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In this project we study the effect of th (1) anomaly for(2+ 1)-flavour QCD at high temper-
ature. We apply the overlap operator as a tool to probe th@dgjral properties of gauge field
configurations which have been generated within the Highmigroved Staggered Quark (HISQ)
discretization scheme on lattices of siz€ 3B with m /ms=1/20, commonly used for the study
of QCD thermodynamics. Although we have at present, onlylte$or one value of the quark
masses and thus cannot monitor the change of the eigenvatributions with the light quark
mass, the distribution of the low-lying eigenvalues of thertap operator suggests that thg(1)

is not restored effectively even at 1.5 times the pseudiatitemperature. The corresponding
low-lying eigenmodes show localization properties.
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1. Introduction

The phase diagram dfl; = 2 QCD at zero baryon density is still not clearly understood.
Renormalization group studies on sigma models with the sammemetries as QCD, suggest that
the chiral phase transition fd&s = 2 QCD can be continuous if the effective breaking oflthg1)
is sufficiently large, comparable to its zero temperatuteevgl, 2]. Itis generally expected that the
transition is first order ifJa(1) is restored at the chiral transition temperature, althcuglecond
order transition may still be possible [2]. Rdf = 2+ 1 flavours with physical quark masses, the
masses of the light quarks, g << ms < Agcp S0 the remnant chiral symmetry of two light quark
flavours is still relevant near the chiral crossover. It isstinteresting to check the effects of the
Ua(1) breaking due to the two light flavours near the chiral crossov

Lattice gauge theory is the most effective non-perturleatiol that has helped in elucidating
the phase diagram of QCD. It has been used in the recent paangdérstand the effects di(1) on
the phase diagram &f; = 2 QCD. For two flavour QCD with dynamical overlap fermionsyis
observed thatla(1) may be restored near the chiral transition [3]. A similaufesas reported in
this conference with the Optimal Domain Wall Fermions [4fe$e studies use relatively small lat-
tices. However, with Highly Improved Staggered Quarks@)®n larger and finer lattices, it was
reported thatUa(1) may be broken even ata T, T being the chiral cross-over temperature [5].
Recent simulations with dynamical domain wall fermionshwihysical [6] as well as with slightly
heavier quark masses, correspondingrip= 200 MeV [7], also suggest théta(1) is broken in
and above the chiral cross-over region. In view of the imgrose of this problem, evident from the
activities followed by different groups, we tried to appebahis problem in a different way. We
use the configurations generated within the HISQ discititizascheme for fermions, for a large
lattice volume and for almost physical quark masses andfigade their topological properties by
means of the overlap Dirac operator, to understand the fdta(d) . These HISQ ensembles are
compatible withO(2) scaling for the chiral condensate near the cross-overmgg8j@orresponding
to the remnant chiral symmetry for the light quarks. Thisegius a hint that these configurations
could also be sensitive to the effectsbf(1) due to the light quarks.

2. The Set-up

Counting the topological objects in QCD configurations oattde is a difficult problem. In
continuum QCD, if we can count the difference between thei@en zero modes with right and
left chiralities, by the index theorem this difference ikted to the topological charge. To extend
this to the lattice, we need fermions which have exact clsyaimetry at finite lattice spacings.
The overlap fermions [9] are the only known fermion dis@ation which have an exact chiral
symmetry on the lattice. The lattice Dirac operator for thertap fermions is given as,

Dov =ML+ y60r{yDw (—M))] , SG{ysDw(—M)) = Y6Du(—M) /1/ Dy (~M)Dy (—M) (2.2)

whereDyy is the Wilson-Dirac operator with a negative mass paranidter|0, 2).

The overlap operator satisfies an index theorem [10]. Thisires that by counting the num-
ber of zero modes of the overlap operator, we measure théotpipal charge of the underlying
configurations. In this work, we compute the eigenvalueseigenvectors of the overlap fermion
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operator on the 2+1 flavour QCD configurations generated twithHISQ fermions. With the over-
lap operator we can not only identify the exact zero modesdiaiinguish these from the near
zero modes. Also, the infrared region of the eigenvaluetspecof the Dirac operator provides
information about the chiral symmetry and ttg(1) breaking. In terms of the eigenvalue density
p(A,m) =T/V(Sk8(A — Ak(m))), whereA,(m) are the eigenvalues of the Dirac operator with
guark massn, the chiral condensate and the observaje- x5 are given as,

Ve [P 2mp(A,m) Vow [© 42 p(A,m)

In the limit of infinite volume and massless quarks, the dlicandensate depends on the density
of eigenmodes near the origin. a(1) is restored simultaneously when the chiral symmetry is
restored, therx;; — X5 = 0. In the thermodynamic limit, one of the ways to realize phussibility

is through opening of a gap in the infrared region of the eigkre spectrum. On the other hand,
a possibility to havéJa(1) broken when chiral symmetry is restored is to have a finitesiteof
near-zero modes with the eigenvalue distribution going@s) ~ m?5(A) as one approaches the
chiral limit.

