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We present a lattice QCD study for the cutoff effects on nuclear forces. Two-nucleon forces are
determined from Nambu-Bethe-Salpeter (NBS) wave functions using the HAL QCD method. Lat-
tice QCD simulations are performed employing N f = 2 clover fermion configurations at three lat-
tice spacings of a= 0.108,0.156,0.215 fm on a fixed physical volume of L3×T ' (2.5fm)3×5fm
with a large quark mass corresponding to mπ ' 1.1 GeV. We observe that while the discretization
artifact appears at the short range part of potentials, it is suppressed at the long distance region.
The cutoff dependence of the phase shifts and scattering length is also presented.
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1. Introduction

Nuclear forces, the interactions among nucleons, serve as the cornerstone in nuclear physics.
While they have been traditionally determined through the scattering experiments, theoretical un-
derstanding of them from the fundamental theory, Quantum Chromodynamics (QCD), has not been
established yet. In the last several years, substantial effort has been devoted to determine nuclear
interactions using lattice QCD simulations. A conventional approach is to calculate an energy spec-
trum of a two-nucleon (2N) system on the lattice and convert it to the scattering phase shift at the
corresponding energy through the Lüscher’s finite volume formula [1]. Latest lattice QCD results
in this approach are given in, e.g., Refs. [2, 3].

Recently, a novel approach was proposed to determine nuclear forces on the lattice [4, 5]. In
this approach, now called as the HAL QCD method, nuclear forces (or potentials) are directly ob-
tained from Nambu-Bethe-Salpeter (NBS) wave functions calculated in lattice simulations. In par-
ticular, the extension to the “time-dependent” HAL QCD method has an advantageous feature that
energy-independent (non-local) potentials can be extracted without replying on the ground state
saturation [6]. Once potentials are obtained, scattering parameters such as phase shifts and scat-
tering length can be calculated by solving the Schrödinger equation in infinite volume at arbitrary
energies below the inelastic threshold. Resultant (parity-even) nuclear potentials are found to have
desirable features such as attractive wells at long and medium distances and central repulsive cores
at short distance. The method has been successfully applied to more general hadron interactions,
such as hyperon interactions, 2N spin-orbit forces and three-nucleon forces [7, 8, 9, 10, 11, 12, 13].
See Ref. [14] for a recent review.

Toward the quantitative determination of nuclear forces, systematic uncertainties in lattice
simulations should be carefully examined, such as the effect of discretization artifact. There have
been, however, no work which performs the continuum extrapolation on nuclear interactions in
Lüscher’s method nor in the HAL QCD method. The aim of this work is to perform the first
systematic study for the lattice cutoff dependence of nuclear interactions. In particular, in the HAL
QCD method, it could be easier to understand how the discretization artifact, which has intrinsically
short-range nature, affects the lattice QCD results since the spacial information remains in this
method. It is also interesting to examine how the characteristic feature in lattice nuclear potentials
such as repulsive cores at short distance are stable against changing the lattice cutoff. Therefore,
in this study, we calculate nuclear potentials in the HAL QCD method at three different lattice
spacings, with the other lattice parameters such as physical volume size and quark masses fixed.
Solving the Schrödinger equation with obtained potentials, the cutoff dependence of scattering
phase shifts and scattering length is also studied.

2. Formalism

We briefly explain the framework of the HAL QCD method [5, 6, 14]. We consider the (equal-
time) NBS wave function in the center-of-mass frame,

φW (~r)≡ 〈0|N(~r,0)N(~0,0)|2N,W 〉in, (2.1)
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where N is the nucleon operator and |2N,W 〉in denotes the asymptotic in-state of the 2N system at

the total energy of W = 2
√

k2 +m2
N with the nucleon mass mN and the relative momentum k ≡ |~k|,

and we consider the elastic region, W <Wth = 2mN +mπ . For simplicity, we omit other quantum
numbers such as spinor/flavor indices. The most important property of the NBS wave function is
that it has a desirable asymptotic behavior [1, 5, 15, 16, 17],

