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1. Introduction

The existence of instanton solution requires QCD Lagrangian with the theta vacuum:
_ 1 1

in Euclidean spacetime. Hereafter, we will consider two-flavor QCD and assume isospin symme-
try, my = myg = mg. Though the angl@ can take any arbitrary value theoretically, experimental
measurements of neutron dipole moment give the upper lifijit; 10-°[]. Why shouldd be so
small? This long-standing puzzle is called the strGfproblem.

Since the upper limit is determined only at zero temperature, the behavior is nontrivial for
finite temperature. Hence the first-principle lattice simulation is needed, but it has the sign problem
for finite 6. After makingUa(1) transformation,

q=é¥kiq), (1.2)
6 dependence appears only through the mass term,
mo(0) = mpcog 6/2) + mpiyssin(8/2), (1.3)
in the transformed Lagrangian,

_ 1
L= qu(vaerrrb(e))qf+4—g2F§VF§V. (1.4)

TheP-odd mass term includinigs makes the fermion determinant complex.
Because of the sign problem, we should perform a reweighting method in lattice simulations.
The vacuum expectation value of operatois obtained by

(6) = / IAGdet (8)eS (L.5)
- / TAO' detter(B)eS (1.6)
with the gluon par§; of the QCD action and
, det#(0)
0'=R(0)0, RO)=— "~ 1.7
(6) (6) det e 0) (1.7)

whereR(0) is the reweighting factor and det;.(0) is the fermion determinant of the reference
theory that has no sign problem. The simplest candidate of the reference theory is the theory in
which the 6-odd term is neglected in the mass teffn3[. We refer to this reference theory as
reference A in this paper. As discussed in REF, feference A may be a good reference theory for
small and intermediat@, but not for larged nearrt. In reference A, the limit 0B = T corresponds
to the chiral limit for det#;¢f that is hard for LQCD simulations to reach.

The expectation value &(0) in the reference theory is obtained by

z

= 1.8
Zref ( )

(R(6))
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whereZ (Z.f) is the partition function of the original (reference) theory. The average reweighting
factor(R(6)) is a good index for the reference theory to be good,; the reference theory is good when
(R(O)) =1.

In this work, we estimatéR(6)) with the two-flavor PNJL model in order to find a good
reference theory. We find that reference A is good only for siafio propose a good reference
theory that satisfieR(0)) ~ 1. This work is based on the ReB][

2. Model setting

The two-flavor PNJL Lagrangian with ttfedependent anomaly term is obtained in Euclidean
spacetime by
3
2 = QWD +mo)q—G1 3 [(A7a0)? + (qiysTa0)?]

a=

—8G;, [éedeq‘RqL +e—i9deq‘LqR] YU (T, 0,0, 2.1)

whereD, = d, —i0y4A3/Aa/2 with the Gell-Mann matricek,. The current quark mass satisfies

mp = my, = My, andtp andta(a = 1,2,3) are the 2< 2 unit and Pauli matrices in the flavor space,
respectively. The paramet&; denotes the coupling constant of the scalar and pseudoscalar-type
four-quark interactions, whil&; stands for that of the Kobayashi-Maskawa-'t Hooft determinant
interaction M, {] where the matrix indices run in the flavor space. The Polyakov-idoand

its conjugated®* are determined in the Euclidean space ®y= %trC(L), o = %trc(f), where

L =exp(iAs/T) with As/T = diag(@, @, @) in the Polyakov gauge. We use the Polyakov potential
% of Ref. @:

U = T4[—a(2T)q>*q>+ b(T)IN(1— 6DP* + 4(D° + P*3) — 3(cbcb*)2)} , 2.2)
a(T):ao+a1<-_||-_°)+a2<$)2, b(T) :b3(?)3. (2.3)

Under theUa(1) transformation[l.2), the Lagrangian density is then rewritten withas
2 = (yDv+mo(6))d — Gy [(Td)*+ (iysTd)?] — G- [(@Td)*+ (divsd)’] + %, (2.4)

whereGy = G +Go.
Applying the saddle-point approximation to the path integral in the partition function, one can
get the average reweighting fact@(0)),

(R(6)) ~ RaRs (2.5)
Ry = [ el Ry — g V(@-0) (2.6)

wheref3 = 1/T andQ (Qyes) is the thermodynamic potential at the mean-field level in the original
(reference) theonfd. H (Hes) is the Hessian matrix in the original (reference) theory defined by

8

H.._ﬂ {/}_{OJ ,5/ ﬁ} (27)
'J_aqaqq) ar= n,a, ) .
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with the quark-condensates
o'=(qd) , n'=(qipq), & =(q1q), T = (dild). (2.8)

The four-dimensional volumBV is obtained byBV = (Ny/N; )3T~ for the NS x N; lattice. Here
we consideNy/N; = 4 as a typical example, following Refg&] [g].
We consider the following reference theory that has no sign problem:

Lret=q (WDy +Mer(0))d — Gy [(G0)*+ (qiysTd)?] — G- [(Td)? + (Tiysd)?] + % . (2.9)

Heremet(0) is 8-even mass defined below. We consider three examplegd§).

3. Numerical results

If some reference system satisfies the conditigf@)) ~ 1, one can say that the reference
system is good. As a typical example of the condition, we consider the case 8f(R(9)) < 2.
This condition seems to be the minimum requirement. The discussion made below is not changed
gualitatively, even if one takes a stronger condition.

