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We report the nonperturbative behavior of the twisted Polyakov loop (TPL) coupling constant
for the SU(3) gauge theories deﬁned by the ratio of Polyakov loop correlators in ﬁnite volume
with twisted boundary condition. Carrying out the numerical simulations, we determine the nonperturbative running coupling constant in this renormalization scheme for N f = 12 SU(3) gauge
theory.
According to the perturbative two loop analysis, the N f = 12 SU(3) gauge theory might have a
conformal ﬁxed point in the infrared region. However, the recent lattice studies show controversial
results for the existence of the ﬁxed point. We point out possible reasons of the controversy in
previous works, and present our careful study. Finally, we ﬁnd the infrared ﬁxed point (IRFP)
and discuss the robustness of the nontrivial IRFP of many ﬂavor system under the change of the
analysis method. This talk is based on the paper [1].
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The twisted Polyakov loop coupling and the search
for an IR ﬁxed point
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1. Introduction

• Step scaling method
• Hyperscaling for the mass deformed conformal gauge theory (mCGT)
• Volume scaling for the Dirac eigenmodes
• Shape of the correlation function of mesonic operator
The ﬁrst one, called the step scaling method, is the method to measure the running coupling constants [3]. The method is based on the renormalization group for the ﬁnite scaling, and it can be
applied to the non-conformal ﬁeld theories. The second method uses the hyperscaling law for the
mass deformed conformal gauge theory. This method is based on the assumption of the existence
of the interactive conformal ﬁeld theory, where the scaling law of the mass spectrum of hadronic
state or the chiral condensate in a small mass region can be ﬁtted by one universal value of the
critical exponent, called mass anomalous dimension. The application of the hyperscaling on the
lattice was pointed out in the papers [4, 5], and the detailed practical discussions of mass deformed
conformal gauge theory have been shown in the paper [6]. A similar method to ﬁnd an IRFP and
to estimate the mass anomalous dimension using the ﬁt for the massless SU(3) gauge theory has
also been proposed [7, 8, 9]. The difference from the second method is that this third method can
be applied to the massless fermion. The Dirac eigenmode for the massless fermion is the observable in this method. The scaling of (1/L), where L is a ﬁnite lattice extent, tells us whether the
theory is conformal or not in the inﬁnite volume limit. The other independent method has also
been suggested in the paper [10]. The authors gave a conjecture that the correlation function of the
mesonic operator in the ﬁnite volume around the IRFP becomes the Yukawa-type function not an
exponential form.
All methods have been applied to the SU(3) N f = 12 theory. However, the results for the
existence of the IRFP are controversial even in the same method. The existence of the IRFP in
N f = 12 theory was predicted by the perturbative beta function at 2-loop [11] and higher [12] in
the MS scheme. The phase structure of N f expansion was also studied in the paper [13]. Among the
recent lattice studies, in Ref. [14], the running coupling constant was computed in the Schrödinger
functional (SF) scheme [3, 15], and exhibited scale independent behavior in the IR at coupling
g2∗
SF ∼ 5. And studies with the MCRG method [16, 17], studies on the phase structure in the ﬁnite
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Search for the infrared ﬁxed point (IRFP) of SU(N) gauge theories coupled to many fermions
is one of the attractive applications beyond the QCD study [2]. The study on these theories who
have the IRFP or nearly conformal properties has been motivated in the points of view of both the
phenomenological model construction, e.g. a walking technicolor model or unparticle model, and
theoretical interest to reveal a novel universality class. Recently there are many independent studies
using the lattice simulation in the case of SU(3) gauge theory coupled to N f = 12 fundamental
fermions while the results for the existence of IRFP are controversy. In this talk, I would like to
consider the possible reasons for the controversy and to give a careful analyses to ﬁnd IRFP.
Until now, four methods using the lattice numerical simulation have been applied to ﬁnd the
interactive IRFP for the gauge theories.
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2. Twisted Polyakov loop (TPL) scheme
For the lattice gauge theory, there are several useful renormalization schemes for the gauge
3
