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We discuss first the decaysKS,L → µ+µ−, which have received recently some attention due to

the measurement by LHCB. Short distance (SD) can also be extracted from other decays after a

careful analysis of the background long distance contributions (LD); therefore we will study also

KL → π0e+e−,K+ → π+π0γ, K+ → π+π0e+e− and related channels
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1. KL,S→ µ+µ−

Recent LHCB measurement onKS→ µµ [1] is very interesting even if it is still smaller than
the SM prediction

B(KS→ µµ)LHCB < 9×10−9 at 90 % CL B(KS→ µµ)SM = (5.0±1.5)×10−12. (1.1)

It represents an important milestone since it has improved the previous limit,< 3.2×10−7 at 90 % CL,
lasted 40 years [2]. It is based on a production of 1013 KS per fb−1 inside the LHCB acceptance
and it is obtained using 1.0 fb−1 of pp collisions at

√
s= 7 TeV collected in 2011.

Historically KS,L → µ+µ− have been important to the discovery of GIM mechanism. Two
photon exchange generates the dominant contribution for both KL andKS decays to two muons [3].
The structure of weak and electromagnetic interactions entails a vanishing CP conserving short
distance contribution toKS→ µ+µ−. We can write generally

A(K0 → l+l−) = ul (iB + Aγ5)vl (1.2)

and if no polarization is measuredA- andB-amplitudes do not interfere:

Γ(KL,S→ µ+µ−) =
mK βl

8π
(

|A|2 + |B|2
)

βl =

√

1−
4m2

µ

m2
K

(1.3)

However polarization studies can be interesting as shown byPeter Heczeg in Ref.[4] and later
references. The question of the relevant contributions toKL,S → µ+µ− has been addressed in
Refs.[3], even before the powerful and elegant approach of effective field theory had been fully
exploited; already in these papers it was established very generally that no short distance CP con-
serving contributions toKS → µ+µ− were allowed but only long distance contributions. Indeed
the SM short diagrams in Fig. 1 lead to the SM effective hamiltonian [5]

H
SM

e f f =− GFαem(MZ)

2
√

2π sin2 θW
[(V∗

tsVtd)Y(xt)+ (V∗
csVcd)YNL] (s d)V−A (µ µ)V−A+ h.c. . (1.4)

whereYNL andY(xt) are the Inami-Lin functions [5]. The LD contributions toKS→ µ+µ− in Fig.
1 have been computed reliably in CHPT in Ref. [6]. CHPT predicts a non-vanishing, finite and
unambiguous contribution atO(p4) for the decayKS → γγ [7], small NLO CHPT contributions
have been evaluated in Ref. [8] to match the experimental value forB(KS→ γγ).

B(KS→ µµ)LD
SM= (5.0±1.5)×10−12 from B(KS→ γγ)p4 (1.5)

Still too small compared to the LHCB result in eq. (1.1) but larger than SM short distance contri-
bution and interestingly smaller than possible allowed newphysics contributions (NP)[9]

B(KS→ µµ)SD
SM = 1×10−5|ℑ(V∗

tsVtd)|2 ∼ 10−13 vs B(KS→ µµ)NP ≤ 10−11 (1.6)

The short distance hamiltonian in eq.(1.4) will contributeto KL → µµ , through a CP conserving
amplitude,ℜ(Ashort), that can be extracted but requires a careful study of the dominant LD two-
photon exchange,Aγγ :

A(KL → µµ) =
[

Aγγ +ℜ(Ashort)
]

µ γ5 µ (1.7)

2



P
o
S
(
K
A
O
N
1
3
)
0
2
1

Weak chiral lagrangian Giancarlo D’Ambrosio

⌢ ⌢ ⌢ ⌢
⌣ ⌣ ⌣ ⌣

❅
❅
❅
❅

�
�

�
�
(

(

(

)

)

)

s W d

µ µ

γ, Z0

u, c, tu, c, t

Figure 1: Left figure: KS,L → µµ SM short distance contributions, CP violating (conserving) for KS, (KL).

