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We investigate the modification of S and P wave states in the bottomonium spectrum above and
below the deconfinement crossover temperature through their spectral functions obtained from the
maximum entropy method. Anisotropic ensembles with N f = 2+1 Wilson clover fermions with
tadpole improvement are used while the bottom quark is treated with an improved non-relativistic
action. We observe significant modifications of the P wave χb1 ground state directly above the
crossover temperature, Tc, while the S wave ϒ ground state remains relatively unchanged up
to temperatures of almost 2Tc. This evidence supports earlier conclusions from our FASTSUM

collaboration of the immediate dissociation of the P wave states above Tc and the survival of the
S wave ground states up to 2Tc.
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Bottomonium spectrum at finite temperature Tim Harris

1. Probing the quark-gluon plasma with heavy quarks

The in-medium behaviour of heavy quarkonium states offers us a valuable tool to understand
the strongly-coupled plasma presumed to exist above the deconfinement crossover temperature,
Tc, [1, 2]. The suppression of the yield of these states in nuclear collisions relative to hadronic
ones can provide a signal for the formation of the deconfined phase and the temperatures reached.
Bottomonium ought to provide a cleaner probe of the hot medium than charmonium as there are
fewer effects competing with the suppression of the yield [3], while comparisons with effective
field theories should be more favourable for bottom quarks.

A reliable ab initio calculation of spectral functions is desirable as these, for example in the
vector channel, can be directly related to the corresponding dilepton production rate and easily com-
pared with experimental results. Using the lattice formulation of non-relativistic QCD (NRQCD)
the only required separation of scales is mb� T , where mb is the heavy quark mass and T is the
temperature. The calculation of the spectral functions in the bottomonium system was the sub-
ject of earlier work by this collaboration which suggested dissociation of the P wave ground states
immediately above Tc [4, 5] and survival of the S wave ground states up to at least 2Tc [4, 6].

Ns 16 24 24 24 24 24 24 24
Nτ 128 40 36 32 28 24 20 16

T/Tc – 0.76 0.84 0.95 1.09 1.27 1.52 1.90
T (MeV) – 141 156 176 201 235 281 352

Ncfg 499 502 503 998 1001 1002 1000 1042

Table 1: Summary of the ensembles used in this work. Each ensemble has the following param-
eters: lattice spacing as = 0.1227(8) fm, anisotropy ξ ≡ as/aτ = 3.5 and pion mass Mπ ≈ 400
MeV [7]. The crossover temperature is determined from the renormalized Polyakov loop [8].

In this work we employ anisotropic ensembles with N f = 2+1 flavours of tadpole-improved
Wilson clover quark which represent multiple improvements over ensembles used in previous stud-
ies by this collaboration [4]. The tuning of the zero temperature ensembles was completed by the
Hadron Spectrum Collaboration [7]. In addition to the inclusion of the dynamical strange quark,
there is a finer spatial lattice spacing and a pion mass closer to the physical value compared with
ensembles used in earlier studies, see table 1 for details. Anisotropic lattice spacings allow high
temperatures to be achieved without sacrificing too many temporal sites or incurring significant
computational cost. Furthermore, the fixed-scale approach reduces the number of zero temperature
simulations required to tune the lattice parameters such as the heavy quark mass.

2. NRQCD at zero and non-zero temperature

The NRQCD quark propagators solve an initial value problem which is evident from the form
of the heavy quark action [9]:

S = a3
s ∑

x∈Λ
ψ

†(x)
(

ψ(x)−
[

1− aτH0|τ+aτ

2

]
U†

τ (x)
[

1− aτH0|τ
2

]
(1−aτδH)ψ(x−aτeeeτ)

)
(2.1)
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where ψ(x) is the heavy quark field, Uτ(x) the temporal gauge links and eeeτ the temporal unit vector.
The leading order Hamiltonian, H0, and covariant finite difference operators are given in terms of
the usual forward and backward ones

H0 =−
∆(2)

2mb
, ∆(2n) =

3

∑
i=1

(
∇+

i ∇−i
)n
. (2.2)