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temperature system [18, 19] and the scaling behavior with mass deformed theory [20, 21, 22] show
the evidence of the IRFP. The volume scaling for the Dirac eigenmodes [9] and the shape of the
mesonic correlation function [10, 23] also show the signal of the IRFP. In the studies of SU(3)
gauge theory with N f = 7 and 10 [24, 25, 26], they found a signal of the conformality for each
theory. That also suggests that N f = 12 theory is conformal. On the other hand, the studies of the
mass scaling behavior [27] and the spectrum of the Dirac operator and the chiral symmetry [28, 29]
show the evidence that this theory is not conformal at low energy. This situation is confusing, since
the existence of the ﬁxed point is physical object and it is scheme independent quantity.
One possible reason for the controversial situation could be the underestimate of the discretization errors. The nonperturbative running coupling constant using lattice simulations can
be obtained using the step scaling method. This method is established by the paper [3] and the nonperturbative running of the renormalized coupling constant in the continuum limit can be obtained.
One important point which one should bear in mind is that the careful continuum extrapolation
and estimation of the systematic uncertainty are important in the low β (β ≡ 6/g20 where g0 is the
bare coupling constant) region. However, there is no study of the running coupling constant which
takes care of the discretization error carefully at least in the case of N f = 12. For example, in the
paper [14], the constant continuum extrapolation is taken. That means the discretization effects,
which is the renormalization scheme dependent, is neglected.
Another reason may be the bad choice of the value of β and the mass of fermion. In several
previous works, the speciﬁc value of β is chosen without any reasons. In the lattice gauge theory
with many ﬂavor improved staggered fermion, it was reported that there is a new bulk phase in the
strong coupling regime [29, 30, 31]. Furthermore, the existence of chiral broken phase in the strong
coupling limit for the SU(3) theory with N f ≤ 52 is also reported [8]. If the simulation is performed
within the bulk phase, it gives an unphysical results because these bulk and chiral broken phases are
not connected with the continuum limit with asymptotically free ultraviolet ﬁxed point. Our lattice
gauge action is deﬁned to reproduce the continuum theory in the high β limit. We have to avoid
such phases, the global parameter search and the determination of the parameter region which is
obviously connected to the high β region is needed.
We report a study of the phase structure and the running coupling constant for SU(3) gauge
theories with N f = 12. Firstly, we study the phase structure of these theories with both analytical and numerical methods, and then compute numerically the running coupling constant with the
twisted Polyakov loop (TPL) scheme in the weak coupling (deconﬁnement) phase. The TPL coupling was proposed by de Divitiis et al. [32] for the SU(2) case, and we extend it to the SU(3)
theory. This renormalization scheme has no O(a) discretization error, which is of great advantage
when we take the continuum limit. Another advantage of this scheme is the absence of zero mode
contributions thanks to the twisted boundary condition [33]. This regulates the fermion determinant
in the massless limit, which enables simulation with massless fermions. In this work, we take the
continuum limit carefully, and show the existence of the IRFP in the N f = 12 theory if we include
the systematic uncertainty coming from the continuum extrapolation.
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2.1 The deﬁnition of TPL scheme in the SU(3) gauge theory
To deﬁne the TPL scheme, we introduce twisted boundary condition for the link variables
(Uµ ) in x and y directions and the ordinary periodic boundary condition in z and t directions on the
lattice.
Uµ (x + ν̂L/a) = Ων Uµ (x)Ω†ν ,

(2.1)

for µ = x, y, z,t and ν = x, y. Here, Ων (ν = x, y) are the twist matrices which have the following
properties: Ων Ω†ν = I, (Ων )3 = I, Tr[Ων ] = 0, and Ωµ Ων = ei2π/3 Ων Ωµ , for a given µ and ν(̸= µ).
In the system coupled with fermions, we also have to deﬁne the twisted boundary conditions
for fermions. To preserve the translational invariance on the lattice, we introduce a “smell" degrees
of fermion Ns [38], which can be realized by an integral multiple of the number of color symmetry
Nc . We identify the fermion ﬁeld as a Nc × Ns matrix (ψαa (x)), where a (a = 1, · · · , Nc ) and α
(α = 1, · · · , Ns ) denote the indices of the color and smell. We can then impose the twisted boundary
condition for fermion ﬁelds as
†
b
ψαa (x + ν̂L/a) = eiπ/3 Ωab
ν ψβ (Ων )β α