φW (~r) ∝
sin(kr− lπ/2+δW

l )

kr
, r ≡ |~r| → ∞, (2.2)

where δW
l is the scattering phase shift with the orbital angular momentum l. Exploiting this feature,

we define the (non-local) 2N potential, U(~r,~r′), through the following Schrödinger equation,

H0φW (~r)+
∫

d~r′U(~r,~r′)φW (~r′) = EW φW (~r), (2.3)

where H0 = −∇2/(2µ) and EW = k2/(2µ) with the reduced mass µ = mN/2. It is evident that
U(~r,~r′) defined in this way is faithful to the phase shift by construction. In addition, it has been
proven that one can construct U(~r,~r′) in an energy-independent way [5, 14]. These points guarantee
that once potentials are obtained, one can determine the phase shifts at arbitrary energies below
the inelastic threshold. Furthermore, it is found that the energy-independence of potentials can
be exploited to make a reliable determination of potentials and phase shifts [6]. In fact, while
the original equation (2.3) requires the determination of φW for each energy W , by e.g., ground
state saturation, one can show that the same U(~r,~r′) can be extracted from the“time-dependent”
Schrödinger equation

H0ψ(~r, t)+
∫

d~r′U(~r,~r′)ψ(~r′, t) =
(
− ∂

∂ t
+

1
4mN

∂ 2

∂ t2

)
ψ(~r, t) (2.4)

even without the ground state saturation, where ψ(~r, t)≡ G(~r, t)/e−2mNt and G(~r, t) is a four-point
correlation function, G(~r, t)≡ 1

L3 ∑~R〈0|(N(~R+~r)N(~R))(t) (NN)(t = 0)|0〉 . This “time-dependent”
HAL QCD method is particularly useful for nuclear systems, since the ground state saturation
becomes more and more difficult at lighter quark masses and larger lattice volumes [6].

In practical lattice calculations, it is difficult to handle the non-locality of the potential directly,
so we employ the derivative expansion of the potential, U(~r,~r′) =

[
VC(r)+VT (r)S12+VLS(r)~L ·~S+

O(∇2)
]
δ (~r−~r′), where VC, VT and VLS are the central, tensor and spin-orbit potentials, respectively,

with the tensor operator S12. In Ref. [10], the convergence of the derivative expansion is examined
in parity-even channel, and it is shown that the leading terms, VC and VT , dominate the potential at
low energies.

The HAL QCD method can be extended to systems above the inelastic threshold [18, 19] as
well as multi-particle systems [20].

3. Lattice QCD setup and Numerical results

We employ N f = 2 dynamical configurations with mean field improved clover fermion and
RG-improved gauge action generated by CP-PACS Collaboration [21]. The measurements are
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Figure 1: Nuclear central potential VC(r) in 1S0

channel obtained at three different lattice cutoffs.
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Figure 2: Nuclear central potential VC(r) in 3S1–
3D1 channel.

performed at three different bare couplings β = 1.80,1.95,2.10, which corresponds to the lat-
tice spacings a = 0.2150,0.1555,0.1076 fm, respectively. The physical lattice size is L3 × T '
(2.5fm)3 × 5fm, and the hadron masses are mπ ' 1.1 GeV and mN ' 2.2 GeV. We use the wall
quark source with Coulomb gauge fixing. In order to enhance the statistics, we repeat the measure-
ment using different source time slices and the forward and backward propagations are averaged.
Computational cost in the Wick and color/spinor contractions are reduced by the unified contrac-
tion algorithm [22]. The simulation parameters are tabulated in Tab. 1. The cutoff dependence for
I = 2 ππ interaction with the same configurations has been investigated in Ref. [23].

In Fig. 1, we plot the nuclear central potential in 1S0 channel for each lattice cutoff. In the
evaluation of Eq. (2.4), we omit the second derivative term in t, which corresponds to the relativistic
correction and is expected to have marginal effect at heavy quark mass [6]. Shown in Figs. 2 and
3 are the central and tensor potentials in 3S1–3D1 channel, respectively.

