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1. Introduction

In this work we study the dynamical properties of the quark-gluon plasma (QGP), and in
particular we focus on the transport phenomena associated with electric charge [1]. From an ex-
perimental point of view, a reliable first-principles determination of the conductivity is necessary
to estimate the evolution of electromagnetic fields during heavy-ion collision experiments, where
particle emission from the fireball is heavily influenced by the presence of a magnetic field [2].
In order to understand the real-time evolution of the plasma, effective models, such as dissipative
hydrodynamics, are used [3]. Transport coefficients, e.g. the bulk/shear viscosity and the elec-
trical conductivity, enter as parameters in these models and can be seen as low-energy variables
describing the effects of the underlying quantum field theory. There are many phenomenological
indications that the plasma produced in such collisions is strongly interacting. In many cases this
leads to a very poor convergence of perturbation theory when used as a tool to derive expressions
for transport coefficients directly from QCD, see e.g. results for the shear viscosity [4]. This is
why we take here the lattice QCD approach, where these quantities may be extracted from non-
perturbatively computed euclidean correlators. For recent reviews, see e.g. Ref. [5].

2. Electrical Conductivity on the Lattice

In the following we will describe how to formulate the problem of calculating the electrical
conductivity on the lattice. As a starting point, we consider the contribution from the up and down
quarks to the electromagnetic current:

jem
µ (x) =

2
3

e j up
µ (x)− 1

3
e j down

µ (x), (2.1)

where j f
µ is the vector current for each flavour considered, the coefficients in front represent the

fractional charge of the quark and e is the elementary charge. The connection between the conduc-
tivity and lattice QCD is provided by the spectral function ρµν(ω), which is defined through the
euclidean correlator of the electromagnetic current (2.1) as follows:

G em
µν (τ) =

∫
d3x 〈 j em

µ (τ,x) j em
ν (0,0)† 〉=

∫
∞

0

dω

2π
ρ

em
µν (ω)

cosh[ω(τ−1/2T )]
sinh[ω/2T ]

, (2.2)

where τ is the euclidean time coordinate, ω the frequency and we performed the projection to zero
momentum. On the r.h.s. the integral transform has a nontrivial kernel K(τ,ω), which depends on
the temperature T . The operation of obtaining the spectral function ρµν(ω) from the euclidean cor-
relator Gem

µν (τ), i.e. inverting Eq. (2.2), represents the main computational challenge as it involves
analytical continuation from euclidean to Minkowski space. Our approach is described in Sec. 4.
Once the spectral function is available, the electrical conductivity σ can be obtained by taking the
low-frequency limit, known as Kubo’s formula [6]:

σ

T
=

1
6T

lim
ω→0

ρem(ω)

ω
, ρ

em(ω) =
3

∑
i=1

ρ
em
ii (ω) . (2.3)
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Ns Nτ T [MeV] T/Tc NCFG NSRC

32 16 352 1.90 1059 4
24 20 281 1.52 1001 4
32 24 235 1.27 500 4
32 28 201 1.09 502 4
32 32 176 0.95 501 4
24 36 156 0.84 501 4
24 40 141 0.76 523 4
32 48 117 0.63 601 1

(a) Gauge configurations.

as [fm] 0.1227(8)
aτ [fm] 0.03506(23)

ξ = as/aτ 3.5
γg 4.3
γ f 3.4
ct 0.9027
cs 1.5893

m̂u,d −0.0840
m̂s −0.0743

(b) Simulation parameters.

Table 1: (a) The gauge ensembles have lattice size of N3
s ×Nτ , with NCFG configurations available

for each set and a number of NSRC sources for the analysis. (b) The parameters in the action (3.1).

