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1. Introduction

At the present time the investigations of non-linear processes in Physics are very intensive.
There are atoms [1] and molecules [2] ionization and excitation by ultrashort strong laser pulses.
In this case the multi-photon interaction between matter and light has the main role. To describe
this interaction we need to find such equations, that describe the quantum systems dynamics in
non-perturbation approaches. The Path Integral approach [3] is one of them. Within this approach
we consider the Influence Functional method, which received the active development in many
scientific papers [4, 5, 6, 7, 8, 9].

There are two fundamental problems. The first problem cover the influence function cal-
culation for investigating model of matter and light interaction. The second is the path integral
calculation for the description of investigating system density matrix or observation probabilities
evolution. In the present article we present the path integral transformation from complex to real
functionals over investigating system trajectories space. This trick allows us to calculate path inte-
grals basing on modern numerical simulations methods (Monte-Carlo’s methods).

2. The Influence Functional Approach

We consider the quantum systems (atom, molecule), which interact with electromagnetic field.
The state of this model we describe in terms of statistical operator p(r). Its evolution can be
presented as

p(1) =0(n)p(0)T* (1), (1)
where the evolution operator U (¢)
1
O(t) = Texp[—% /0 Api(T)d7). (2)

The «matter+light> Hamiltonian A fut1 (T)
Flfull = Flsys + I:Ifield + ﬂiﬂla (3)

where I-Alsys is the Hamiltonian of multi-level quantum system, which defines the stationary states
spectrum of the free system
Hys|n) = En|n); (4)

H tiela 1s the Hamiltonian of free electromagnetic field

. d’k o
Aiera = /;(M)* hQy(af ay, +1/2); (5)
H,, is interaction Hamiltonian [10]:
A d3k /.\IJ l A_;'_ /’L* A
f = | o L @0+ () ) (6)

where j* is p-component of the current operator, 8[}

operators of photons creation and annihilation with wave vector k and polarization A.

(k) is the polarization vector, &E 00K, are
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We write the evolution equation (1) in the mixed representation. The basis vectors of this
representation are

) = 1) @ lay ),

where definition of vectors |qy , ) is the following: dy , |ay ;) = ay ; |ak ;)

(ay ylag z) = exP{_%““i(,x *+lag 5 I —2ay 0K} / |ag ) (aK 2 % |d,a};’l 40k =1
the vectors |x) are to define:
fx) = xlx),  K|x) =6 —x) /\x (x|dx=1.
The equation of density matrix evolution in this representation is the following
plaf,xp,dp,xpit) = %Ch;;’}”:”dxmdx;n X
XU (@}, X, @iny Xins 1) P (s Xins Ui Xis U™ (dlp, Xy, a7, X051, (7)
where
P (@}, Xin, Ay Xi30) =< ain, Xin| P (0) |y, X5, > plag,xp,dp,Xpit) =< ag,xs|p(t)ay, x> .
The evolution operator (2) kernel can be presented as path integral [11]
Utajoagsansit) = [ ([T2d (S0 0Dp(E)D()) expl= Sy o510 (2D (A
(8)

where action in (8)

3
_/ (21717];3 ;j”(x(r))(gl(k) k( )+g “(K)a ]A((T))]df;

obviously, that the kernel U*(d/ f,xf,am,xm, t) has the same structure. We consider such systems,

in which the interaction turns on at initial moment ¢t = 0, so that

p (alr[?xln ) am?xm’ O) pS}’S (xin?x;n; O) ’ pfield (alm am’ 0) (9)

The next steps are substitution the density matrix (9) in equation (7) and electromagnetic field
variables exclusion. After that we have the equation for quantum system density matrix p (x f,x’f;t)
evolution in the following form

p(xf,x};t) = Spaf:a/fp(a;?,xf,a_’f,x};t) = /(@p(r)@x(’v))dxfa’xm(’Dp’(’v)@x (t ))dxfdxm
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X exp[—%(ssysr [p(7),x(7)] = Seyt [P (7). (D)D) [x(7),. X (T)] Py (i, X35 0), (10)

where F[x(7),x'(7)] the influence functional of electromagnetic field on the quantum system is
under study:

Flx(7) / Hgakx )Day ; (1 ))dafdain(kl,},Qali;’,/v(T)Qa/k’,/v(f))da/fdaﬁn><

X CXP[*%(Smﬂ [age 1, () g 5 (0),5(0)] = Sinpad'k2 (7). @'y 5, (7). TP pieta (@, @i 0)- (1)
Ssys[p(7),x(7)] is free quantum system action:
Ssys [p(f),x(f)] = /Ot [p(T)X(T) _Hsys(P(T)ax(T))]dT;

Sinpilay , (7),ax ; (7),x(7)] is the action, which describes the electromagnetic field influence on
the systém under study:

t 3
Sinpilay ; (7). ax , (9),2(7)] = — /0 [ / (jﬂks ey (K)a" (1) + &4 (K)ag (1)) —

A

ATV (7) — a (7 3
_/Z( k (Da (7) —a " (T)ay (1) —Hﬁezd(aﬁ*(f),ail{(f)))(;lﬂ];g]df' (12)

Particularly, the influence functional (11) can describe the thermal photon bath influence.

We present the equation (7) for the density matrix evolution in energy representation. We
consider such model, in which the quantum system state |n) state is determined by wave function
0, (x); the electromagnetic field state with wave vector k is determined by function in holomorphic
functions space Wi (a). The product of them creates full system orthonormal basis:

//‘Pn On(x) Wi (a)dxda = &, i

We choose the basis as a ¢,(x)yi(a) and consider the density matrix (7) representation if the
formulas (8), (9) are true:

p(m,kp,m' K rit) = /(@p(r)@x(r))a’xfdxl-n(@p(r)@x(r))dx}dxfn><

X O (X 7) G (X7) eXP[—%(Ssyst [P(7),%(7)] = Seyr[P'(2), ' (7)])]

ka,k/f;kin,kl/-n [X(T),XI(T)] Z (o (x;n)(pn (xin>p5y-"(nv n's 0), (13)
where
p<makfam/7k/f;t) = /‘Pm(xf) l[fkf(af)p(Xf,aj,X},a},t)(])m/ (x/f)Wk/f (a}) (14)

- the density matrix of quantum system and electromagnetic field at the time moment ¢ in energy
representation;

Pas(1.1:0) = [ [ 07 Cxi)Puys (i 0) i (3 ) ind ' (15)
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is the density matrix of quantum system at the time moment ¢ in energy representation;

kayk/f;kin‘,k,/-,,[ ( / H’Dakl @akl I;[ @Cl K’ l’ @d Kk’ l'( ))X
K

X ‘I/kf(af)llfk}(a}) eXP[—%(Sinﬂ [aiﬂm(f),ak,g(f)ax(f)] —Singi [a’i‘(,w(r),a’k,w(r), 7])] %

X Z Vi, (ain)pfield(km?kmvo) Wk’ ( )dafdamdafda (16)
kimk;n

is the influence functional of electromagnetic field in the case that its states in initial and final time
moments are defined.

pfield kll’hk[rpo //l//kf ali’l alnvazn’()))q/k/ ( m) (17)

is the density matrix of electromagnetic field at the initial time moment # = O in energy repre-
sentation; here indexes in, f are define the value status at the initial (+ = 0) and final (z > 0) time
moments.

The equations (13) - (17) are defined concretely for specific models of quantum system and
electromagnetic field.

We consider the model, in which the initial and final states of quantum system are pure quan-
tum states, are defined with wave functions @, (xﬁn),q&m(xf), while in the equations (13), (15)
m=m', psys(n,n’;0) = 8,—n0,_,. The electromagnetic field state is also pure and they are defined
functions y, (ar), Wi, (ain), in equations (13), (16) ky = K £, pfieta (kin ki3 0) = Oo—icn 6,(,.”,,(’4".