Comparing the results at three different cutoffs, we observe non-negligible cutoff dependence
at the short distance part of the potentials, while the cutoff dependence at long distance region is
suppressed. This is a natural consequence that the discretization effect has intrinsically short-range
nature. We note that a similar observation is obtained in the potential of I = 2 ππ system, where
the violation of rotation symmetry due to finite lattice spacing is found at short distance [24].

It is also interesting that repulsive cores in central forces are enhanced on a finer lattice. This
tendency is consistent with the analyses by the operator product expansion (OPE), where the repul-
sive cores are predicted to diverge in the limit of r → 0 [25]. We, however, note that even the finest
lattice (a = 0.1076 fm) may not be sufficiently fine to quantitatively examine these perturbative

β L3 ×T a [fm] La [fm] κud mπa mNa Nconf Nsrc

1.80 123 ×24 0.2150(22) 2.580(26) 0.14090 1.1562(4) 2.262(2) 640 24
1.95 163 ×32 0.1555(17) 2.489(27) 0.13750 0.8934(4) 1.695(1) 598 32
2.10 243 ×48 0.1076(13) 2.583(31) 0.13570 0.6301(3) 1.182(1) 798 48

Table 1: Lattice simulation parameters. Nconf is the number of configurations, and Nsrc is the number of
sources per each configuration in the measurement.
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Figure 3: Nuclear tensor potential VT (r) in 3S1–
3D1 channel.
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Figure 4: The fit of VC(r) in 1S0 channel. The inner
figure shows r2VC(r) to include phase space factor.

behaviors. In the tensor force, we observe kink structures at r ∼ 0.2–0.3 fm (depending on a),
and the results from different cutoffs agree if the distance r is longer than the kink position, while
the deviation is observed at shorter distance than the kink. In fact, we have been observing sim-
ilar kink structures in tensor forces in various baryon-baryon interactions with a variety of lattice
setup [14]. The systematic study in this report indicates that these kink structures are associated
with the discretization artifact.

While the lattice cutoff dependence in potentials looks sizable at short distance, it is important
to realize that such effect is expected to be suppressed in physical observables such as phase shifts
and scattering length, because of the phase space factor of ∝ r2. In order to make a quantitative
study, we calculate the phase shifts and scattering length in 1S0 channel. In Fig. 4, we show the
potential together with their fitted values where we employ the fitting function used in [11]. Shown
in the inner figure is the potential multiplied by r2 to account for the phase space factor. One can
observe that the discretization artifact is effectively suppressed as discussed above.

By solving the Schrödinger equation using the fitted potential in infinite volume, we obtain the
phase shifts. In Fig. 5, we plot the phase shifts in terms of the laboratory energy where the bands
correspond to the statistical fluctuations. The qualitative behaviors are found to be similar to the
experimental phase shifts. We observe that the results from different cutoffs agree at low energies
within the statistical errors. On the other hand, there exists a deviation at high energies, where
phase shifts become smaller on a finer lattice. These behaviors can be understood by recalling
that the cutoff dependence appears only at short range part of the potential, and the repulsive core
is enhanced on a finer lattice. In Fig. 6, we show preliminary results for the scattering length
a(1S0) = limk→0 tanδ (k)/k against the lattice spacing a, where the error is statistical only. Since
the scattering length represents the low-energy phenomena, the cutoff dependence is found to be
negligible compared to the statistical errors. Detailed studies for the systematic uncertainties for
phase shifts and scattering length are in progress.

We thank authors and maintainers of CPS++[26], whose modified version is used in this study.
We also thank CP-PACS Collaboration and ILDG/JLDG [27] for providing gauge configurations.
The numerical simulations have been performed on SR16000 and Blue Gene/L at KEK, T2K at
University of Tsukuba, SR16000 at YITP in Kyoto University and FX10 at University of Tokyo.
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Figure 5: Phase shifts in 1S0 channel in terms of
the laboratory energy.
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Figure 6: The scattering length in 1S0 channel
against the lattice spacing a. The blue point corre-
sponds to the result in the continuum limit obtained
by the linear extrapolation against a.
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