(2.2)

for ν = x, y directions. Here, the smell index can be considered as a part of “ﬂavor” index, so that
the number of ﬂavors should be a multiple of Ns , in our case Ns should be the multiple of Nc = 3.
The renormalized coupling in the TPL scheme is deﬁned by taking a ratio of Polyakov loop
correlators in the twisted (Px ) and untwisted (Pz ) directions:
g2TPL

1 〈∑y,z Px (y, z, L/2a)Px (0, 0, 0)† 〉
.
= lim
a→0 klatt 〈∑x,y Pz (x, y, L/2a)Pz (0, 0, 0)† 〉

(2.3)

At tree level, this ratio of Polyakov loops is proportional to the bare coupling. The factor
on the lattice (klatt ) is obtained by analytically calculating the one-gluon-exchange diagram. The
Feynman rule for the SU(Nc ) gauge theory on the lattice with the twisted boundary condition is
given in Appendix B in the paper [32]. The value of klatt is given as
klatt =

1 1
exp(ik̂ ph · r̂)
,
∑
g2 Nc L̂2
∑µ sin2 (k̂µ /2)
k̂µ

4
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coupling constant, e.g. the Schrödinger functional (SF) scheme [3], the potential scheme [34], the
Wilson loop scheme [35], the Wilson ﬂow (Yang-Mills gradient ﬂow) scheme [36, 37] etc. Twisted
Polyakov loop (TPL) scheme is one of nonperturbative renormalized coupling schemes deﬁned in
ﬁnite volume. This scheme is given in Ref. [32] in the case of SU(2) gauge theory, choosing the
ratio of Polyakov loop expectation values for twisted and untwisted directions. The advantage of
this scheme is that there is no O(a) discretization error and the leading contribution comes from
O(a2 ). We extend the deﬁnition in Ref. [32] to the SU(3) case. Although this scheme can be
deﬁned in the continuum ﬁnite volume, in this section we start a brief review of the deﬁnition of
TPL scheme on the lattice.
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where L̂ = L/a, r̂ = (x, y, z, L/2a) and k̂µ denotes the momentum in each direction. In the twisted
direction, k̂µ is given by the sum of the physical and the unphysical twisted momenta:
ph
⊥
k̂x,y = k̂x,y
+ k̂x,y
=

ph
ph
π(2m⊥
2πnz,t
2πnx,y
x,y + 1)
ph
+
,
, k̂z,t = k̂z,t
=
L̂
3L̂
L̂

(2.5)

⊥
⊥
⊥
where nµph = 0, · · · L̂/2 − 1 and m⊥
x,y = 0, 1, · · · , Nc − 1 with (mx , my ) ̸= (0, 0). The momentum k̂
can be identiﬁed as the color degree of freedom (Nc2 − 1) in the color basis (see the Appendix B in
the paper [32]).

