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The Chrial Magnetic Wave and
Strong Field Effects in Heavy Ion Collisions
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The Chrial Magnetic Wave

1. Introduction

~jV = σ5 µA~B;

(1.1)

Nc e
with chiral conductivity σ5 ≡ 2π
2 . Such an imbalance of chirality (thus nonzero µA ) may arise in
QGP via instanton and/or sphaleron transitions. The CSE on the other hand predicts the generation
of an axial current, jAi = hψ̄γ i γ5 ψi, and thus separation of axial charges along the external ~B field
at nonzero vector charge density (parameterized by its chemical potential µV ) [2, 3]:

~jA = σ5 µV ~B.

(1.2)

Since there are extremely strong transient ~E and ~B fields [5, 6, 7, 8, 9, 10, 11] across the QCD
plasma in heavy ion collisions, a lot of efforts have been made to search for such strong field
effects. For example there have been measurements of charge asymmetry fluctuations motivated
by CME predictions from the STAR [12] and PHENIX [13] Collaborations at RHIC as well as
from the ALICE [14] at LHC. The precise meaning of these data is under investigations [15].
In this contribution, I will discuss a number of recent progresses in the study of strong field
effects in heavy ion collisions: 1) the Chiral Magnetic Wave (CMW) and its experimental manifestation via splitting of π ± elliptic flow [16]; 2) the event-by-event azimuthal fluctuations of strong
EM fields [7] and its correlations with matter geometry; 3) a new mechanism for generating axial
current in external electric field, the Chiral Electric Separation Effect (CESE) [17].

2. The Chiral Magnetic Wave
Since an external ~B field can induce both CME (1.1) and CSE (1.2), it is interesting to see the
interplay between the two. As first pointed out by Kharzeev and Yee [18], the combination of the
CME and CSE leads to a collective excitation in QGP called Chiral Magnetic Wave (CMW). Intuitively it is not difficult to understand how such a wave arises by analogy with the electromagnetic
wave in which the varying ~E and ~B fields mutually induce each other. For the CMW in external ~B
field, a fluctuation in the vector(axial) density µV (µA ) will induce axial(vector) three current ~jA (~jV )
2
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Recently there are strong interests in understanding the responses of a relativistic plasma with
chiral fermions to externally applied Maxwell electromagnetic (EM) fields. The hot deconfined
QCD matter known as the quark-gluon plasma (QGP), created in relativistic heavy ion collisions,
is a good (approximate) example of such a plasma. Furthermore during the early stage of heavy ion
collisions there are very strong EM fields originated from the fast moving protons inside nucleus.
This therefore provides an environment for studying strong field effects in QCD plasma.
In particular, it has been found that the QCD axial anomaly could induce the following two
phenomena in the QGP with the presence of an external magnetic field: the Chiral Magnetic Effect
(CME) and the Chiral Separation Effect (CSE) [1, 2, 3, 4]. The CME is the generation of vector
current and thus the electric charge separation along the axis of the applied magnetic field in the
presence of nonzero axial charge density arising from fluctuating topological charge [1]. With
an imbalance between the densities of left- and right-handed quarks, parameterized by an axial
chemical potential µA , an external magnetic field induces the vector current jVi = hψ̄γ i ψi:
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along ~B via CSE(CME) correspondingly, and such three currents will transport the charge densities
(as per continuity equations) along ~B which induce further currents. At the end there will be two
waves propagating along ~B for the vector and axial charge densities respectively. These two waves
can also be linearly recombined into two waves for the left-handed and right-handed densities via
jR/L = jV ± jA . Mathematically the waves can be described by the following wave equation:
 0
∂0 ∓ v∂1 − DL ∂12 − DT ∂T2 jL,R
= 0,
(2.1)

+
v−
2 − v2 = re A .

(2.2)

