξ )t,

t → (sinh ξ )z + (cosh ξ )t.

(2.2)

Then the mass becomes
M=E

p
1 − cos2 χ = E sin χ.

(2.4)

Hence, the mass can be increased by increasing χ from zero [6]. The four-by-four matrix which
makes the transformation of Eq.(2.2) has a two-by-two matrix equivalent to the spinor [6]. If we
now perform the Lorentz boost by making a similarity transformation, then in order for the matrix
to remain finite in the large ξ limit, we can let eξ sin θ = γ. For γ to remain finite as ξ increases, θ
must approach zero. Thus, the matrix becomes


1 −γ
.
(2.5)
0 1
It has been shown that the γ parameter performs gauge transformations on the photon case, and its
equivalent transformation on massless neutrinos [5, 2]. If the neutrino indeed has mass, then we
should observe the neutrinos participating in gauge transformations.
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Within the framework of Lorentz transformations, E, and thus ξ , can become large [5].
In addition, ξ can become large when the mass becomes very small. This cannot be achieved
by Lorentz boosts, because the mass is a Lorentz-invariant quantity. With this point in mind, we
can consider what happens when the mass is varied but the energy is held fixed. We can write the
energy-momentum four-vector as
E(0, 0, cos χ, 1).
(2.3)