In this model the equation (13) describe probabilities P(m,t|n,0) of investigated quantum
system transition under influence of electromagnetic field with wave vector k from state @, (x}, to
state @y, (xr)

P(m,t|n,0) = /(@p(f)@x(f))dxfdxin(@p(r)@x(f))dx’fdxﬁn><

X O (1) O (X) exp[_%(ssyst [P(%),x(0)] = Syt [P (), 5 (T))) ] Ficlx(7), ' ()] b (xin) 0 (), (18)

where the influence functional F[x(7),x'(7)] is defined by (16) and model parameters

Fiik, [X(T) /H:Dakx ’Dakl( ))dafdai"(g/Qa/f(’,/v<T)©a’k’,/l’(r))da/fda§nX

X i, (ar) Wi, (d) eXP[—%(Sinﬂ (a5 (7), a1 2, (). x(0)] = Singrla'ie> (%), g2 5 (7), T])]

X Vi, (ain) W, (a,)- (19)

In the case the final state of electromagnetic field is not specified (can be any), then we sum
over all possible finite states of electromagnetic field Y, (ay) and take into account

Zka(akf)llllrf(a;cf) = a(akf - a;Cf)7
ky
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then the influence functional (19) we convert to the following form

Fo, [x(7),% / H@ak L(0ay, (D) ([T Dd'jer 1 (1)D g (1)) %
ap=d's kA
l % * *
X exp[—ﬁ(Sinfl [ag 5 (7),ag 1 (T)] = Singi [a'k 2 (T) w2 1 (O] Wi, (@in) W, (in)- (20)

The influence functionals (19),(20) were calculated for vacuum and pure coherent state of
electromagnetic field [?]. If the initial and finite states of electromagnetic field are one mode

vacuum 5
lag. z|
>y )

|ag.in ’2
2 ] Y
then the influence functional (12) is calculated in the following form:

Wkin,mc (ak,in) — exp[_ 1I/k-,fV(lC (akf) - CXP[_

FVGCHVHC [X(T)7x/(f)] —

—exp{— [ [ (. #GENIGE) + o (I ) DTy )
0 Jo

If the initial state of electromagnetic field is one mode vacuum W, . (axin) = exp[— M]

and we have no interest in the final state, then the influence functional (20) was calculated in the
following form:
Fkvac [X(T) ,X/(‘L'>] — FlelC—W’dC [X(T) 7)C/(T)] .

T 7
el [ [ IR EENIEE) 4 1@ I )Ty (22)
0o Jo
In the equations (21), (22) the functions y(7’,7”) depend on time interval and fundamental constant

e n&y e—sz(r r)

T, TN

The analytical calculation of the spontaneous emission probability was done in [12, 13]. The result
agree with other theoretical models and experimental data.
If the initial state of electromagnetic field is one mode pure coherent state
j@in®  laol

Voo (@in) = (@inlao) = exp[—T > +atag)

and we have no interest in the final state, then the influence functional (20) is calculated in the
following form:

R x(2). (8)) = Fla(e). (8 expl— 1 5 [ (G0(2) = (®)) cos(@ur ~ o))

(23)
The influence functionals of multi-mode electromagnetic field F[x(7),x'(7)] can be calculated by

product of the independent modes & influence functionals [3]:

Flx(7),¥(7)] = I;[Fk[X(T),X'(T)}' (24)
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3. The transitions probability as a path integral of real functional

The influence functionals for wide class of electromagnetic field models was investigated in
the papers [12]. The analysis of resulting influence functionals allows us to write its general form
as

FIx(2), (1)) = expl— Sor x(5), ¥ ()] xpl~ 1.7 1x(2), ¢ (2)], (25)

where Sor[x(7),x'(7)] and Sg[x(7),x'(7)] are real functionals, which defined in trajectories space
of investigated quantum system. We should note, that structure (25) of the electromagnetic field
influence functional describes the time irreversible evolution of the quantum system density matrix
(10), (13) and transition probabilities (18).