−N̄−
where the splitting is linear in the net charge asymmetry A = N̄N̄+ +
with the slope re being the
+ N̄−
quadrupole moment determined from net charge distribution due to the CMW evolution. Such a
splitting was indeed first confirmed at low beam energies by STAR [19], in agreement with the
prediction from [16]. More recently the STAR has also systematically measured this v2 difference
as a function of net charge asymmetry at top RHIC energy [20], which shows a linear dependence
on A± just as predicted in (2.2): see the Fig.2 (middle panel). The magnitude of the extracted slope
parameter re and its centrality trend is also in good agreement with our CMW calculations [16]
assuming magnetic field lifetime τ = 4 fm/c: see the Fig.2 (right panel).
In short, we have shown that the CMW, stemming from interplay between CME and CSE, induces an electric charge quadrupole moment of QGP in heavy ion collisions and leads to a splitting
of π ± elliptic flow that linearly depends on the net charge asymmetry. Recent STAR measurements
provide strong quantitative evidence of this effect from the CMW (noting though there are also
proposals of other effects that may also contribute to the v2 splitting [21]). To reach a final conclusion on the origin of the measured v2 splitting, a number of improvements on the CMW-based
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c eBα
the velocity of the wave and α the susceptibility connecting charge density and
with v = N2π
2
chemical potential. The last two terms include also the dissipative effects due to diffusion of charge
densities with DL (DT ) the longitudinal (transverse) diffusion constant.
Naturally one may wonder how the CMW may manifest itself in heavy ion collisions. It was
first proposed in [16] that the CMW induces an electric quadrupole moment of the created QGP. If
the overlapping zone picks up nonzero vector charge density from the colliding nuclei, and starting
with such density in external ~B field (along the out-of-plane direction), the CMW will transport both
vector and axial charge densities, eventually leading to a dipole moment of axial density while a
quadrupole moment of vector density (here the electric charge density), both aligned along the ~B
direction. Note that such initial vector charge density on average becomes larger and larger with
decreasing beam energy, while at high beam energy one can still have events with sizable initial
vector density by fluctuations. By numerically solving the CMW equation (2.1) with proper initial
condition and properties of QGP, it was shown in [16] that the CMW leads to the axial charge
dipole and electric charge quadrupole moments: see the plots in Fig.1.
It was further predicted in [16] that such an electric charge quadrupole moment leads to a splitting between the positive/negative pions’ elliptic flow. The idea is that such a spatial quadrupole
charge distribution (at the end of the plasma phase) will be carried by strong radial flow and converted into azimuthal charge distribution in the final momentum space, resulting in more negative
particles moving in-plane while more positive particles moving out-of-plane: see the demonstration
in Fig.2 (left panel). This CMW-induced splitting between the v2 of π ± can be quantified by:
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Figure 2: (left) Schematic demonstration of charge quadrupole being boosted by strong collective (radial)
−
+
flow; (middle) elliptic flow splitting vπ2 − vπ2 versus net charge asymmetry A± measured by STAR at
200GeV; (right) the slope parameter re (in %) versus centrality, with black, green, blue, red lines from CMW
calculations with magnetic field lifetime τ = 3, 4, 5, 6 fm/c respectively.

modeling are underway, such as reducing uncertainty in the magnetic fields, better determination
of the parameters in CMW model, more sophisticated simulation of the QGP evolution, etc. It will
also be crucial to have more detailed measurements on the dependence of such v2 splitting on beam
energies, on particle pt and η, as well as on particle identities (e.g. pions versus kaons), which will
be important for distinguishing different models.

3. Azimuthal Fluctuations of Strong Fields in Heavy Ion Collisions
The strong EM fields during the early stage of heavy ion collisions are the essential elements
for the CME,CSE and CMW effects discussed here as well as for various other strong field effects studied in the literature [22]. In order to make comparison with experimental data, it is
extremely important to fully quantify such EM fields. One big issue is its time evolution which
critically depends on the medium feedback to the fast decaying fields [10, 11]. A conclusive answer
may require more understanding of the pre-thermal partonic system [23], in particular the electric
conductivity in such off-equilibrium environment. Another important factor is the event-by-event
4
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Figure 1: Axial charge density (left) and electric charge density (right) in the plane transverse to the beam
axis (computed with magnetic field strength eB = m2π , lifetime of magnetic field τ = 10 fm, temperature
T = 165 MeV, impact parameter b = 3 fm).
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Figure 3: The scatter plots on ΨB -Ψ2 plane at impact parameters b = 0, 5, 10, 12 fm for Au + Au collision at
RHIC energy. Here ΨB is the azimuthal direction of ~B field (at t = 0 and r = (0, 0, 0)) and Ψ2 is the second
harmonic participant plane.

fluctuations in the initial condition which are shown to bring sizable changes to the calculated magnitudes of these fields [5, 6]. What was not known before and was first studied by us in [7], is the
event-by-event azimuthal orientation of the EM fields with respect to the also fluctuating matter
geometry in the same event. This information is absolutely essential for meaningful comparison
between data and any effect induced by such fields.
Let us consider a heavy ion collision event. Due to fluctuations the initial matter’s azimuthal
distribution can be lumpy and irregular, and can be decomposed into various harmonic “participant
planes” characterized by certain angles Ψn with respect to the ideal “reaction plane”. Similarly in
a given event the EM fields’ transverse components ~B⊥ (and ~E⊥ as well) may also point toward
some azimuthal direction ΨB other than that from the “optical geometry”. What really matters for
experimental measurements is the relative orientation of ΨB with respect to the matter geometry
Ψn in the very same event. Such correlations between ΨB and Ψn fluctuate from event to event and
typically bring in a reduction to the measured signals from the intrinsic strength of the signals (of
various field induced effects) by the following factor:
Rn = hcos(nΨ̄nB )i = hcos[n(ΨB − Ψn )]i.