In this subsection, we would like to show a fake ﬁxed point in the TPL scheme. The fake ﬁxed
point is a kind of coordinate singularity in the theory space, and the existence of the fake ﬁxed
point depends on the renormalization scheme while the true ﬁxed point of renormalization group
is independent of the renormalization scheme. The TPL coupling constant is deﬁned by taking the
ratio of the correlators of Polyakov loop in the twisted and the untwisted directions. If the theory
is in the conﬁnement phase the correlation length of the Polyakov loop is shorter than the volume,
and the gluon does not feel the boundary effect. In such a situation, we can expect that the ratio
of the Polyakov loop correlators becomes unity, and give a fake ﬁxed point. For this reason, it is
awkward to extract the running coupling and try to give a physical meaning to it in such region. The
quenched QCD theory shows the conﬁnement/deconﬁnement phase transition in the ﬁnite volumes,
and we can use the TPL running coupling only in the deconﬁnement phase, where the magnitude
of the Polyakov loop shows nonzero values.
To see the property of the TPL coupling in both conﬁned and deconﬁned phases, we study
β dependence of the coupling constant at ﬁxed lattice sizes. Apart from discretization errors,
the coupling increases as β decreases at a ﬁxed lattice size. In this test, we use smaller lattice
sizes, L/a = 2 – 6, with relatively low β values. The conﬁgurations are generated by the hybrid
Monte Carlo algorithm with the Wilson plaquette gauge action. We measure the Polyakov loop
and its correlator for every Monte Carlo trajectory, and each data has the same statistics of 20, 000
trajectories.
The TPL coupling constant and the absolute value of the Polyakov loop in t-direction are
presented in Fig. 1. The top panels denote the absolute values of the Polyakov loop and the bottom
ones denote the corresponding TPL coupling scaled by the coefﬁcient klatt for each lattice size. We
found that the absolute value of the Polyakov loop approaches zero in the low energy region. The
conﬁnement/deconﬁnement phase transition occurs at the transition point of β which depends on
the lattice sizes. From the bottom panels, we can see the ratio of Polyakov loop (klatt g2TPL ) becomes
unity below the transition point.
Since there can be a fake ﬁxed point due to conﬁnement, there is a question whether we can use
this TPL scheme for the conformal ﬁxed point search in IR region. One way to judge that the ﬁxed
point is not the fake one is to check the the value of renormalized coupling. Assume that a theory
has IRFP. The fake ﬁxed point appears at g2TPL ∼ 1/k ∼ 32. If there is an IRFP at g2∗
TPL ̸= 1/k ∼ 32,
then we can tell that the ﬁxed point as a physical ﬁxed point. The other important check is to see
the phase structure of the theory at the same time. At the true conformal ﬁxed point, the theory
must be in the deconﬁnement phase.
5
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2.2 A fake ﬁxed point of the TPL coupling constant
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Figure 1: The ratio of Polyakov loop and the absolute value of Polyakov loop in t direction for L/a = 2, 4
and 6 .

3. Phase structure of our simulation setup for N f = 12 SU(3) gauge theory
To avoid the bulk phase and search for the available region to use the TPL scheme, we would
like to reveal the phase structure of our lattice setup before studying the running coupling constant.
In the subsecntion 3.1 and 3.2, we observe the plaquette and the Polyakov loop in the broad range
of β – ma space, and we ﬁnd that there is a bulk phase transition around β < 4.0 in the massless
limit in our lattice setup. In the subsection 3.3, we show the eigenvalue of the Dirac operator for
the massless fermions. According to the Banks-Casher relation, the chiral symmetry seems to be
preserved in the weak coupling region.
3.1 Plaquette values on the β − ma plane
Let us investigate the plaquette values of the β –ma plane. The left panel of ﬁgure 2 shows
the plaquette values on (L/a)4 = 44 lattice in the β –ma plane in the range of 0 ≤ ma ≤ 0.2. Most
of the conﬁgurations are thermalized from massive to massless direction except for the small mass
region in the β = 3.8. The small (red) arrows near the massless at β = 3.8 on the left panel in
Fig. 2 shows the detailed histories of the thermalization. We ﬁnd that there are two different values
in the 0 ≤ am ≤ 0.0125 region. The conﬁgurations giving larger values of the plaquette at the same
ma are generated starting from conﬁguration with massless fermions in β = 4.0; on the other hand
those giving smaller values are obtained starting from the conﬁguration with massive fermions at
ﬁxed β . The hysterisis clearly indicates that there is a ﬁrst order phase transition around this region.
At β = 4.0 and β = 3.6, there is no dependence on the thermalization process.
We also study larger mass region. The right panel in Fig. 2 is the same plot as the left one for
a broader region of ma. In the quenched limit, we know that there is the ﬁrst order phase transition.
In the ﬁgure, we plot the data for the quenched lattice at ma = 1.0. The gap seems milder in the
larger mass region.
6
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Figure 2: Plaquette values for several β and ma on (L/a)4 = 44 lattice. The data at ma = 1 on the right panel
denotes the quenched QCD. The small (red) arrows near the massless at β = 3.8 on the left panel shows the
detailed history of the thermalization. The other data are thermalized from massive to massless direction.