Right figure: Long distance (LD) contributions toKS → µµ , evaluated in CHPT in Ref. [6],KS → γγ is
finite at leading order in CHPT [7].

andAγγ generates the only source of absorptive contribution; thenwe can write explicitly

Γ(KL → µµ) =
2α2

emrµβµ

π2

[

Rabs+Rdisp
]

Γ(KL → γγ) (1.8)

whererµ =
m2

µ
m2

K
, βµ =

√

1−4rµ , the model independent absorptive contribution is

Rabs=

[

π
2 βµ

ln
1−βµ

1+βµ

]2

= 27.14. (1.9)

A careful analysis of severalKL decay modes (ππ, γγ ..) [10] leads to the precise determination

[

Rabs+Rdisp
]

= (1.238±0.024) ·10−5. (1.10)

which turns in a relevant determination

Rdisp= |χγγ (Mρ)+ χshort−5.12|2 = (0.98±0.55) (1.11)

whereχγγ(Mρ)− 5.12 is the LD dispersive model dependent contributions andχshort is the short
distance one, generated in the SM from the SD effective hamiltonian in (1.4); then [9, 11]

χSM
short = κ

[−ℜ(V∗
tsVtd)Y(xt)−ℜ(V∗

csVcd)YNL

4×10−4

]

= κ(1.11−0.92ρ) , (1.12)

|κ | = 4×10−4
[

mK

16πΓ(KL → γγ)

]1/2 √2GFmKFKαem(MZ)

sin2θWαem
= 1.96 , (1.13)

To extractχγγ(Mρ)+ χshort− 5.12 several models have been proposed [12, 13, 14]; here we de-
scribe mainly Refs. [9, 11] where a low energy parameterization of theKL → γ∗γ∗ form factor that
includes the poles of the lowest vector meson resonances (mV ∼ mρ):

f (q2
1,q

2
2) = 1+ α

(

q2
1

q2
1−m2

V

+
q2

2

q2
2−m2

V

)

+ β
q2

1q2
2

(q2
1−m2

V)(q
2
2−m2

V)
. (1.14)

3



P
o
S
(
K
A
O
N
1
3
)
0
2
1

Weak chiral lagrangian Giancarlo D’Ambrosio

The ansatz is that, since we are able to describe the relevantresonances fully, this is the proper
form factor to high energy up to the charm scale and in fact by comparing it with the short-distance
result in [15] we constrain the parametersα andβ : the form factor in Eq. (1.14) goes as 1+2α +β
for q2

i ≫ m2
V and thus the logarithmically divergentχγγ(Mρ) can be phenomenologically compared

with the known perturbative QCD calculation [15] leading to|1+ 2α + β | ln(Λ/mV) < 0.4 (Λ is
the ultraviolet cutoff); sinceα is fixed experimentally this turn in a value forβ leading to [9, 11]

χγγ(Mρ) = 5.83±0.15exp±1.0th (1.15)

Then from (1.11)

χshort=

{

−1.7±1.4
+0.3±1.4

or −3.1< χshort< 1.7 (1.16)

If we make no assumption on the the sign ofA(KL → γγ) only the second inequality holds.

2. KL → π0e+e−, the related channels K → πγγ and KS→ π0e+e−

The electroweak short distance contribution toKL → π0e+e−, analogously toKL → π0νν ,
violates directly CP violation; however there is long distance contamination due to electromagnetic
interactions: i) a CP conserving contribution due to two-photon exchange and ii) an indirect CP
violating contribution mediated by one photon exchange, i.e. the contribution suppressed byε in
KL ∼ K2+ εK1 → π0e+e− determined by the CP conservingA(KS→ π0e+e−)[16, 17, 8].

The CP-conserving decaysK±(KS) → π±(π0)ℓ+ℓ− are dominated by the long-distance pro-
cessK → πγ∗ → πℓ+ℓ− [16, 17]. Our ignorance in the long distance dominatedA(KS→ π0l+l−)
can be parametrized by one parameteraS to be determined experimentally. NA48, finds in the
electron [18] and muon final state [19]

|aS|ee= 1.06+0.26
−0.21±0.07 |aS|µµ = 1.54+0.40

−0.32±0.06 (2.1)

These results allow us to evaluate the CP violating branching

B(KL → π0e+e−)CPV =

[

15.3a2
S − 6.8

ℑλt

10−4 aS + 2.8

(

ℑλt

10−4

)2
]

×10−12 , (2.2)

The first term is the indirect CP violating contribution while the last term is the direct CP violating
contribution; the second one is the interference, expectedconstructive. This allows a stronger signal
[8]. This prediction is not far from the the present bound from KTeV [20]

B(KL → π0e+e−)< 2.8×10−10 at 90% CL. (2.3)

which also sets the interesting limitB(KL → π0µ+µ−)< 3.8×10−10 [21]. Still we have to show
that we have under control the CP conserving contribution generated by two photon exchange.