(3.1)

It is therefore necessary to study such correlations and to quantify the above factor.
In Fig. 3 we show the scatter plots from all events at given b on the (ΨB , Ψ2 ) plane which
visualize the 2D probability distribution density. As one can see for the most central collisions b =
0, the events are almost uniformly distributed indicating negligible correlation between ΨB and Ψ2 .
5
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Figure 4: The correlations hcos[n(ΨB − Ψn )]i as functions of impact parameter for n = 1, 2, 3, 4 at four
different positions on the transverse plane: (from left to right) r = (0, 0, 0) fm; r = (3, 0, 0) fm; r = (0, 3, 0)
fm; r = (3, 3, 0) fm.

For b = 5, 10, and 12 fm, the event distributions evidently concentrate around (ΨB , Ψ2 ) = (π/2, 0)
indicating a correlation between the two. Going from b = 5 to 10 and to 12 fm, the spread in ΨB
keeps shrinking while the spread in Ψ2 clear grows with larger b. This is because with increase
b, the ΨB is mostly from the spectators whose number increases and bears less fluctuations while
the Ψ2 is determined by participants whose number decreases and fluctuates more. This implies
a non-monotonic trend of the azimuthal correlations between the magnetic field and the matter
geometry. Indeed this can be seen by examining the centrality dependence of the factor R in (3.1).
In Fig. 4, we show the computed average values of hcos[n(ΨB − Ψn )]i for varied centralities from
event-by-event determination of the B-field direction ΨB (at several different spatial points) and
the participants harmonics, Ψn , n = 1, 2, 3, 4. We find the ΨB are most strongly correlated with Ψ2 ,
visibly correlated with Ψ4 while not correlated with Ψ1,3 . For the angular correlation between ΨB
and Ψ2 (which in the optical limit would differ by π/2 with R = −1), it is smeared out significantly
in the very central and very peripheral collisions while stays strong for middle-centrality collisions.
This finding bears important implications on observables related with B-induced effects such as the
charged pair azimuthal correlation due to the CME, the elliptic flow difference between π + and π −
caused by the CMW, and the soft photon emission from the conformal anomaly, as thoroughly
discussed in [7]. Our study suggests that the optimal centrality class for search of these strong field
effects is that corresponding to impact parameter range b ∼ 8 − 10 fm.
6

PoS(CPOD 2013)028

b (fm)

Jinfeng Liao

The Chrial Magnetic Wave

4. The Chiral Electric Separation Effect
In this last part we report our recent finding of a new strong field effect called the Chiral
Electric Separation Effect (CESE): the generation of axial current in external electric field [17]. It
is useful to first remind ourselves of the long known Ohm’s law that describes the generation of a
vector current in conducting matter as a response to external electric field:
~jV = σ ~E,

(4.1)

~jA = χe µV µA ~E,

(4.2)

which can be called a Chiral Electric Separation Effect (CESE). With this new relation found, one
can nicely combine all four effects into the following compact form:
!
!
!
~jV
~E
σ
σ 5 µA
(4.3)
~jA = χe µV µA σ5 µV
~B .
To intuitively understand how the CESE (4.2) arises, let us consider a conducting system with
chiral fermions. When an electric field is applied, the positively/negatively charged fermions will
move parallel/anti-parallel to the ~E direction and both contribute to the total vector current as in
Eq.(4.1). If µV > 0 then there will be more positive fermions (moving along ~E) and if further µA > 0
then there will be more right-handed fermions than the left-handed ones: the net result will thus be
a net flux of right-handed (positive) fermions moving parallel to ~E. This picture is most transparent
in the extreme situation when the system contains only right-handed fermions (i.e. in the limit of
µV = µA > 0), with both a vector and an axial current concurrently generated in parallel to ~E. The
same conclusion can be made when both µV and µA are negative. In cases with µV > 0 > µA or
µV < 0 < µA there will be an axial current generated in anti-parallel to the ~E direction. An explicit
example is given in [17] for thermal QED plasma, with the computed CESE conductivity to be
σe = χe µV µA ≈ 20.499

T
µV µA
.
2
3
T e ln(1/e)

(4.4)

As seen in Eq.(4.3), with the presence of external electromagnetic fields, the vector and axial
densities/currents can mutually induce each other and get entangled together. In particular the new
CESE effect introduces nonlinearity (aka the µV µA term) and makes the problem more nontrivial.
An linearized analysis of the coupled evolution of the small fluctuations in vector and axial charge
densities in the static and homogeneous external ~E, ~B fields shows that in addition to the CMW
modes, there are new collective excitations such as the Chiral Electric Wave (CEW) as well as
vector and axial density waves: see more details in [17].
Finally we point out that the CESE may induce specific charge azimuthal distribution pattern
for created QGP in Cu-Au collisions at RHIC where there is strong in-plane electric field pointing
from Au to Cu [24]. Such pattern could in principle be measured.
7
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where σ is the electric conductivity of the matter with the convention that the electric current is
e~jV . Putting this effect (4.1) together with the CME (1.1) and CSE (1.2), one realizes that there
is yet one more possibility that has not been previously discussed, namely the possible generation
of an axial current in the electric field. We find this indeed can occur when the matter has both
nonzero vector and axial charge density i.e. nonzero µV and nonzero µA :
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