3. Numerical details

The set of(2+ 1)-flavour HISQ configurations used in this work were generdigdhe
HotQCD collaboration [8]. The strange quark massis set to the physical value and the light
quark mass tan, = ms/20 which corresponds to a Goldstone pion mass of 160 MeV. e s
of the lattice is 32 x 8. We studied 3 sets of configurations ab4.1.2 and 15 T, whereT, is
the pseudo-critical temperature for the chiral symmetstamtion and is about 158) MeV for
Nr = 8. We considered 100 configurations for the two lowest teatpegs and 161 for the highest
temperature, each separated by 100 trajectories, and tedne eigenvalues of the overlap Dirac
operator on them.

For implementing the sign function in the overlap operata,computed the lowest 20 eigen-
vectors ofDJVDW using the Kalkreuter-Simma(KS) Ritz algorithm [11]. We qauted the sign
function for these low modes explicitly and for the higherdas, the sign function was approxi-
mated by a Zolotarev rational function. The number of tenmthé Zolotarev function was kept to
be 15. The overlap operator satisfies the Ginsparg-Wilséf(@lation upto a precision of 16°
and the square of the sign function deviated from identitabgut 10° on average.

The 100 lowest eigenvalues ab4 T, and 50 each at the other temperatures, of the overlap
operator were computed using the KS algorithm vi@iff)D,,. The convergence criterion for the KS
algorithm was set to be? < 10~8. The corresponding fractional error on the zero eigensalugs
102 and for the others were better than$0 From partially-quenched studies, it is known that
the choice of the paramet®f in the overlap operator is important because for certairicelscof
M, the correspondin@JvDW could have very small eigenvalues leading to the presensgunious
zero modes in the overlap operator [12]. We verified that @figurations with no zero modes,
the choice of the parametbft did not affect the eigenvalues significantly within the psem with
which these were determined. Moreover, for configuratioitk a/finite number of zero modes of
the overlap operator, we chooksuch that the sign function and the GW relation were detexcthin
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Figure 1: The eigenvalue density of the overlap operator on HISQ sedigeoations at temperatures
1.04T(left panel) and 2T, (right panel) as a function of imaginary part of the eigeneabf the overlap
operator. MirffAmay) is obtained by taking the highest eigenvalue within eacHigaration and then taking
the minimal value among these. Beyond this value, the eajaa\density is no longer reliable.
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Figure 2: The eigenvalue density of the overlap operator on HISQ sefigroations at 1.&(left panel)
and the separation of zero and near-zero modes shown foane temperature (right panel).

with the highest accuracy, ensuring that we do not obsenveas eigenvalues. Except for a few
cases, the parametbft is chosen to be.8. The implementation of the overlap operator and the
computation of the eigenvalues were carried out on the GBs&tenl at Bielefeld University.

4. Results

We show our results for the eigenvalue distribution of thertap operator on HISQ sea con-
figurations for all the three temperatures in Figures (1) @)d The red histograms represent the
eigenvalue distribution including the zero modes whilelihue ones count only the non-zero eigen-
values. We find that the density of zero modes decreases tntperature of the QCD medium is
increased. This is consistent with the expectation thanhtimeber of topological objects should re-
duce with increasing temperature. We checked the disioibatf the different topological sectors
as a function of temperature by counting the fraction of tln@ber of configurations which hag@
zero modes. We compared them with the distribution of theesfaattion, now measured with the
operatorFF by employing HYP smearing [5] on these configurations. We éigbod agreement
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Figure 3: The distribution of the topological charge obtained by dmgmthe zero modes of the overlap
operator and those by the operafdf after HYP smearing on the HISQ configurations at TQ&ft panel)
and 15 T (right panel). The number of configurations used with HYP arnmg wasc'(10) larger.

between these two different estimates. Both these methmufgro the presence of a number of
configurations having a large number of zero modes everbai.1

Using the overlap operator we can distinguish the zero mfvdesthe near-zero modes very
precisely as we show in the right panel of Figure (2). Thisasgible because we measure the
eigenvectorgy; of Df Dqy. The zero modes always come with a definite chirality whetbas
non-zero eigenvalues come in degenerate pairs with thespwnding chiralities being equal in
magnitude but opposite in sign. The density of these nearrmedes too decreases with increasing
temperature but it is non-vanishing even & T, without any gap opening up in the eigenvalue
spectrum. This gives us an evidence tHgt1l) may not be restored even ab1l..