The general amplitude forKL(p) → π0γ(q1)γ(q2) can be written in terms of two Lorentz and
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gauge invariant amplitudesA(z,y) andB(z,y). wherey= p(q1−q2)/m2
K andz = (q1+q2)

2/m2
K .

Then the double differential rate is given by

∂ 2Γ
∂y∂z

∼ [z2 |A + B|2 +
(

y2− λ (1, r2
π ,z)

4

)2

|B|2 ] , (2.4)

whereλ (a,b,c) is the usual kinematical function andrπ = mπ/mK . Thus in the region of small
z (collinear photons) theB amplitude is dominant and can be determined separately fromthe A
amplitude. This feature is crucial in order to disentangle the CP-conserving contributionKL →
π0e+e−. In fact the lepton pair produced by photons in aS-wave, like anA(z)-amplitude, are
suppressed by the lepton mass while the photons inB(z,y) are in aD-wave and so the resulting
KL → π0e+e− amplitude,A(KL → π0e+e−)CPC, does not suffer necesseraly from the electron mass
suppression [8]. The important message is that theKL → π0γγ z−spectrum study has been able to
limit B(KL → π0e+e−)< 5·10−13 at 90% CL [22, 23].

✫✪
✬✩

⌣ ⌣
⌢ ⌢

⌢ ⌢
⌣ ⌣②

Figure 2: Unitarity contributions toK → πγγ
Figure 3: K+ → π+γγ: ĉ = 0 , full line, ĉ=
−2.3 , dashed line, [25]

Recently a related channel,K+ → π+γγ , has attracted attention: new measurements of this
decay have been performed using minimum bias data sets collected during a 3-day special NA48/2
run in 2004 with 60 GeVK± beams, and a 3-month NA62 run in 2007 with 74 GeV/cK± beams
[28].

This channel starts atO(p4), with pion (and kaon) loops and a local term ˆc. Due to the presence
of the pion pole, there is a new helicity amplitude,C [24]; the unitarity contributions atO(p6) in
Fig.1 enhance the amplitudeA by 30%-40% , along with the generation of aB-type amplitude [25];
as a result the differential decay rate is

d2Γ
dydz

∼
[

z2(|A+B|2+ |C|2)+
(

y2−
(

(1+ r2
π −z)2

4
− r2

π

))2

|B|2
]

(2.5)

The constant ˆc can be fixed by a precise determination of the rate and the spectrum as shown
in Fig.2 [25]; this constant is predicted in terms of strong and weak counterterms, generated from
the axial spin-1 contributions
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ĉ=
128π2

3
[3(L9+L10)+N14−N15−2N18)]

FM
= 2.3 (1−2 kf ) ,

with kf is the factorization factor in the factorization model (FM)model [26]. BNL 787 got 31
events leading toB(K+ → π+γγ) ∼ (6± 1.6) ·10−7 [27] and a value of ˆc = 1.8± 0.6. Recently
NA48 has presented preliminary results normalizingK+ → π+γγ with the channelK+ → π+π0:
B(K+ → π+γγ) = (1.01±0.04±0.06) ·10−6 andĉ= 2.00±0.24stat±0.09syst [28].

Figure 4: K+ → π+π0γ: deviations from IB
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Figure 5: K+ → π+π0γ: T∗
c −W-Dalitz plot.

In this contour plot of the interference Branch-
ing the red area corresponds to more dense and
thus larger contribution

3. K → ππγ and K → ππee-decays

CP violation has been also studied in theK → ππγ and K → ππee decays. According to
gauge and Lorentz invariance we decomposeK(p)→ π(p1)π(p2)γ(q) decays, in electric (E) and
magnetic (M) amplitudes [29]. In electric transitions one generally extracts the bremsstrahlung
amplitudeEB. This is predicted by Low theorem in terms of the non-radiative amplitude and it is
enhanced by the 1/Eγ pole. Summing over photon helicities: d2Γ/(dz1dz2) ∼ |E(zi)|2+ |M(zi)|2.
At the lowest order, (p2), one obtains onlyEB. Magnetic and electric direct emission amplitudes
can be decomposed in a multipole expansion. In Table 2 we showthe present experimental status
of the DE amplitudes and the leading multipoles.