We present the equation (18) with the (25) in the following form

P(m,t|n,0) = / Dp()Dx(7)Dp' (1) Dx'(T)dux ydxydXind Xy Gy (X) Oin (X)) O (Xin) P (x5,) X

X CXP[—%SOF (7). X' (7)]] CXP[—%(Ssys[P(T)J(T)] = Soys[P'(7),x'(7)] + Sp[x(7), ¥ (T)])].  (26)

For numerical simulations we present the path integral (26) in such form, in which the inte-
grand is the real functional.
We transform formula (26) using the Euler formula to the following form

P(m,t|n,0) = / Dp(1)Dx(7)Dp' () DX (T)dx pdxydXind iy, $y,(X ) O (X7) 9y (Xin) P (x7,) X

X CXP{%SOF[X(T%X'(T)]}COS{%(Ssys[P(T)aX(T)] = Sl (2),2 (7)) = Sk [x(7), 2 (7)) } =
— / Dp(0)Dx(1)Dp' (1) Dx'(T)dux pdxydind iy Gy (X) O () Oy (i) P (x5) X

exp{ 350 (), ¥ (2]} {3 (S (), 5(0)] = Sy [§/(), ¥ (2)] = S (), ¥ (O} (27)

The path integral (27) is equal to path integral with real and sing varied integrand functional, so we
present the transition probability in the form:

P(m,t|n,0) = /@p(f)QX(T)@P'(T)QX'(T)dedx}dxindXQn%(Xf)¢m(X})¢n(xz'n)¢I(X§n)><

X eXP{%SOF [X(T)J’(T)]}COS{%(Ssys [p(7),x(7)] = Ssys [P (1), 4/ (2)] = Sp[x(7), 4 (2)]) }. (28)

The formula (28) can be proved by integration independence over trajectories with prime and with-
out one in formula (27). The asymmetry of the functional sin{ 1 (Ssys[p(7),x(T)] = Sys[p/ (), % (7)] —
Srlx(t),x'(1)])} relatively the replacement these trajectories and if following formula are true

Sor[x(7),x'(7)] = Sor [ (7),x(7), ] Srlx(7),x'(7)] = =Sk [¥'(7), x(1)],

9 () O (xf) = 65, () b (), On (Xin) 9 (i) = 0 (i) 9 (i)
We should remind, that first reference on possibility of probability transition presentation as
path integral of real and sign variable functional was developed by G. V. Ryazanov [14].
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Basing on (28) we consider the non-relativistic multi-level quantum system transition un-
der electromagnetic field influence in the dipole approximation. The intensity of electromagnetic
field in our model is so large, that the vacuum influence is neglected. In this case we assume
Sor[x(7),x'(t)] = 0 in the formula (28), that makes the calculations simpler and leads to unitary
dynamics.

The formula (28) for transition probability for numerical simulations is more convenient in the
energy representation.

N N 1 1
Plug tylmant) = Jim Y Y / . / d&y..dExdCy. dlx
0 0

n ,..,nkzlml,..,ml(:l
x cos[S[ng,nk, Exs s, g1, Ep—15 . 3n1, i, So) — S, m, Cxs sy mp— 1, G- 15 .yma, nin, Gl
(29)
. K+1 . . .
where action S[ns,ng, Ex;.ing, nk—1,E—15.5n1,nin, &o] = X S[nk,nk—1,E—1] is functional in tra-
k=1

jectories space, which defined in space of discrete n; and continuous & variables. The size of

discrete space is one of the quantum system parameter and the continuous space is limited on the

interval [0, 1]. The boundary conditions are x| =1, ng41 = nyg, to = 0.

) . R
Sl tis 15 t-156e1] = 2 (mg — 1) § 1+, (cOSRT (g —mi—1) &1+

I+ - e+ t—
) Feos(m(ne — me1) kot — (Q= Oy )5 ) (e~ 1) (30)

The action (30) was calculated without rotating wave approximation (RWA). In this approximation,

+(Q+ Oy,

terms in a Hamiltonian which oscillate rapidly are neglected. Obviously, that within RWA the

action is
SEVA Tt me— 1t 13 1] = 2 (e — ) &1 +QF L (B —ti-1) %
Q — |, |
Xcos(ZE\nk—nk_llék_l —%(lk—i-tk_])). (31)

Basing on (29-31) we have calculated the multi-level quantum system transition probabilities
with rotating wave approximation and without it, using the computer cluster. The results predict
fluctuations of the Rabi oscillation [15]. They are not contrary to the quantum system description by
the perturbation theory [16, 17, 18, 19, 20] and the experimental data [21], [22] for two-photon Rabi
oscillations. This facts confirm, that this approach (29)-(31) describe the multi-photon processes.