The first example is reference A defined by

Met(8) = Ma(0)
= mpcog0/2). (3.2)

In this case, th&-odd mass is simply neglected from the original Lagrandias) (

Figurellla) showsd dependence ofR(6)) at T = 100 MeV. The solid line stands fgR(6)),
while the dashed (dotted) line correspondRio(Rg). This temperature is lower than the chiral
transition temperature in the original theory that is 212 Me¥ at 0 and 204 MeV ab = 1. As
0 increases from zerdR(6)) also increases and exceeds Bat 1.2. Reference A is thus good
for6 <1.2.

Figure[{b) shows6 dependence of pion masé; at T = 100 MeV. SinceP symmetry is
broken at finite@, P-even modes an&-odd modes are mixed with each other for each meson.
Hence M is defined by the lowest pole mass of the inverse propagator in the isovector dBannel[
The solid (dashed) line denot®&; in the original (reference A) system. &= 1, M is finite
in the original system, but zero in reference A. As a consequence of this prdpeiyd (R(6))
vanish atf = 1, see Fig[l(a). This indicates that reference A breaks dowf at 1.

The second example is reference B defined by

m(ef<e) = ”B(e)
= mycog 8/2) + % {mosin(6/2)}2. (3.2)

In this case, we have added th-order correction due to the-odd quark mass. Here is a
parameter with mass dimension, so we simply chaose M. The coefficient of the correction
term ism3/M = 0.129 MeV.

The same analysis is made for reference B in BigM; in reference B well reproduces that
in the original theory for any and(R) satisfies the condition.B < R < 2 for all 8. SinceRy ~ 1
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Figure 1: 6 dependence of (a) the average reweighting factor antigit T = 100 MeV for the case of
reference A.
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Figure 2: 6 dependence of (a) the average reweighting factor antigit T = 100 MeV for the case of
reference B.

in the most region 08, (R(0)) is governed byRg. Around 6 = 11, Ry becomes small but still has
anonzero value becaubky; # 0 even aB = mrin reference B. Therefore, the simple estimation for
Mes(0) (32 gives an available reference.

Finally we consider reference C. The pion mikg ) at finite 8 is estimated from the chiral
Lagrangian and AN, analysis[:

2
M,%(@):":g rrb|cos(6/2)|+n'\b;:\2/!"sin2(6/2) . (3.3)

n

wheredgy is the chiral condensate &t= 6 = 0. Interpreting &8 dependent mass from this result,
reference C is defined by

Meer(0) = Mc(0)

moMZ
= mpcog0/2) + Mz,n

n

Sir?(6/2). (3.4)
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Figure 3: 6 dependence of (a) the average reweighting factor antigit T = 100 MeV for the case of
reference C.
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Figure 4: 6 dependence of the average reweighting factdrat100 MeV for the case of reference C. Solid
and dashed lines correspond to the result with and without dynamical pion fluctuation, respectively.

This case also has tmeg-order correction, butr is different from reference B. The coefficient of
the correction term isyM7/M7, = 0.114 MeV.

As shown in FigB(b), M in reference C slightly underestimates that of the original theory at
small and intermediat8. However, in Figl3(a), (R(0)) satisfies the condition.8 < (R(0)) < 2
for all 8. Therefore we can think that reference C is a good reference system fér any

Beyond the mean-field approximation, we estimate an effect of dynamical pion fluctuations
by modifying the thermodynamic potential to

Q = Qme + Qor, (3.5)

whereQur is the thermodynamic potential with the mean-field lev@br is the potential due to
dynamical pion fluctuation§],

Qo = 3 / (gi‘)’gT in(1-eFEr), (3.6)

whereEy = /p2+ M2,
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Figurddlshowsd dependence gR(0)) atT = 100 MeV for the case of reference C. The solid
and dashed lines correspond to results with and without dynamical pion fluctuations, respectively.
The effect makegR) a little smaller, and hence the reference C becomes slightly worse. However,
the modification is small, indicating th&R) is well evaluated by the mean-field approximation

4. Summary and discussion

We have investigated a way of circumventing the sign problem in LQCD simulations with
finite 8, using the PNJL model. We have considered the reweighting method for the transformed
Lagrangian[{.4). In the Lagrangian, the sign problem is minimized, since Phedd mass is
much smaller tham\gcp. Another key is which kind of reference system satisfies the condition
(R(0)) ~ 1. We have then estimatd&(6)) by using the two-flavor PNJL model and have found
that reference C may be a good reference system in the reweighting method.

Since the present proposal is based on the model analysis, it is then not obvious whether
the proposal really works in lattice simulations. Therefore, the proposal should be directly tested
by lattice simulations. A similar test was made for two-flavor QCD with finite quark chemical
potential 1 [I0 B where lattice simulations have the sign problem. The average reweighting
factor, i.e., the average phase factor, was evaluated by lattice simulatippi¥ at 1 for T around
the critical temperature of the deconfinement transifiid@j. [The PNJL model well reproduces the
lattice result, when the dynamical correction due to mesonic fluctuations is made to the mean-field
model calculationfd. It is thus interesting that the present proposal is directly tested by lattice
simulations.
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