Table 2 DEexp

KS→ π+π−γ < 9·10−5 E1
K+ → π+π0γ (0.44±0.07)10−5 M1,E1
KL → π+π−γ (2.92±0.07)10−5 M1,VMD

Particularly interesting are the recent interesting NA48/2 data regardingK+ → π+π0γ decays [30].
Due to the∆I = 3/2 suppression of the bremsstrahlung, interference betweenEB and the electric
dipole (E1) and magnetic transitions can be measured. Definingzi = pi ·q/m2

K z3 = pK ·q/m2
K

6
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K+(P )

π+(p1)

π0(p2)

γ∗(q)
e+(k+)

e−(k−)

Figure 6: Photon-mediated K+ → π+π0e+e− decay with our kinematical conventions. The blob represents
the hadronic tensor Hµ .

andz3z+ =
m2

π+
m2

K
W2 we can study the deviation from bremsstrahlung (see Fig.3)

∂ 2Γ
∂T∗

c ∂W2 = ∂ 2ΓIB

∂T∗
c ∂W2

[

1+
m2

π+

mK
2Re

(

EDE
eA

)

W2+
m4

π+

m2
K

(

∣

∣

∣

EDE
eA

∣

∣

∣

2
+
∣

∣

∣

MDE
eA

∣

∣

∣

2
)

W4

]

,

whereA=A(K+ → π+π0). The Dalitz plot distribution of the interference term is shown in Fig. 4.
Study of the Dalitz plot has lead NA48 to these results [30] Table 3

NA48/2 T∗
c ∈ [0,80] MeV

Frac(DE) = (3.32±0.15±0.14)×10−2

Frac(INT) = (−2.35±0.35±0.39)×10−2

Also the interesting CP bound was obtained [30]:

Γ(K+ → π+π0γ)−Γ(K− → π−π0γ)
Γ(K+ → π+π0γ)+Γ(K− → π−π0γ)

< 1.5·10−3 at 90% CL. (3.1)

With more statistics the Dalitz plot analysis in Fig. 4 will be more efficient.
We have studied also the decayK± → π±π0e+e− in Fig. 5 [31]. Historically kaon four body

semileptonic decays,Ke4 have been studied as a tool to tackle final state rescatteringeffects in
K → ππ-decays: crucial to this goal has been finding an appropriateset of kinematical variables
which would allow i) to treat the system as two body decay in dipion massMππ and dilepton mass
Ml+ l− [32] and ii) to identify appropriate kinematical asymmetries to extract observables crucially
dependent on final state interaction. In Fig. 7 we show the traditional kinematical variables for the
four body kaon semileptonic decay which allow to write the four body phase spaceΦ in terms of
the two two-body phase spaceΦπ Φℓ from [32]

dΦ = 1
4m2

K
(2π)5∫ dsπ

∫

dsℓλ 1/2(m2
K , p

2
π ,q

2)ΦπΦℓ. (3.2)

Then definingq2 = M2
eν and the heππ invariant massp2

π = M2
ππ , we can write

d5Φ =
1

214π6m2
K

1
sπ

√

1− 4m2
ℓ

q2 λ 1/2(m2
K , p

2
π ,q

2)λ 1/2(p2
π ,m

2
π+ ,m2

π0)dp2
π dq2dcosθπdcosθℓdφ ,

(3.3)
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Figure 7: K+ → π+π0e+e− kinematical planes:
N. Cabibbo and A. Maksymowicz defintion of the
angles [32]
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Figure 8: q dependence of the different contributions.
The solid line represents the Bremsstrahlung. The
dashed lines (from bigger dash to smaller dash) are
100×M, 100×BE and 300×E, respectively.