We also investigate the ﬁrst order phase transition by changing the lattice volume. There are
slight differences between L/a = 4 and L/a = 8 for the critical value of β in the massive region.
On the other hand, for the massless region, the lattice volume dependence is not clear at least
the present interval of β and ma (∆β = 0.2, ∆ma = 0.01 – 0.025) Since the massless simulation
at β = 3.8 needs extremely ﬁner molecular-dynamics time step size than ∆τ = 0.002 (τ = 1 is
1 trajectory), practically we could not generate the data. The position of β where the simulation
becomes quite costly is the same for both L/a = 8 and L/a = 12. It suggests that near the massless
region there is a bulk phase transition in β < 4.0.
3.2 Polyakov loop
Next, let us investigate the Polyakov loop. Since the dynamical fermions breaks the center symmetry explicitly, there is no clear order parameter for the deconﬁnement phase transition.
However, here we use the word “deconﬁnement" or weak coupling phase for the region in the
theory space where magnitude of Polyakov loop is clearly nonzero on the lattice.
According to the semi-classical analysis, we found that the true vacua is the one that the
Polyakov loops in the untwisted directions have the nontrivial phase (See Sec. 4 in the paper [1]).
We also observe the real part of Polaykov loop in t-direction in our numerical simulation. We can
ﬁnd that there is a gap of the real part of the Polyakov loop at ﬁxed ma data, and the value of β
at the gap corresponds to the critical value of β of conﬁnement/ deconﬁnement phase transition.
In the case of massless fermions on L/a = 4 we ﬁnd a gap at the β = 3.8. For β smaller than
the gap position the real part of the Polyakov loop is not consistent with zero, but it goes to zero
continuously. In the ﬁnite mass region, there is a weak jump, and the gap become larger in the
smaller mass region. The value of the critical β in which the data shows the jump is the same with
the plaquette study.
7
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3.3 Dirac eigenvalue
We also measure the eigenvalue of the Dirac operator for the massless conﬁgurations that we
utilize to study for the running coupling constant (See Appendix F in the paper [1]). The data at
the lowest β for each lattice extent show the inconsistency with zero, and the β dependence of the
data at ﬁxed lattice extent is smooth in whole β region. The scaling of the lowest eigenvalue for
the lattice extent is proportional to (1/L) not (1/L3 ), so that it is a signal of the chiral restoration
even in the lowest β in the weak coupling phase in our simulation.

β
weak coupling

6

4

strong coupling
0

ma

quenched

Figure 3: The phase structure of N f = 12 SU(3) theory with naive staggered fermion. The dashed line
denotes bulk phase transition and the solid line denotes the ﬁnite volume phase transition.

The summary of the phase structure and the available region of the TPL coupling for the
quenched and the massless N f = 12 QCD is the following. Figure 3 is a sketch of the phase
structure for the naive staggered N f = 12 SU(3) theory. In the case of the quenched QCD, the
correlation length becomes shorter in the lower β region, and there is the ﬁnite volume phase
transition where the theory goes to the conﬁnement phase. In the case of the massless N f = 12
SU(3) theory, there is the similar behavior while the transition seems to be the bulk one at β < 4.0.
In the study on the running coupling constant in TPL scheme, we should focus on only the weak
coupling phase on the lattice.
Furthermore, in β ≥ 4.0 region with massless fermions, we also investigate the eigenvalue
of Dirac operator. The lowest eigenvalues are clearly nonzero even in the lowest β for all lattice
sizes, and the scaling of the eigenvalue for the lattice extent is proportional to (1/L) not (1/L3 ).
8
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In the case of larger lattice volume (L/a = 8), there is no clear jump in the case of L/a = 8,
but the real part of the Polyakov loop approach to the zero in the low β region. Again, the critical
value of β is the same with the plaquette study. We can conclude that the phase for β larger than
the gap position can be identiﬁed as the deconﬁnement phase and that for β smaller than the gap
position is the conﬁnement phase.
Finally, we study the phase structure of the massless fermion N f = 12 QCD for β ≥ 4.0 and
L/a = 6–20. We ﬁnd that all conﬁgurations, which are used for the running coupling constant
study, live in the deconﬁnement phase (although it might be trivial since the transition seems to be
the bulk and we concentrate on the parameter region within β ≥ 4.0).
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It is a signal that the chiral symmetry is restored in β ≥ 4.0. We ﬁnally ﬁnd the IRFP at higher β
values than the bulk phase transition point, although the values of physical critical β at physical
IRFP depend on the lattice sizes. Our phase diagram (Fig. 3) is completely consistent with the
conjectured phase diagram in the paper [8] (Fig. 10).