The improved NRQCD action includes relative O(v2) relativistic corrections to the leading term and
relative O(v4) spin-dependent terms, where v ∼ |ppp|/mb is the quark velocity in the bottomonium
rest frame, the power counting parameter in this effective theory. Furthermore, corrections are
included to remove O(aτ) errors in the evolution and O(a2

s ) errors in the leading order piece

δH =−
(
∆(2)

)2

8m3
b

+
ig0

8m2
b

(
∇∇∇± ·EEE−EEE ·∇∇∇±

)
− g0

8m2
b

σσσ ·
(
∇∇∇±×EEE−EEE×∇∇∇±

)
− g0

2mb
σσσ ·BBB

+
a2

s ∆(4)

24mb
− aτ

(
∆(2)

)2

16m2
b

.

(2.3)

Unimproved fields are defined through the usual clover definition of the field strength tensor, while
tadpole improvement is implicit everywhere by dividing all spatial links by the fourth root of the
spatial plaquette.

Since the rest mass term in the heavy quark dispersion relation can be removed by a field
redefinition only energy splittings are meaningful. We tune the spin-averaged 1S kinetic mass,
M2(1S) ≡ (M2(ηb)+3M2(ϒ))/4 to its experimental value to mitigate the systematic error caused
by the incorrect determination of the hyperfine splitting [10]. When comparing spectral quantities
the ϒ mass is fixed to its experimental value to set the absolute energy.

The NRQCD formulation has certain advantages when interpreting the modification of the
spectrum at finite temperature. As the heavy quark propagators satisfy an initial value problem they
do not obey the thermal boundary conditions like the other fields. Thermal effects are introduced
only through interaction with the hot medium. Hadronic correlation functions are asymmetric in
time and the heavy quarks are not in thermal equilibrium with the medium. This asymmetry is
reflected in the temperature independent kernel, K(τ,ω) = e−ωτ , which appears in the integral
representation of the hadronic correlation function

G(τ;T ) =
∫

ωmax

ωmin

dω

2π
K(τ,ω)ρ(ω;T ). (2.4)

Thermal modifications to the correlator arise only from the temperature dependence of the spectral
function. Furthermore, there is no zero mode type contribution at any temperature which usually
gives rise to a constant contribution to correlation functions.

The spectral functions are obtained from eq. (2.4) by using the maximum entropy method
(MEM) [11] with Bryan’s algorithm. This Bayesian method ensures the solution for the spectral
function, ρ(ω), is unique although independence of the prior information must be demonstrated.

The asymmetric correlation functions allow access to larger temporal separations than for rel-
ativistic quarks which ameliorates the reconstruction of the spectral function. The zero temperature
spectral functions are shown in figure 1 in the S wave ηb (left) and ϒ (right) channels. As many
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as six peaks can be seen, corresponding to bound states. The agreement of the peak positions
with the energies extracted from multi-exponential fits shown with dashed lines, obtained with the
CORRFITTER package [12], is good.
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Figure 1: Reconstructed spectral function at the lowest temperature in the ηb (left) and ϒ (right)
channels, with energies extracted from multi-exponential fits displayed with dashed lines.

3. Thermal modification of the bottomonium spectrum

Figure 2 illustrates the temperature dependence of the effective mass in the S wave ϒ (left)
and P wave χb1 (right) channels. The χb1 channel displays significant modifications while the
ϒ channel appears relatively unchanged as the temperature is varied. We can gain some insight
into the temperature dependence by comparing with the predictions for free quarks, valid in the
high-temperature non-interacting limit, where the continuum spectral functions are known [13]

ρfree(ω) ∝ (ω−ω0)
α Θ(ω−ω0) ⇒ Gfree(τ) ∝

e−ω0τ

τα+1 , (3.1)

where α = 1/2 for S waves and α = 3/2 for P waves. A non-zero threshold ω0 is included to
account for the unknown additive shift in the energies. It is in general temperature dependent and
depends on the lattice parameters. This form for the correlation functions leads to an effective mass
with a power law behaviour at asymptotically large temporal separations

E(τ) =− 1
G(τ)

dG(τ)

dτ

G=Gfree−→ ω0 +
α +1

τ
. (3.2)

Although at high temperatures the P wave channel deviates from the plateaux exhibited at low
temperatures, the effect of a larger threshold compared with the earlier study [4] may make the
effect appear less pronounced.