Then theKe4 amplitude is written as

Ml4 =
GF√

2
Vus

[

u(pe)γµ(1− γ5)v(pν)
]

Hµ(p1, p2,q), (3.4)

whereHµ is the hadronic vector, which can be written in terms of 3 formfactorsF1,2,3:

Hµ(p1, p2,q) = F1pµ
1 +F2pµ

2 +F3ε µναβ p1ν p2αqβ . (3.5)

The goal was to obtain some asymmetry strongly dependent on the final stateδ i
j(s) in the form

factors
Fi(s) = fi(s)e

iδ 0
0 (s)+ ..

Indeed

d5Γ
dE∗

γ dT∗
c dq2dcosθℓdφ

= A1+A2sin2 θℓ+A3sin2 θℓ cos2 φ

+A4sin2θℓ cosφ +A5sinθℓ cosφ +A6cosθℓ
+A7sinθℓ sinφ +A8sin2θℓ sinφ +A9sin2θℓ sin2φ , (3.6)

whereθℓ andφ are two variables forKl4 decays [32] andAi are dynamical functions that can be
parameterized in terms of three form factors. The amplitudes A8,9, odd in θℓ, are also linearly
dependent on the final state, establishing a clear way to determine them; whileA5,6,7 are generated
by interference with the axial leptonic current.

One can easily show that the Bremsstrahlung, direct emission and electric interference terms
contribute toA1−4. In contrast,A8,9 receive contributions from the electric-magnetic interference
terms (BM and EM) and therefore capture long-distance induced P-violating terms.A5,6,7 are also
P-violating terms but generated through the interference of Q7A with long distances.

Essentially two groups [33] studied the decayKL → π+π−e+e−. Here the targets are mainly
short distance physics,i.e. A5,6,7 and the diplane angular asymmetry proportional toA8,9. This last
observable is large and has been measured by KTeV and NA48 [34, 2]. However this observable

8
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is proportional to electric (bremsstrahlung) and magneticinterference, both contributions known
already fromKL → π+π−γ . In fact it was known that these contributions were large andthey may
obscure smaller but more interesting short distance physics effects.

We have performed a similar analysis for the decayK+ → π+π0e+e− trying to focus on i)
short distance physics and ii) all possible Dalitz plot analyses to disentangle all possible interesting
long and short distance effects [31]. This decay has not beenobserved yet, and the interesting
physics is hidden by bremsstrahlung [31, 35]

B(K+ → π+π0e+e−)B ∼ (330±15) ·10−8

B(K+ → π+π0e+e−)M ∼ (6.14±1.30) ·10−8, (3.7)

and so Dalitz plot analysis is necessary in order to capture the more interesting direct emission
contributions. TheK+ → π+π0e+e−-amplitude is written as

MLD =
e
q2

[

u(k−)γµv(k+)
]

Hµ(p1, p2,q), (3.8)

Figure 9: Dalitz plot in the(E∗
γ ,T

∗
c ) plane atq2 =

(50 MeV)2 for the P-violating BM contribution
Figure 10: Dalitz plot BM contribution: two-
dimensional density projection

We may wonder also what it is the advantage to study this four body decay,K+ → π+π0e+e−,
versusK+ → π+π0γ ; infact there are two reasons to investigate this channel, i) first trivially there
are more short distance operators and also more long distance observables (for instance interfering
electric and magnetic amplitudes) and ii) going to large dilepton invariant mass there is an extra
tool compared toK+ → π+π0γ to separate the bremsstrahlung component [31]. For instance at
large dilepton invariant mass the bremsstrahlung can be even 100 time smaller than the magnetic
contribution. In our paper we give practically all the distributions in eq. (3.6), here as example we
show in Figs. 8 and 9 the Dalitz plot distribution for the novel electric magnetic interference. This
decay has been analyzed by NA48/2-NA62.

4. Conclusions

We are looking forward to the upcomingKL → π0νν KOTO [36] andK+ → π+νν [28] NA62
experiments probing deeply the flavour structure of the SM and we hope ORKA will join this enter-
prise [37]. We have also shown that there are other decay modes like KL → π0e+e−, K+ → π+γγ

9
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andK+ → π+π0e+e− which are very useful, in particular these last two have beenstudied recently
by NA62. I would like also to mention CPT tests in kaon decays [38] through Bell-Steinberger
relations, recently updated in [2]; these leads to best CPT limit and an accurate determination of
the CP violating parameterε .
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