3. Simulation Details

In contrast to lattice simulations used to study QCD thermodynamics, where the staggered
formulation is often preferred, we take here the choice of clover-improved Wilson fermions, with
2+ 1 flavors [7]. This is motivated by the fact that matching the physical degrees of freedom is
much easier. In fact, with staggered fermions, the euclidean correlator described above, which
represents our main probe of the QGP, contains a signal from an opposite parity partner, effectively
reducing the number of usable points in the temporal direction [8]. This is undesired, since a higher
resolution in Gem

µν (τ) brings a more reliable analysis. These requirements, together with the need to
keep the computational cost under control, have motivated us to simulate using anisotropic lattices,
where the lattice spacing aτ in the time direction is taken to be smaller than the spatial one as. The
drawback of this choice is the appearance of new bare parameters in the action, which have to be
tuned carefully. This has been achieved in Ref. [7], to which we refer for further details. The gauge
action is Symanzik and tadpole improved with tree-level coefficients. The Dirac operator reads:

D[U ] = m̂0 + γ4Ŵ4 +
1
γ f

∑
i

γiŴi−
ct

2 ∑
i

σ4iF̂4i−
cs

2γg
∑
i< j

σi jF̂i j, (3.1)

where m̂0 and Ŵµ are the mass and the usual Wilson operator and γµ are the Dirac matrices. The
last two terms are the clover operators, with σµν = i

2 [γµ ,γν ] and F̂µν the lattice version of the field
strength tensor. Their coefficients ct,s have been chosen according to tree-level conditions. The
novel parameters mentioned above are the bare gauge (γg) and fermion (γ f ) anisotropies. These
are tuned in Ref. [7], giving a ratio ξ ≡ as/aτ = 3.5. The gauge links Uµ are represented by three-
dimensional stout-smeared links [9], with smearing weight ρ = 0.14 and nρ = 2 iterations. The
light and strange quark mass parameters are chosen [7] to reproduce the physical strange quark
mass and a light quark mass with Mπ/Mρ = 0.446(3). The numerical value of all the parameters
appearing in Eq. (3.1) can be found in Table 1b.

We have generated a number of finite-temperature ensembles, using a fixed lattice spacing
approach. This allows for a determination of the temperature dependence of the conductivity,
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Figure 1: Diagonal components of the correlator (2.2). Dashed (solid) lines represent temperatures
below (above) Tc. Left: temporal component G44 rescaled by T 3. Right: spatial component G(τ) =

∑i Gii(τ), normalized by its value in the free case.

missing in previous studies. The critical temperature is estimated from the renormalized Polyakov
loop inflection point [10], see Table 1a. We use the exactly conserved vector current on the lattice:

VC
µ (x) = κµ

[
ψ̄(x+ µ̂)(1+ γµ)U†

µ(x)ψ(x)− ψ̄(x)(1− γµ)Uµ(x)ψ(x+ µ̂)

]
, (3.2)

where κ4 = 1/2, κi = 1/(2γ f ). To compute the correlator (2.2), we use Wick contractions and
neglect disconnected diagrams. This is justified by the fact that their contribution is identically
zero in the N f = 3 case, and we note that the same choice has been applied in all previous studies
[8, 11, 12]. Since the up and down quark fields in Eq. (2.1) are degenerate, we can factor out their
fractional charge assignments, via Cem = e2(q2

u + q2
d) = 5/9e2 and define Gem

µν(τ) = Cem Gµν(τ).
Similarly in Eq. (2.3) we define ρem(ω) =Cem ρ(ω). We show in Fig. 1 the diagonal components
of Gµν(τ). Above Tc, correlators measured in ensembles of increasing temperature show little
differences between each other, while below Tc their behaviour rapidly changes with T .

4. Maximum Entropy Method

In this section we describe the method used to obtain the spectral function. At large ω , the
kernel K(τ,ω) in Eq. (2.2) is highly suppressed, which allows us to cut off the integral at some
ωmax. We then discretise the interval 0 < ω < ωmax using a stepsize ∆ω with Nω = ωmax/∆ω . The
resulting equation is G(τi) =∆ω ∑

Nω

j=0 Ki jρ j, where the correlator G(τi) is defined over a number of
euclidean points of around Nτ/2∼O(10−20). On the other hand, the discretised spectral function
ρ j is defined over Nω ∼ O(103) points. This is often referred to as an ill-posed problem.