4. Heavy quark mass dependence

Along with Landau damping, whose role has been highlighted in effective field theory stud-
ies [13], colour-Debye screening plays a significant part in the dissociation of heavy quarkonium

4



P
o
S
(
L
A
T
T
I
C
E
 
2
0
1
3
)
1
7
1

Bottomonium spectrum at finite temperature Tim Harris

0.2

0.3

0.4

0.5

5 10 15 20 25 30 35 40

a τ
E
(τ
)

τ/aτ

ϒ
T/Tc = 0.76

0.84
0.95
1.09
1.27
1.52
1.90

0.3

0.4

0.5

0.6

5 10 15 20 25 30 35 40

a τ
E
(τ
)

τ/aτ

χb1
T/Tc = 0.76

0.84
0.95
1.09
1.27
1.52
1.90

Figure 2: Temperature dependence of the effective mass in the ϒ (left) and χb1 (right) channels.

bound states in the plasma. When the Debye screening length is comparable with the binding ra-
dius of the state, colour-screening of the charges will lead to its break-up. In potential models we
expect the binding radius to depend inversely on the quark mass, R ∼ (mbv)−1, so that heavier,
more tightly bound states will experience less screening and survive to greater temperatures in the
plasma. Figure 3 shows the mass dependence of the modification to the correlation function at
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Figure 3: Dependence of the modification in the correlation function in the ϒ (left) and χb1 channels
at the highest accessible temperature, T = 1.90Tc. The physical heavy quark mass is asmb = 2.92.

a fixed temperature, T/Tc = 1.90. In line with these expectations, the heavier states display less
modification than the lighter ones at large time separations. The χb1 channel (right) shows greater
enhancement than the ϒ channel (left) at each value of the heavy quark mass. Note that at the tuned
physical heavy quark mass, asmb = 2.92, the correlation function in the ϒ channel sees only about
3% enhancement at large separations, while the χb1 channel shows almost 20% enhancement with
respect to the zero temperature one.

5. Bottomonium spectral functions above and below Tc

We show the spectral functions and their evolution with temperature in figure 4. In both
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the ϒ channel (upper figure) and χb1 channel (lower figure) the ground state peaks are evident at
temperatures below Tc and coincide with the energy extracted from exponential fits to the zero
temperature correlators.

In the ϒ channel a peak close to the first excited state, ϒ(2S), is also apparent at temperatures
below Tc, while the ground state peak remains visible at all accessible temperatures. We understand
this to indicate the survival of the ϒ ground state to temperatures up to 1.90Tc. The modification
of the ϒ(2S) is less straightforward to interpret as the peak seems to merge with lattice artefacts
above Tc as it shifts and broadens.
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Figure 4: Temperature dependence of the spectral functions in the ϒ (upper figure) and χb1 (lower
figure) channels. Each panel displays only two neighbouring temperatures. Note the different
ordinate scale between the upper and lower panels in the upper figure.

The χb1 ground state can no longer be seen immediately above Tc which suggests that this
state might dissociate immediately in the deconfined phase. We note that the support of the spectral
function at high temperatures is comparable with the support of the free lattice spectral function
which is not shown in this figure.
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6. Conclusions

We have calculated bottomonium spectral functions using MEM at temperatures above and
below Tc on a new generation of anisotropic N f = 2+1 Wilson clover ensembles. Our results are
compatible with conclusions from previous studies [4, 6, 5] and have been obtained in the same
temperature range as experiments so we hope they help with the interpretation of the experimental
spectra [14]. A discussion of the systematic checks of the MEM method will be presented in future
along with a comparison with the free lattice spectral functions.
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