In order to understand these findings in more detail, we figk bt the properties of the zero
modes at the highest temperature. We compute the prolyatsiitsity| ¢ |> from the wavefunctions
of the zero modes on different two dimensional coordinateslby summing the wavefunction
over the other two coordinates. The left panel of Figure $4he profile of a typical zero mode
on the x, y plane. The profile is localized along the spatiadatisions. The profile of the same
zero mode along the x, t directions, shown in Figure (4),dattis that the zero modes are localized
along the temporal direction as well. The fermion wavefiomg are expected to be related to
the non-trivial topological objects of the gauge fields, reae finite temperature. If we identify
the profiles associated with the instantons, a rough estiofahe radius of these objects is about
0.2 fm in physical units. This is in agreement with the expgohs from the dilute instanton gas
model [13].

The presence of near zero modes could be explained in thimgeeof a dilute gas of in-
stantons. The fermion wavefunctions localized with thesgaintons superimpose, resulting in the
mixing of the lowest eigenvalues. This mechanism causeseagdpf the zero eigenmodes in
the infrared region of the eigenvalue spectrum. & T., we verify this assumption by count-
ing all the eigenmodes with eigenvalues less thaf a) = 0.049, beyond which the contribution
from the bulk eigenvalues dominate. The total number ofaregenfunctions per configuration
is denoted byn. If these correspond to non-interacting instanton-anti-instantons, then the dis
tribution of these objects should be Poisson like [14], wvtfitb distribution function of the form,
P(n,(n)) = e™(n)/nl. In order to verify this, we calculate the variance and therage value of
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Figure4: The profile of a zero mode at4.T; along x-y plane(left panel) and x-t plane (right panel).
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Figure5: The distribution of the net number of zero modes agrees witllthve expectation with the Dilute
Instanton Gas Model(left panel). In the right panel, we carepthe values of the chiral condensate and
Xn— Xs for different values of the bare valence quark mass&aid

the net number of topological objects and found tfmt= (n?) = 4. Moreover, we compare the
distribution functionP(n,4) with the fraction of the total number of configurations havimnon-
trivial topological objects. From Figure (5) it is evidehtt the topological objects indeed form a
dilute gas of instantons. A similar observation was repbfte pure SU(3) gauge theory [14] and
with domain wall fermions [6].

At 1.5 T, the chiral symmetry is restored. This is also verified by patimg the chiral con-
densate from the non-zero eigenvalugsof D{ Do, with different values of the valence quark
mass,nf=ma given as(Jy) = Y 05 <[AKZ(TE4T%> In the same way we also mea-
sureXn— Xs = Z|Ak|>04t/—T <"‘2M;Ak2)22> and found out that as we approach the chiral limit,

[A2(1—1i®)-+4rie]
(Xx — X5)/T? is significantly larger than the chiral condensate suppgrthat theUa(1) is still
broken in the chiral symmetry restored phase.

5. Conclusions

In this work, we studied the fate of théa(1) in QCD on a large volume lattice. We use
the overlap operator on HISQ sea configurations to identifgnobiguously the number of zero
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modes present. We find a significant presence of zero andzeeamodes even at3.T., with no
gap opening up in the infrared part of the eigenvalue spectndicating thatUa(1) may not be
restored. Though the contribution of the zero modes to thesipal observables like the chiral
condensate would vanish in the thermodynamic limit, thetridoution of the near-zero modes
would still survive. We check that these near zero modes damatribute significantly to the
chiral condensate at3.T. as expected, but the observalyle— x;s is finite and significantly larger
than the chiral condensate for a wide range of valence quassnT his further supports our claim
thatUa(1) may not be effectively restored even ab T.. We also study the possible mechanism
of generation of such a large number of near-zero modes andtody suggests that the high
temperature phase of QCD may well be described as a dilutefgastantons.
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