On the decoupling of mirror fermions
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We study an approach to chiral gauge theories on the lattice that involves decoupling “mirror”
fermions from a vector-like theory. We have computed the polarization tensor in the “3-4-5”
theory and find a directional discontinuity that appears to be nonzero in the continuum limit. This
strongly suggests that the mirror fermions do not decouple.
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Strongly-coupled chiral gauge theories are prominent in ideas about what lies beyond the
Standard Model. Most attractive channel arguments suggest that they may lead to tumbling dynamics [1], explaining a hierarchy of scales in extended technicolor. In supersymmetric models,
strong chiral dynamics is often a key component in models of dynamical supersymmetry breaking
(see, e.g., the review [2] for extensive references). For these and other more theoretical reasons,
we would like to study strongly-coupled chiral gauge theories from first principles, using a lattice
formulation. In contrast to vector-like theories, severe difficulties arise when we try to formulate
chiral gauge theories on the lattice. In older approaches, solving the fermion doubling problem
resulted in actions that explicitly violated chiral symmetry [3, 4, 5]; e.g., Wilson’s fermion discretization [6, 7]. More recently, discretizations that satisfy the Ginsparg-Wilson relation [8] have
been developed [9, 10, 11, 12], maintaining lattice chiral symmetry [13]. In spite of this progress,
problems surfaced with this approach as it applies to chiral gauge theories. For instance, for overlap
fermions the fermion measure had a gauge-background dependent phase.
Various attempts have been made to overcome the problems. For instance, the recent approach
of [14] involves non-perturbative gauge fixing. By contrast, Lüscher’s approach defines the phase
of the fermion determinant through consistency conditions (see the review [15]). In the case of
Abelian chiral gauge theories, the phase can be determined for arbitrary gauge backgrounds though
to date no numerical implementation of this has been performed. The approach studied in this paper
would avoid having to solve Lüscher’s consistency conditions. This “mirror fermion decoupling”
has been reviewed in [16].
In this approach a vector-like theory is decomposed into “light” particles of one chirality
and “mirror” particles of the opposite chirality. Through a strong Yukawa coupling of the mirror
fermions to a unitary “Higgs” field it is hoped that they will acquire a mass of order the ultraviolet
cutoff. Note that this occurs in the symmetric phase of the Higgs theory, i.e., there is no spontaneous gauge symmetry breaking in our model. The large mass is purely a dynamical effect of the
strong Yukawa coupling. This is similar to [17], which used four-fermion interactions instead of a
Higgs field.
Earlier efforts [17, 18] did not have a clean separation of chiral components of the vector-like
theory. Thus both the light and mirror sectors experienced the the strong interactions. The result
was that the spectrum did not separate according to the chiral goals. This situation has changed
because of the Neuberger-Dirac overlap operator and exact lattice chirality. Using this, there was a
proposal to lift the mirror sector with a strong Yukawa coupling that does not affect the light sector
[19] (note also the earlier proposal of Ref. [20] using domain wall fermions).
An initial numerical study of this proposal was performed in Ref. [21], using as example
the two-dimensional Schwinger model, split into chiral “light" and “mirror" sectors, with strong
“mirror” couplings to a unitary scalar in order to, hopefully, lift the mirror sector. Correlation
functions of the obvious operators did not show the presence of massless modes in the mirror sector.
However, because the mirror spectrum is was anomalous, ’t Hooft anomaly matching implied that
they ought to be present. The follow-up work [22] employed the polarization tensor, finding a
directional discontinuity at zero momentum, a clear indication of a massless state.
Therefore, it is of interest to study a theory where ’t Hooft anomaly matching does not imply
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Light Field
A+
B+
C−
X−
—

Mirror Field
A−
B−
C+
X+
φ

Q
3
4
5
0
-1

Table 1: Summary of the field content in the 3-4-5 model.