4. Step scaling function for N f = 12 SU(3) gauge theory

Σ(u, a/L; s)=g2TPL (β , a/sL)|g2

TPL (β ,a/L)=u

,

(4.1)

at the tuned value of β for each lattice size sL/a. Here, s is the step-scaling parameter. The stepscaling function in the continuum limit σ (s, u) is obtained by taking the continuum extrapolation
of Σ(u, a/L; s):
σ (s, u) = lim Σ(u, a/L; s)|g2

TPL (β ,a/L)=u

a→0

.

(4.2)

This step scaling function (σ (s, u)) corresponds to the renormalized coupling at the scale µ =
1/sL. The step scaling function σ (s, u) can be deﬁned independently for each input renormalized
coupling (u), and the growth rate σ (s, u)/u becomes unity when there is a zero in the beta function.
At ﬁrst, we will discuss the global behavior of the growth rate from the perturbative to the IR
region. The nonperturbative running behavior shows the signal of the conformal ﬁxed point in the
IR region. Then, we focus on the low energy region only and derive again the step scaling function
by using the data only in the strong coupling region. We discuss the stability of the IR ﬁxed point
by considering several systematic uncertainties and derive the universal quantity for the exponent
of the beta function around the IRFP. Finally, we obtain the critical exponent of the β function
around the IRFP.
4.1 global ﬁt analysis
In Fig.4, we show our simulation results for the renormalized coupling in TPL scheme as a
function of 1/β for each L/a. The left panel in the Fig. 4 shows a global behavior of the TPL
coupling. We can see the high energy behavior seems to be almost linear in 1/β as expected from
the perturbation theory. The right panel focuses on the low β region. In the low β region for
L/a = 6 the TPL coupling has a maximum at β = 4.3. In contrast to the Schrödinger functional
scheme [14], the renormalized coupling gets larger for larger volume for all the range of β . We
consider that this difference comes from the lattice artifact which depends on the renormalization
scheme. To remove the effect, the careful continuum extrapolation is necessary.
In this study, we take s = 1.5, and denote σ (u) ≡ σ (s=1.5, u) in the rest of this paper for
simplicity. The set of small lattices is taken to be L/a = 6, 8, 10, 12, therefore, we need values
of g2TPL for L/a = 9, 12, 15, 18 to take the continuum limit in Eq. (4.2). For L/a = 9, 15 and 18,
9
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To investigate the evolution of the renormalized running coupling, we use the step scaling
method [3]. Firstly we choose a value of the renormalized coupling u=g2TPL (β , a/L) at the energy
scale µ = 1/L. For each L/a in the set of reference lattice size, we ﬁnd the value of β which
produces a given value of the renormalized coupling, u. Then, we measure the step scaling function
on the lattice
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Figure 4: TPL coupling for each β and L/a. Left panel: Plots for the global region of β . Right panel: Plots
only for the low β region.

we estimate values of g2TPL for a given β by the linear interpolation in (a/L) using the data on
the lattices L/a = {8, 10}, {12, 16} and {16, 20}, respectively. To estimate the systematic error
of these interpolations, we also performed the linear interpolation in (a/L)2 , and found that the
difference in the results with interpolations in a/L and (a/L)2 is negligible.
1.06
2-loop
1.04

σ(u)/u

1.02

1

0.98

0.96

0

1

u

2

3

Figure 5: The growth rate σ (u)/u as a function of u with statistical error. Two-loop perturbative value
(black line) is also plotted for comparison. The horizontal (green) line denotes unity line, where the beta
function is consistent with zero.

