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1. Introduction

When comparing experimental data with theoretical predictions on hadronic transitions, it is
important to control the contribution of excited states. For example, light-cone sum rule determi-
nation for gD∗Dπ coupling failed to reproduce the experimental data unless one explicitly includes
a negative contribution from the first radial excited state D(∗)′ state on the hadronic side of the sum
rule [1].

The Generalized Eigenvalue Problem is a very efficient tool to deal with excited states on the
lattice and can now be used with three-point correlation functions to extract matrix elements. We
present a first estimate of the gB∗′Bπ

coupling in the static limit of the Heavy Quark Effective Theory
[4]. Since the B and D mesons are degenerate in this limit, our result g12 =−0.17(3)(2)χ is a first
hint of the previous claim, the first error is statistical and the second originates from the chiral
extrapolation. A more extensive discussion of the results will be found in the published paper [20].

2. The gB∗′Bπ
coupling

The gB∗′Bπ
coupling is defined by the following on-shell matrix element :〈

B0(p)π+(q)|B∗′+(p′,ε(λ ))
〉
=−gB∗′Bπ

(q2)×qµε
(λ )µ(p′) .

Performing an LSZ reduction of the pion field and using PCAC relation, we are left with the
following matrix element parametrized by three form factors :

〈
B∗
′+(p′,ε(λ ))|Aµ |B0(p)

〉
= 2mB∗′A0(q2)

ε(λ ) ·q
q2 qµ +(mB +mB∗′ )A1(q2)

(
ε
(λ )µ − ε(λ ) ·q

q2 qµ

)

+A2(q2)
ε(λ ) ·q

mB +mB∗′

[
(pB + pB∗′ )

µ +
m2

B−m2
B∗′

q2 qµ

]
.

where Aµ is the axial vector bilinear of light quarks and B∗
′

is polarized in the ith direction. In
the Heavy Meson Chiral Perturbation Theory (HMχPT) at leading order (static and chiral limit)
and using the normalization of states 〈B(~p)|B(~p)〉HQET = 1, we just need to calculate A1(q2

max) in
the zero recoil kinematic configuration where ~p = ~p′ =~0 and q2

max = (mB∗′ −mB)
2. Choosing the

quantization axis along the z direction and the polarization vector ε(λ ) = (0,0,0,1) with the metric
(+,−,−,−), we define

g12 = 〈B∗
′
(ε(λ ))|A3|B〉HQET , g12 =

gB∗′Bπ

2√mBmB∗′
fπ

3. Extracting the coupling from correlation functions

We have to consider the following two-point correlation functions :

C(2)
P (t) =

〈
∑
~y,~x

P(y)P†(x)
〉∣∣

y0=x0+t , C(2)
V (t) =

1
3

3

∑
i=1

〈
∑
~y,~x

Vi(y)V
†

i (x)
〉∣∣

y0=x0+t
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where P(x) = ∑y h(x)γ5φ(x,y)ψl(y) and Vi(x) = ∑y h(x)γiφ(x,y)ψl(y) are respectively the heavy-
light pseudoscalar and vector currents. But, due to the Heavy Quark Symmetry, they are equal and
only one two-point correlation function has to be computed. We also need the following three-point
correlation function :

C(3)
i j (tz− tx, ty− tx) =

〈
∑
~z,~y,~x

V
(i)

3 (z) A3(y) P( j)†(x)
〉∣∣

tx<ty<tz

where Aµ = ZA ×ψ l(x)γµγ5ψl(x) is the renormalized light-light axial current.

To deal with excited states, we have to solve generalized eigenvalue problems (GEVP) [11]-
[13]. Since in the static limit of HQET pseudoscalar and vector meson are degenerate, we can
actually solve just one GEVP :

C(2)(t)vn(t, t0) = λn(t, t0)C(2)(t0)vn(t, t0)

where C(2)
i j = 〈Oi(t)O

†
j (0)〉 is a N×N correlation matrix and Oi are interpolating fields with the

correct quantum numbers. The sign of the eigenvectors is fixed by imposing the positivity of the
decay constant fBn = 〈Bn|OL|0〉 where OL refers to the local interpolating field. Then, we can
construct ratios which tend toward the correct matrix element gnm = 〈Bn|A3|B∗m〉 at large time. We
used two different methods, respectively called GEVP and sGEVP [14] :

RGEVP
mn (t2, t1) =

〈vm(t2, t2−1)|C(3)(t1 + t2, t1)|vn(t1, t1−1)〉λn(t1 +1, t1)−t1/2λm(t2 +1, t2)−t2/2(
vn(t1, t1−1),C(2)(t1)vn(t1, t1−1)

)1/2 (vm(t2, t2−1),C(2)(t2)vm(t2, t2−1)
)1/2

RsGEVP
mn (t, t0) =−∂t

(
(vm(t, t0), [K(t, t0)/λn(t, t0)−K(t0, t0)]vn(t, t0))

(vn(t, t0),C(t0)vn(t, t0))
1/2 (vm(t, t0),C(t0)vm(t, t0))

1/2 eΣ(t0,t0)t0/2

)
with

Ki j(t, t0) = ∑
t1

e−(t−t1)Σ(t,t0)C(3)
i j (t, t1) , Σ(t, t0) = En(t, t0)−Em(t, t0)

where (a,b) = ∑i aibi. These ratios converge quickly to the desired coupling constant as the con-
tribution of higher excited states are strongly suppressed [14] [20]:

RGEVP
mn

t1�1,t2�1−−−−−−→ gnm +O
(
e−∆N+1,mt1 ,e−∆N+1,nt2

)
RsGEVP

mn
t�1−−−−−−→

t0=t−1
gnm +O

(
te−∆N+1,nt) n < m

t�1−−−−−−→
t0=t−1

gnm +O
(
e−∆N+1,mt) n > m

where ∆N+1,m = EN+1−Em and N is the size of the GEVP. In the following, we choose t1 = t2.
Since t = t1 + t2, we expect a faster suppression of higher excited states in the case of the sGEVP.