2. The 3-4-5 model
The “3-4-5 model” is a two-dimensional lattice gauge theory with U(1) gauge invariance. It
has three Weyl fermion fields, which we denote A+ , B+ , C− , with charge and chirality 3+ , 4+ , and
5− respectively. In addition, there is a mirror sector, 3− , 4− , and 5+ , and we call the respective
fields A− , B− , and C+ . In order to construct all of the Yukawa couplings that are needed, a neutral
spectator fermion X− , with charge and chirality 0− , is also introduced, together with its mirror
sector partner X+ , with charge and chirality 0+ . Finally, in order to lift the mirror sector, a unitary
“Higgs” field φ with charge −1 is introduced. The 3-4-5 model fields are given in Table 1.
The dynamics of the gauge field is not supposed to be involved in the mechanism that lifts the
mirror fermions, so in our analysis we neglected the gauge field fluctuations and treated it only as
a background field. The action of the “3-4-5” model is
S = Slight + Smirror
Slight = −(Ā+ · D3 · A+ ) − (B̄+ · D4 · B+ ) − (C̄− · D5 ·C− ) − (X̄− · D0 · X− )
Smirror = Sκ − (Ā− · D3 · A− ) − (B̄− · D4 · B− ) − (C̄+ · D5 ·C+ ) − (X̄+ · D0 · X+ )
+SYuk.,Dirac + SYuk.,Maj ,

(2.1)

Here, Dq is Neuberger’s overlap Dirac operator [12], with charge q on the gauge field. Chiral
projections are based on the γ5 and γ̂5 operators, as is typical in the overlap formalism. The Yukawa
interactions of the mirror sector are
SYuk.,Dirac = y30 Ā− X+ φ −3 + y40 B̄− X+ φ −4 + y35 Ā−C+ φ 2 + y45 B̄−C+ φ
+y30 X̄+ A− φ 3 + y40 X̄+ B− φ 4 + y35C̄+ A− φ −2 + y45C̄+ B− φ −1
SYuk.,Maj. = h30 AT− γ2 X+ φ 3 + h40 BT− γ2 X+ φ 4 + h35 AT− γ2C+ φ 8 + h45 BT− γ2C+ φ 9
−h30 X̄+ γ2 ĀT− φ −3 − h40 X̄+ γ2 B̄T− φ −4 − h35C̄+ γ2 ĀT− φ −8
−h45C̄+ γ2 B̄T− φ −9 .

(2.2)

Each of the terms in (2.2) has an implicit sum over lattice sites: Ā− X+ φ −3 = ∑x Ā−,x X+,x φx−3 .
Finally, the field φx = eiηx , |η| ≤ π, is a unitary Higgs field of charge −1 with a kinetic term:
κ
Sκ = ∑ ∑[2 − (φx∗Uµ∗ (x)φx+µ̂ + h.c.)] .
(2.3)
2 x µ
3
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massless modes in the mirror sector. Our recent work considered just such a case [23], and we
summarize our results in this proceedings report. It will be seen that the massless modes persist.
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h30
30.3214

h40
3.08123

h35
3.00278

h45
23.7109

y30
1.0

y40
1.0

y35
1.0

y45
1.0

Table 2: A set of Yukawa coupling constants that we found by optimizing narrowness of the complex phase
distribution for an 8 × 8 lattice.

3. Preliminaries of the calculation
3.1 The mirror polarization tensor

Πµν (x, y) ≡

δ 2 ln Z[A]
δ A(x)δ A(y)

.

(3.1)

A=0

Just as the partition function splits into the product of “mirror" and “light" parts, so does the polarization operator:
light

Πµν (x, y) = Πµν (x, y) + Πmirror
µν (x, y) ,

(3.2)

3.2 Complex phase
The fermion determinant of our theory is not real. To overcome this feature, we have studied
the dependence of the phase distribution on the values of the Yukawa coupling parameters. We
have optimized these parameters in order to have a narrow phase distribution, leading to the choice
of couplings in Table 2. Since we calculate the fermion determinant at each sampling step of our
simulation, we include the complex phase in our expectation values.
3.3 Probing for massless particles
In the continuum, the contribution to the Fourier transform of the real part of the polarization
tensors due to massless particles takes the form:
δµν k2 − kµ kν
.
(3.3)
k2
A single free charge-q Weyl fermion, gives a contribution equal to that of a half charge-q Dirac
1 2
fermion: 2Cfermion ' − 2π
q . The way to look for a massless pole in (3.3) is to notice that (3.3) has
a directional limit as k → 0:
Π̃µν (k) = 2C

Π̃11 (φ )

k→0

= C(1 − cos 2φ ),

Π̃21 (φ )

k→0

= −C sin 2φ ,

(3.4)

where φ is the angle of approach to origin measured from the positive-k1 axis. Therefore if there is
a massless particle in the spectrum of the mirror theory, we would expect Π̃mirror,0
has the following
µν
behavior as k → 0:
Π̃11 (45o ) = −Π̃21 (45o ) = C ,

Π̃11 (90o ) = 2C ,

Π̃11 (0o ) = Π̃21 (0o ) = Π̃21 (90o ) .