A search for the solution using standard χ2 methods would fail, because the result would not
be unique. One way to proceed is to use a physically motivated Ansatz for the spectral function,
with a number of parameters to be minimized. This path has been followed in Ref. [12]. Here we
use a bayesian analysis, the Maximum Entropy Method (MEM), which was first applied to lattice
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Figure 2: Left: spectral functions ρ(ω)/ωT at different T ’s. The intercept is proportional to σ/T ,
see Eq. (2.3). Right: temperature dependence of C−1

em σ/T . The vertical size of the rectangles
reflects the systematic uncertainty due to changes in the default model, while the error bars include
the statistical jackknife error as well. Previous results [8, 12] are indicated: the Nf = 0 points are
inserted matching the values of T/Tc. The triangles represent a Dyson-Schwinger result [14].

QCD in Ref. [13]. This consists of extracting the most probable spectral function ρ(ω), given some
prior knowledge H and the data D. This is expressed as a conditional probability:

P[ρ|DH] =
P[D|ρH]P[ρ|H]

P[D|H]
∝ exp(−L+αS), (4.1)

where L is the standard likelihood function and S is the Shannon-Jaynes entropy, given by:

S =
� ∞

0

dω
2π

�
ρ(ω)−m(ω)−ρ(ω) ln

ρ(ω)

m(ω)

�
, (4.2)

where m(ω) = m0(b+ω)ω is the default model, representing our prior information on ρ(ω). Here
m0 is an overall normalization and the parameter b is algorithmically crucial to allow a non-zero
conductivity σ , which is obtained from the intercept limω→0 ρ(ω)/ω , as shown in Eq. (2.3). The
result is then obtained by maximising P[ρ|DH], where we use a modification of Bryan’s algorithm
[8] which fixes kernel instabilities at low ω .

5. Results

In Fig. 2 (left) we show the spectral function, ρ(ω)/ωT for three different temperatures.
The intercept is proportional to σ/T , which is shown in Fig. 2 (right) for temperatures across the
deconfining transition. We also compare our Nf = 2 result to previous findings on the lattice [8, 12]
and to results obtained using Dyson-Schwinger equations [14].

We have carried out a series of tests in order to check the reliability of the MEM reconstruction
of ρ(ω). In primis, the choice of default model, aka the specific value of b should not be reflected
in the final result for σ . In Fig. 3 (right) we explicitly check this by varying b in the MEM analysis,
observing stability provided that b � 0.4.
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Figure 3: Stability tests. Left: C−1
em σ/T when only a subset of the available time slices is used.

Right: dependence on the parameter b in the default model. Stability is achieved for b & 0.4.

202428
N

τ

0

0.1

0.2

0.3

4 10
τ

1e-03

1e-02

∆τ=6

242832
N

τ

4 12
τ

∆τ=8

283236
N

τ

4 14
τ

∆τ=10 1.52
1.26
1.08
0.95
0.84

T/T
c

σ/Τ

G(τ)

Figure 4: Stability tests discarding the last time slices in the correlator. Top: correlators with used
time slices indicated. Bottom: corresponding MEM results for C−1

em σ/T . Open symbols use the
restricted time range ∆τ shown in the upper pane, full symbols use the entire time range available.

In Sec. 3 we mentioned the importance of having a high resolution in the correlator G(τ) and
how this was achieved by the introduction of the anisotropy. To justify this choice, we run MEM
using only a subset of the available time slices in the correlator, and check whether the result is
stable. This is shown in Fig. 3 (left), where it is clear that for high temperatures, the anisotropy is
crucial to extract a signal for the conductivity. For colder ensembles the result is instead stable.

As also pointed out in Sec. 3, the number of euclidean points available in the correlator will
decrease as the temperature is raised. One might think that this difference in the extent of G(τ) is
responsible for the T dependence of the conductivity, rather than it being a genuine thermal effect.
To show that this is not the case, we run the MEM analysis on correlators at different temperatures,
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but constrained to have the same number of time slices, which is achieved by systematically dis-
carding the last points of colder ensembles. A graphical representation of the procedure is showed
in Fig. 4. We observe excellent stability as the euclidean time range is varied.

6. Conclusions

We have presented the first lattice QCD calculation of the temperature dependence of the
electrical conductivity σ divided by T , using the conserved current and anisotropic lattices [1]. We
found that σ/T increases with temperature. In the near future we plan to include the contribution
from the strange quark and also evaluate the charge diffusion constant D, combining the results for
σ with those for the electric charge susceptibility [15].
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