References

[1] V. Florescu, O. Budriga, H. Bachau, Two-photon ionization of hydrogen and hydrogenlike ions:
Retardation effects on differential and total generalized cross sections, Phys. Rev. A 86 (2012) 033413.

[2] R. Antoine, T. Doussineau, P. Dugourd, F. Calvo, Multiphoton dissociation of macromolecular ions at
the single-molecule level, Phys. Rev. A 87 (2013) 013435.

[3] R.P. Feynman, A. R. Hibbs, Quantum mechanics and Path Integrals, McGraw-Hill, New York 1965.

[4] R.P. Feynman, F. L. Vernon Jr., The Theory of a General Quantum System Interacting with a Linear
Dissipative System, Annals of Physics 24 (1963) 118-173.



The Influence Functional approach to the quantum systems dynamics Mark Shleenkov

(5]

[6]

[10]
(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

(21]

[22]

J. An, M. Feng, W. Zhang, Non-Markovian decoherence dynamics of entangled coherent states
(2007) [quant-ph/07052472].

S. Albeverio, L. Cattaneo, S. Mazzucchi, L. Persio, A rigorous approach to the Feynman-Vernon
influence functional and its applications I, J. Math. Phys. 48 (2007) 102109.

J. Jin, M. W. Tu, W. Zhang, Y. Yan, A nonequilibrium theory for transient transport dynamics in
nanostructures via the Feynman-Vernon influence functional approach (2009)
[cond-mat .mes-hall/09101675].

F. Marquardt, J. Delft, R. A. Smith, V. Ambegaokar, Decoherence in weak localization I: Pauli
principle in influence functional (2005) [cond-mat .dis-nn/0510556].

F. Marquardt, J. Delft, R. A. Smith, V. Ambegaokar, Decoherence in weak localization II:
Bethe-Salpeter calculation of Cooperon (2005) [cond-mat .dis-nn/0510557].

A. 1. Akhiezer, V. B. Berestetskii Quantum Electrodynamics, Intersci. Publ., New York 1965.

L. D. Fadeev, A. A. Slavnov Gauge Fields. Introduction to Quantum theory Addison-Wesley P. C.,
1991.

A. A. Biryukov, M. A. Shleenkov, The Influence Functional of quantum electromagmetic field,
Theoretical Physics 12 (2011) 28-49.

A. A. Biryukov, M. A. Shleenkov, The functional approach for the description of multilevel quantum
systems dynamics in electromagnetic field, Bulletin of the Samara Scientific Center of the Russian
Academy of Sciences 15 (2013) 140-144.

G. V. Ryazanov, Quantum-mechanical probability as a sum over path, JETP 35 (1958) 121-131.

A. A. Biryukov, M. A. Shleenkov, The transition probabilities calculation by paths integration of real
functionals, Theoretical Physics 13 (2012) 8-41.

A. A. Biryukov, J. P. Philippov, Amplitudes and probabilities of transitions pf many-level quantum
system under the action of quantum electromagnetic field at the third order of perturbation theoty,
Theoretical Physics 9 (2008) 187-194.

A. A. Biryukov, B. V. Danilyuk, Transitions probabilities in the multi-level quantum system at the
third order of perturbation theory, Proc. SPIE 7024 (2008) 70240A.

A. A. Biryukov, B. V. Danilyuk, Rabi oscillations in many-level quantum system, Proc. SPIE 7024
(2008) 702405.

A. A. Biryukov, B. V. Danilyuk, A. N. Kosygin Quantum transition probabilities of a particle in
potencial wall under the effect of variable external field, Theoretical Physics 7 (2006) 102-108.

A. A. Biryukov, B. V. Danilyuk Resonance interaction of oscillating electrical field with many-level
quantum system, Theoretical Physics T (2006) 130-140.

M. Ornigotti, G. D. Valle at al Visualization of two-photon Rabi oscillations in evanescently coupled
optical waveguides, J. Phys. B: At. Mol. Opt. Phys. 41 (2008) 085402.

T. R. Gentile, B. J. Hughey at al Experimental study of one- and two-photon Rabi oscillations Phys.
Rev. A 40 (1989) 5103-5115.