(3.5)

On the other hand, if there is no massless particle, we would expect: Π̃µν ∼ (δµν k2 −kµ kν )/m2 ,
as k → 0. Therefore if the mirror sector acquires the desired mass scale, the directional limit behavior (3.4) disappears.
4
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The vacuum polarization tensor is defined as:
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12
0 degrees
45 degrees
90 degrees
f0(x)
f45(x)
f90(x)

10
8
6

Figure 1: Π̃mirror,0
(k) on a 6 × 6 lattice. The
11
lines show the extrapolation k → 0 for different angles of approach. A clear discontinuity
in the directional limit can be seen.

Π11

4
2
0
-2
-4
-6
-8
0

1

2

3

4

5

φ
0o
45o
90o

A(6 × 6)
-2.36 × 10−3
-4.22
-7.01

A(8 × 8)
-0.16423(82)
-3.820(98)
-6.43(16)

A(10 × 10)
— (0)
-3.764(41)
-6.501(47)

Table 3: Linear extrapolation k → 0, using
a fit to f (k) = A + Bk. The 0o value for
N = 10 was not calculated because of computer time constraints; based on the results
from N = 6, 8, as well as calculations in the
free theory, we expect the 0o values to vanish,
within errors.

4. Results
For the set of couplings given in Table 2, we computed Π̃mirror,0
(k) for 6 × 6, 8 × 8 and 10 × 10
µν
lattices. The reason for using such small lattices is because the calculation of Π̃mirror,0
(k) is rather
µν
10
demanding and scales badly (∼ N after having taken into account momentum conservation) with
the number of lattice sites N in each direction. We studied three directions in momentum space: 0o
with k = (k, 0); 45o with k = (k, k); 90o with k = (0, k). Here k was taken from 0, 1, . . . , N − 1 on
an N × N lattice. The corresponding momenta in physical units are p = 2πk/Na.
Figure 1 shows the results obtained on the 6 × 6 lattice. It has the pattern suggested by (3.4)
with C ≈ 4 ≈ 50/(4π). In fact, it is remarkably similar to Figs. 2-5 of Ref. [22], except that the
discontinuity is about 50 times larger, consistent with contributions from the three charges that are
present in the underlying theory: 32 + 42 + 52 = 50. The k → 0 extrapolations are given in the
second column of Table 3, where we used a linear fit to the two smallest nonzero k values.
Our results for the 8 × 8 and 10 × 10 lattices with the same Yukawa couplings are similar to the
6 × 6 case, are shown in [23], and have k → 0 extrapolations given in the other columns of Table 3.
As one can see, the discontinuity constant C is approximately the same as was found on the 6 × 6
lattice.
If the physical volume L × L is held fixed, where L = Na, while the number of lattice sites
N × N is increased, this corresponds to decreasing the lattice spacing. The discretization error of
the overlap fermions which we are using is known to be O(a2 ). Thus continuum extrapolation
obeys
C = b + c(a/L)2 + O((a/L)4 ) = b + cN −2 + O(N −4 )

(4.1)

Here, we use the values of C from Table 3 for each of the three values of N = L/a that we have
computed. The errors in the value of C are dominated by the difference between the value obtained
5
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0
3-4-5 model
continuum extrapolation
b + c(a/L)2
-1

Figure 2: The small-k discontinuity in Π̃11
fitted to a linear function of (a/L)2 . It is seen
that the discontinuity appears to approach a
nonzero value as a → 0.
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5. Conclusions
We have studied the polarization operator of the 3-4-5 mirror theory in order to probe for the
existence of massless mirror states. We find evidence that the polarization tensor has a directional
discontinuity at k = 0. This supports the conclusion that the mirror sector fermions do not decouple,
but remain massless, in spite of the strong Yukawa dynamics. It is strange that the strong Yukawa
interaction does not give mass to the mirror sector, given that ’t Hooft anomaly matching does not
imply any massless modes in this anomaly free theory. One goal of future work is to understand
what the mechanism is for giving massless modes in the mirror sector in this lattice theory.
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