Now, we obtain the step scaling function explained above in a wide range of u. Figure 5 shows
the growth rate of the renormalized coupling (σ (u)/u) as a function of u with statistical error which
is estimated by jackknife method. We also carried out the bootstrap analysis independently, and
found that the results are consistent with this jackknife analysis.
We found two things from this plot. The ﬁrst one is that the result is consistent with perturbation theory in the weak coupling regime. The TPL coupling coupling with this lattice set up looks
promising under this analysis method. The other one is the central value of σ (u)/u becomes unity
around u = 2.7, demonstrating the signal of a ﬁxed point. This is the ﬁrst zero of the beta function
from the asymptotically free regime. It suggests the existence of an infrared ﬁxed point around the
region. Unfortunately, the upper values of the error bars do not cross the line σ (u)/u = 1. This
means that we cannot exclude the possibility for the coupling constant to continue growing within
10
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the error bar. We will investigate this quantity again by focusing only the strong coupling region
and adding the data. Furthermore, will give an estimation of the systematic error of the ﬁxed point
coupling in the next subsection.
4.2 local ﬁt analysis

1.08
2-loop

1.06
1.04

σ(u)/u

1.02
1
0.98
0.96
0.94
2

2.5

u

3

Figure 6: The local ﬁt result for the growth rate of the TPL coupling. The solid (blue) error bar denotes the
statistical error and the dot (black) error includes the systematic error. Two-loop perturbative value (black
line) is also plotted for comparison. The horizontal (green) line denotes unity line, where the beta function
is consistent with zero.

same procedure as in the previous subsection. The growth rate of the step scaling function is
shown in Fig. 6. As a central analysis with solid blue error bar, we take the four point linear
extrapolation in (a/L)2 with statistical error estimated by the jackknife method. The dot (black)
error bar includes the systematic error, which we will discuss later. This local ﬁt result clearly
crosses the line σ (u)/u = 1, which shows the existence of the IRFP. Two central values in Figs. 5
and 6 are consistent with each other within 1-σ , despite the change of the data set, the ﬁt range,
and the ﬁtting function.
Now, we would like to estimate the systematic error in our analysis. The dominant systematic
error comes from the continuum extrapolation. In Fig. 7, we show the comparisons of several
types of continuum extrapolation for u = 2.0, 2.686 and 2.85. As the central value, we take the
linear extrapolation in (a/L)2 for L/a = 6, 8, 10, 12. We estimate the systematic error by taking the
difference between the central value and the result from linear extrapolation without the data on the
coarsest lattice L/a = 6. Furthermore we compare the central value with the quadratic extrapolation
with all the data at four values of L/a. Figure 7 shows the TPL renormalized coupling has a small
11
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In the previous subsection, we found a signal of the IRFP around u = 2.7 from the global
ﬁt of the data. Now we focus on the strong coupling region and will determine the ﬁxed point
coupling and the related universal quantity. In this subsection, we take a narrow β range in which
β -dependence of g2TPL can be approximated by linear or quadratic functions of β . We add more
data to obtain the precise result and discuss the systematic uncertainties of the IRFP.
Practically, we will carry out the step scaling again with the data only in low β region u ≥
2.0. This region roughly corresponds to the range β ≤ 7.0. The ﬁtting function is chosen as
a simple unconstraint polynomial function. We derived the step scaling function by using the
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3.2
3.5
3.1

Σ(u, a/L; s=1.5)

2.2

3.4
3.3

3

3.2
2.9
2.1

3.1

2.8

3

u=2.686
u=2.0

2.8
2.6

2.7

2
0

0.01

(a/L)

0.02
2

u=2.85

2.9

2.7

0.03

2.5

0

0.01

(a/L)

0.02

0.03

2.6

0

2

0.01

(a/L)

0.02

0.03

2

Figure 7: Continuum extrapolation for the case of input couplings u = 2.0, 2.686 and 2.85. Each green line
and the blue curve denotes the 4 points linear and quadratic extrapolation functions in (a/L)2 respectively.
The red line shows the extrapolation function linear in (a/L)2 for 3 data points without the coarsest lattice
data. In the case of u = 2.0, the step scaling function is larger than the input value, however, it becomes
consistent with u at u = 2.686 and for the larger u it is smaller than the input renormalized coupling constant.

systematic error in the strong coupling region, and all the values in the continuum limit agree within
1-σ statistical errors. The total error in Fig. 6 is estimated by adding the difference between the
continuum extrapolations as a systematic error to the statistical error in quadrature. We conclude
that the existence of the IRFP is stable in this analysis.
4.3 Critical exponent
Finally we obtain the critical exponent at the IRFP, which characterize the ﬁxed point. In this
theory, we have one irrelevant parameter, which is the renormalized coupling constant, around the
nontrivial ﬁxed point. In the vicinity of the IRFP, the beta function for each renormalization scheme
can be approximated by
β (u) ≅ −γg∗ (u∗ − u) + O((u∗ − u)2 ).