4. Lattice setup

To perform our lattice computation, we used N f = 2 gauge configurations from CLS ensembles
with different pion masses (310 MeV≤mπ ≤ 440 MeV) and three lattice spacings (0.05 fm . a .
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0.08 fm). The details of the configurations analyzed in this work are listed in table 1. These sim-
ulations use non-perturbatively O(a)-improved Wilson quarks and the HYP2 discretization for the
static quark action [15] [16]. Correlation functions are estimated using all-to-all light quark prop-
agators with full time dilution [17]. We used N = 4 interpolating fields of the Gaussian smeared-

CLS label β L3×T κ a [fm] mπ [MeV] #
A5 5.2 323×64 0.13594 0.075 330 500
E5 5.3 323×64 0.13625 0.065 440 500
F6 483×96 0.13635 310 600
N6 5.5 483×96 0.13667 0.048 340 400

Table 1: Parameters of the simulations.

form O(i) = hγ5(1+κGa2∆)Riψl [18] where κG = 0.1, ri = 2a
√

κGRi ≤ 0.6 fm and ∆ is a gauge
covariant Laplacian made of three times APE-blocked links [19]. The axial current renormalisation
constant ZA was determined non perturbatively by the ALPHA collaboration in [22], [23] and the
scale was set through the kaon decay constant [21]. Statistical errors are estimated from a jackknife
procedure.

5. Results

To check the stability of our results, we have solved both 3× 3 and 4× 4 GEVP and tested
different combinations of interpolating fields, results are shown in Figure 1.
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Figure 1: Dependence of bare g12 on the size of the GEVP (left) and on the radius of wave functions (right)
for the CLS ensemble E5.

Moreover, as shown in figure 2 both GEVP and sGEVP results are consistent, but with a better
behavior at large time in the case of the sGEVP. Therefore, the value of the coupling for each
ensemble in Table 2 and in the following, corresponds to the sGEVP only. Inspired by Heavy
Meson Chiral Perturbation Theory [25] [26] and due to the fact that our action and correlations
functions are O(a) improved, we tried two fit formulae for the extrapolation to the physical point :

g12 =C0 +a2C1 , (5.1)

g12 =C′0 +a2C′1 +m2
πC′2 . (5.2)
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Figure 2: Plateaus of bare g12 extracted by GEVP (left) and sGEVP (right) for the CLS ensemble E5.

We show in Figure 3 the continuum and chiral extrapolations. Since the two fits are consistent, we
used the result (5.2) as central value and obtain :

g12 =−0.17(3)(2)χ

where the first error is statistical and the second originates from the chiral extrapolation and is
estimated as the discrepancy between (5.1) and (5.2). Fit parameters are collected in Table 2.
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Figure 3: Continuum and chiral extrapolation of g12.

Finally, we have to check that we are safe from multi-hadron thresholds due to the emission of
pions. The P-wave decay B∗

′ → B∗(~p)π(−~p) is kinematically forbidden since L < 3 fm. The
second, potentially dangerous, decay is the S-wave decay B∗

′ → B∗1π . But, examining our lattice
results for Σ12, listed in Table 2, we have 230 MeV ≤ mB∗′ −mB−mπ ≤ 360 MeV. Then using
recent lattice results [24] with similar lattice spacings : 400 MeV≤ mB∗1−mB ≤ 500 MeV, we can
conclude that this decay is also forbidden. Finally, as a byproduct of our calculation, we also obtain
g11 = 0.52(2), in excellent agreement with a computation by the ALPHA collaboration focused on
that quantity [2], and g22 = 0.38(4). The continuum and chiral extrapolations for these quantities
are shown in Figure 4 while the value of these coupling for each ensemble are listed in Table 2.
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aΣ12 g12 g11 g12

A5 0.255(8) -0.245(29) 0.541(5) 0.492(19)
E5 0.222(8) -0.186(8) 0.535(8) 0.455(10)
F6 0.216(12) -0.207(15) 0.528(4) 0.474(26)
N6 0.173(7) -0.181(12) 0.532(6) 0.434(23)

fit (5.1) fit (5.2)
C0 -0.178(29) -0.155(26)
C1 -14.6(7.3) -9.2(6.6)
C2 0.29(16) -

Table 2: Value of the mass splitting sΣ12 in lattice units and g12 for the different ensembles (left) and fit
parameters of eq. (5.1) and (5.2) (right).
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Figure 4: Extrapolation to the continuum and chiral limit of g11 and g22

6. Conclusion

We have performed a first estimate of the axial form factor A1(q2
max) = g12 parametrizing the

decay B∗
′ → B at zero recoil and in the static limit of HQET from N f = 2 lattice simulations.

We have obtained a negative value for this form factor. It is almost three times smaller than the
g11 coupling, but not compatible with zero : g12 = −0.17(4) while g11 = 0.52(2). Moreover we
find g22 = 0.38(4), which is not strongly suppressed with respect to g11. Our work is a first hint of
confirmation of the statement made in [1] to explain the small value of gD∗Dπ computed analytically
when compared to experiment.
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