(4.3)

Although the value of renormalized coupling at the IRFP is scheme dependent, we can easily ﬁnd
the coefﬁcient γg∗ is the scheme independent quantity.
∗
Now, we compute γg∗ from the slope of σ (u)/u against u, and obtain s−γg = 0.79 ± 0.11(stat.)
in the central analysis in the Fig. 6. This leads to
+0
γg∗ = 0.57+0.35
−0.31 (stat.)−0.16 (syst.),

(4.4)

where the ﬁrst error is statistical error using the jackknife method and the second one is the systematic error from the continuum extrapolation estimated by the comparison to the 3 point linear
continuum extrapolation. The value of γg∗ is sensitive to the variation of the slope, which causes
rather large statistical error. For the s = 2 step scaling, the critical exponent of the beta function
can be derived γg∗ = 0.31+0.21
−0.18 (stat.). This is also consistent with our main results with s = 1.5.
12
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5. Summary and discussion

If there is no other relevant operator, then the renormalization group ﬂows of the SU(3)
N f = 12 gauge theory are governed by the two dimensional theory spaces whose coordinates are the
fermion mass and the gauge coupling constant (See: Fig. 8). The universal quantities to character-

P

57

γٮ
P



,5)3
γٮ
J

J

Figure 8: The theory space for the SU(3) N f = 12 gauge theory.

ize the IRFP are the critical exponent of the beta function (γg∗ ) and the mass anomalous dimension
(γm∗ ).
Our result for the critical exponent of the β function is consistent with 2-loop, 4loop (MS
scheme) within 1- σ and also is consistent with the result in the SF scheme [14] within 2- σ . On
the other hand, the mass anomalous dimension seems to be a discrepancy depends on the method.
The results which are obtained by the hyperscaling of the mCGT gave a larger value than the other
results obtained by the volume-scaling and step scaling using massless simulation. One possible
reason of the discrepancy might come from the choice of value of β and the mass of fermions in
these simulations, and the lattice numerical data do not stay in the vicinity of the IRFP.
13
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In the past several years, the study of many ﬂavor SU(N) gauge theories turned out to be attractive since whose infrared behavior is different from QCD. In particular, more than 10 independent
groups have been studied the SU(3) gauge theory coupled to 12 ﬂavor fermion within various methods while the results for the existence of the IRFP are controversial. We consider that to give a ﬁnal
conclusion we should take care at least the following two points, e.g. the estimation of the continuum extrapolation and the careful understanding of the phase structure of each lattice setup. We
should avoid an unphysical bulk or chiral broken phases in strong coupling region if we search for
the IRFP, since these phases might be not connected with the continuum limit with asymptotically
free (ultraviolet) ﬁxed point. Futhermore, the critical point appears only at the continuum limit, so
that we should estimate the systematic uncertainty carefully coming from the continuum extrapolation to give a conclusion of the existence of IRFP. We have studied the phase structure by the
observation of the plaquette, Polyakov loop and Dirac eigenvalues and then we have obtained the
running coupling constant in the TPL scheme. We ﬁnally found that there is a stable IRFP in our
analysis.
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0.57(35)

γm∗
0.77
0.25
0.403(13)
0.35(23)
0.4 – 0.5
0.32(3)
0.044+0.062
−0.040

Table 1: Current results for the critical exponents around the IRFP of N f = 12 SU(3) gauge theory. Note
that in the papers [21, 22] there is no “ ∗ " on the gamma in their own papers. The value of the γm∗ in the
hyperscaling IV is updated to γm∗ = 0.25 in Ref. [40]
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